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Abstract: In this paper, we apply He’s polynomials which are calculated from homotopy perturbation method

(HPM) to solve higher dimensional initial boundary value problems with variable coefficients. The developed

algorithm is quite efficient and is practically well suited for use in these problems. The proposed scheme finds

the solution without any discretization, transformation or restrictive assumptions and avoids the round off

errors. Several examples are given to verify the reliability and efficiency of the proposed technique.
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INTRODUCTION

The higher dimensional initial boundary value
problems [1-11] arise very frequently in mathematical
physics, engineering and applied sciences. Several
numerical and analytical techmques [3-11] mcluding the
spectral, characteristics and Adomian’s decomposition
have been developed to solve these physical problems.
Most of these developed schemes have their mbult
deficiencies. He [3, 4 12-18] developed the homotopy
perturbation method (HPM) by merging the standard
homotopy and perturbation. In a later work Ghorbani et al.
[19] introduced He’s polynomials which are calculated
from He’s HPM. It has been proved [19] that He's
polynomials are compatible with Adomian’s polynomials
but are more user friendly. The basic mspiration of this
paper is the implementation of He’s polynomials for
higher dimensional mitial boundary value problems with
variable co-efficient. The fact that the proposed technique
solves nonlinear problems without using the so-called
Adomian’s polynomials 1s a clear advantage of thus
algorithm over the decomposition method. It is worth
mentioning that the homotopy perturbation method
(HPM) [3,4 12-19 and 20-31] is applied without any
discretization, restrictive assumption or transformation
and 1s {ree from round off errors. Unlike the method of
separation of variables that require initial and boundary
conditions, the proposed algorithm provides an analytical
solution by using the initial conditions only. The
boundary conditions can be used only to justify the

obtained result. The proposed method work efficiently
and the results are very encouraging and reliable. Several
examples are given to verify the reliability and efficiency
of the suggested techmque.

Homotopy Perturbation Method and He’s Polynomials:
To explain the homotopy perturbation method, we
consider a general equation of the type,

L) =0, (1)

Where L is any integral or differential operator. We
define a convex homotopy H (u, p) by

Hu, p) = (1 = p)Fu) + pL(w), (2)

Where F (u) is a functional operator with known
solutions v,, which can be obtamned easily. It 1s clear that,
for

H(u, p) =0, (3)
We have
H(u0)=F(u), H(ul)=L(n).

This shows that H(z, p) continuously traces an
mmphcitly defined curve from a starting point H (v, 0) to a
solution function H (£, 1). The embedding parameter
monotonically increases from zero to unit as the trivial
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problem F (u) = 0 is continuously deforms the original
problem L (u) = 0. The embedding parameter p €(0, 1] can
be considered as an expanding parameter [3, 4 12-19 and
20-26, 31]. The homotopy perturbation method uses the
homotopy parameter p as an expanding parameter [3, 4 12-
19 and 20-31] to obtain

o 4
u:Zp'u::un+pu1+p2u2+p3u3+—~, )
i=0
if p - 1, then (4) corresponds to (2) and becomes the
approximate solution of the form,

: d (5)
=1 = -
otmeg

It 18 well known that series (5) 1s convergent for most
of the cases and also the rate of convergence is
dependent on L (u); see [3,4 1219 and 20-31]. We assume
that (5) has a unique solution. The comparisons of like
powers of p give solutions of various orders. In sum,
according to [19], He’s HPM considers the solution, ##(x),
of the hom otopy equation in a series of p as follows:

ulx) = Zp' uo=u,+ pu + pzuz +...,
i=0
and the method considers the nonlinear term M) as
N(u)=> p'H =H,+ pH +p'H +.,
i=0

Where H,'s are the so-called He’s polynomials [2, 19],
which can be calculated by using the formula

i

18"
H (..o, [(zyw)] L n=012,..

Numerical Examples: In this section, we apply He’s
polynomials for solving higher dimensional imtial
boundary value problems with variable coefficient.

Example 3.1: Consider the two dimensional imtial
boundary value problem

1 1
i, :EyzunJrExzuyy, O<x,y<lt>0,

With boundary conditions

13 (4): 683-6587, 2011
wO.p.0)=y'e”  uly.)=(1+ye",
wx,0.0=ye" ulxl,H)=1+xNe”,
and the 1mtial conditions
w(x,3,.0)=x" +3°, ug(x,yao):—(xz + 7).

Applying the convex homotopy method, we have

By ,du J

wpy+pu+ {2 ) +(¥ ) H—pj jy[axz PP+

14! 621,10 62141 (3214 ‘
dad+—p| || 2+ ptp 11| ddk
A b G

Comparing the co-efficient of like powers of p, we have

Oy xy, = (" +3") - (x2+y2).t,

3

i t
Wy (x, v,2) = (& + yz)a— (x* + yz)ga

4 5

) D N A B I
uz(xaya‘t)*(x +y )4F (x +y )5'=

I ¢
(3):”3(x=yaf):(x2+y2)§*(x2+y2)a=

£ t
P () = (&7 + yz)g— (x* + yz)a,

1a 11

t t
s,y 1) = (6 + yz)ﬁ— (x"+ yz)ﬁ,

Where p's are the He’s polynomials. The series solution
1s given by

£ rfrf 7
t + l—p+ -+ 4
u(x,y.0)=(x"+y ){ > 3w s e T w .

and m a closed form by: u(x, v.2)= (x* + y")e™.

Example 3.2: Consider the three dimensional imtial
boundary value problem

15 1.
w,=—xu_+—yu_ +—zu_—u, O<xy<li<0
45 F 45y woas 0 ” 7

684
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Subject to the Neumann Boundary Conditions

0,0,0.2.0=0,  u(Ly20)=65"sinhr,

uy(x,l, z,0)=6x"z" sinh, w,(x,3,0,H6=0, u(xpl0)= 6x° 7 sinhy,

and the imtial conditions

u(x,y,2,0)=0, u,(x,y,2,0) = x°y"2°.

Applying the convex homotopy method

dy u Y
1+ - —(Jéj)fz .t+ pﬁxz[ P£+P§+jdd

1 %e| (T SFu Fu i Fu 62112 i
] [}’(ﬂ?*f’a?* oGt | oo
[ (wy+ o+ pl -y

U]

Comparing the co-efficient of like powers of p

p(u) (e, y,2,0) = xﬁyﬁzﬁ 7,

3

4
! w(x,y,2,0)= xﬁyﬁzﬁ ;,

5
t
@ (X, y,z,1) = xtytz° 5

7

t
@ (v, z,t) = xﬁyﬁzﬁ ;,

H
* i, (x,y.2,1) = xﬁyﬁzﬁ a,

Where p's are the He’s polynomials. The series
solution 1s given by

T R L
=2y
Uy =Ey [ 3 s 79l
— (i} ﬁSi !
Exampfeys.zii: @oﬁsider the two dunensional nonlnear
inhomogeneous initial boundary value problem.

15
uﬁ:2x2+2y2+z(xufx+yu;), O<x,y<li=0

u,(x,0,2.0) =0,

With boundary conditions
ul0, p.t) = y'r' + 1", ul,y,0)= L+ ) + 1+ W,
w(x,0,5) = x + x5, w(x 1,0 = 1+ + (1 + 205,

and the 1mtial conditions

wx.y,0) =0,

(.00 = 0.

Applying the convex homotopy method.

t+py Py - Iﬂ.[{ G %+ﬁi§+ J+ % pg—;{+pay+}+{2c+2y)}di

Comparing the co-efficient of like powers of p, we have
PO (x,3,) = 0,
FARES DRI C ST
PPl . 0)=(x+ 3)1°,
PV (xy,1)=0,
Where p's are the He’s polynomials. The solution is
obtained as w(x, y,0) = (x* + ¥ +(x+ 1)1,

Example 5.4: Consider the three dimensional nonlinear
initial boundary value problem
#, = (2712)+u7(e”ui +e’yujy +e oL

O<x,y<lt=0

Subject to the Neumann Boundary Conditions:

(0, ¥,z,0)=1, u(ly,z,0)=e,
u, (x,0,z,2) =0, u, (x,1,2,8) = 6x°z° sinht,
1w, (x,3,0,)=1, u(x,v,L0=e
and the initial conditions
u(x,v,z,0)=e"+ ¢ +¢°, #(x,320)=0.

Applying the convex homotopy method, we have
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£t 2
wrpyt e é+e +é)-p I [ex{&ngpé\ingﬁ?EJr--j {212)})5&‘
H X X

’ [
tr 2
P Py T LTy g &
- — — +e | —+ + +---| \dd
Pufal'[ [azpa_f oy J [azngpc?

+pj.]. (!ﬁ+m+ﬁzﬁ+”)dd.

Comparing the co-efficient of like powers of p, we have

14

oy _ x ¥ z 2
: x,v,z2,1)= (e +e +e |+ — —,
P (%, ¥ ) ( ) 12

o f

.
u(x,y,z,l)=— — ——,
P iu(x. y,2.10) 2 360

[}

H !
R Xy, z2,1)=—-— ,
P y.2.1) 360 20160

2

Where p's are the He’s polynomials. The solution is
obtained as u(x,y,z,r):(euey +€z)+f2_

CONCLUSIONS

In this paper, we use He’s polynomials for solving
higher dimensional imtial boundary value problems with
The proposed method is
successfully implemented by using the mitial conditions
orly. It is observed that the suggested algorithm is more
user friendly than decomposition methaod.

variable co-efficient.
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