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Abstract: For equidistant data points, we show how to construct the corresponding trigonometric interpolation
via the Discrete Fourier Transform. We also indicate that the partial fraction expansion for the hyperbolic
cotangent function can be obtained via interpolation of the Fourier transform.
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INTRODUCTION

Here we realize a uniform sampling of f(x) in the following N = 2n equidistant data points:
.2 .
y=-n+j=, flg)=f, Jj=01.,N-1 (1

Then in these region the corresponding function accepts the trigonometric approximation [1-4]:

flx) = % ag + P21 [ay Cos(kx) + by Sin(kx)] +% a, , )
Such that:
-1 «n— . .
a]-=(n) N3 flxn) COS(k] g), 0<j<n,
3)

- _ . T
by =SL 50 f) Sin(kr Z),  1<r<n-1.
It is interesting note that this trigonometric interpolation has not the instability of Lagrangian interpolation
of equidistant data [3, 4].
The coefficients in the harmonic expansion (2) can be calculated directly from the expressions (3),

however, here we want to determine them via the Discrete Fourier Transform [DFT]. In fact, we shall indicate
the essential procedure, first we obtain the values:

fo=l-exp ()" fi, k=01,..,N-1, )

and we implement the DFT for the sequence {fy, ..., fy_1}, that is, we construct the quantities {Fy, ..., Fy_;}
via the relation [5, 6]:

1 _1 7 ik
Fk=ﬁz¢:01frexp(—%), 0<k<N-1, (5)

Then the coefficients of the expansion (2) are given by:

1 |2 1
a, = (D" \/; Foq, an = — Wi Fy_q1,
(6)
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(_l)n—1+‘r

VN

. ()T

(Fn—l—r+Fn—1+T)' b, =i VN ( n-1-r Fn—1+r)' l<r<n-1

a, =

Thus the DFT with uniform sampling gives a trigonometric interpolation for equidistant data points. The

values Fj can be determined with (5) or via the Fast Fourier Transform technique [7, 8], the FFT is merely an
efficient means of computing the DFT, then it is convenient that N = 2™.

For example, for N =4, n = 2:

fo=—fo, h=—ifi. f=f, fs=ifs, Fo=%(fo+f1+f2+f3)’

1r1p 2 (P 2 1ra PN A PN
F1=; [fo_fz_l(ﬁ_fa)]' =‘ [fo"‘fz fs] F; =3 [fo_fz‘*‘l(ﬁ_fs)]:
(7
1 1 1
aw=-F=s[fo+tfi+f+tfl a =5 (F + Fp) =35 (fa = fo),
1 1 i 1
az = —3 Fy =3 (fo+fa=fi—f3), b =é (F; — Fy) =3 (fs — 1)
In agreement with the expressions (3) of trigonometric interpolation.
Remark 1: The inversion of (6) implies the relations:
Foy=(= 1)n1[ao' Fy.1=—=VN a,,
®)
( 1)‘)’1 1+r ( 1)7’. 1+r

Foqgr = VN N (a, +ib,), Foq4r = VN N (a,—ib)=Fy 4 .,

For 1 <r <n -1, which give us the DFT if we know the corresponding harmonic interpolation (2). Thus
we see the relationship between the trigonometric interpolation of equidistant data points and the Discrete
Fourier Transform.

Mehta-Zhu [9] studied the following three expressions:

sinfmt)=mt [[2., (1 — ;—Z), )

X 11— _r 10
eX—1 an Zn 1 %)zﬂqz' (10)
—zr(g) (s) = n‘?r(?) (1—5s), (11)

The infinite product expansion for the sine function, the partial fraction expansion for the hyperbolic
cotangent function and the functional equation for the Riemann zeta function [10, 11], respectively, and they
showed the interesting result:

9 o (100 < (1), (12)

That is, there is equivalence between these three relations. Here we wish indicate that (10) can be obtained
via interpolation of the Fourier transform, in fact, Lanczos [4] used this technique to deduce the property:

cot (g) =24 Zn 17 , (13)

y znz

Which for y = i x implies the following expansion for the hyperbolic cotangent:
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1
coth(§)=;+—2n T E (14)

. .« . . X X X X
Finally, (10) is immediate because praiai coth (E) -5

X

Remark 2: It is possible to obtain (13) if we take the natural logarithm of (9) and after we apply L The

dt
inverse of (14) is given by [4]:
X\ _ 4% oo 1
tanh (2) w2 4n=0 (3)%+(@n+1)2 )
Lanczos [4] used interpolation techniques to obtain the expressions:
1 1 1 1 s 4 1 1 1
cot(mx) = —x (2x2 T 1-x? 4-x2  9-xZ )' tan (;x) ==X (1—x2 toetaet )' (16)

Therefore:

0 ;ZL_I_X[Z cot(mx) + tan (%x)] _ mEcoGy) (17)

k=14 p2_x2 = 2x2 4 x2

From (17) when x — 0 and the Bernoulli-Hopital rule we deduce the following value of the Riemann zeta
function [10-12]:

w 1 2
D=%iciz="7; (18)
and (17) with x = 1 implies the formula:
» 1 1
Y1 = g (19)

Which is a telescoping sum [13] because:

1 1,1 1,1 1 1
Sy =3 T G 3 (13453455 ) =5

On the other hand, we have the Wallis product [14-16]:

i » 4n? 1

=T s =T (14 ), (20)
Hence the interesting Sondow’s expression for  [13, 17, 18]:

w 1

iy o = iy 1+ )5 @n

Is consequence from (19) and (20).
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