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INTRODUCTION 
 
We know the following result [1-6] for the partition function �(�) in terms of the Euler function: 
 
                              ∑ �(�)∞

��� �� = �
∑ �� ��∞

��� 
= �

�(�)
≡ �

(�;�)∞
 ,          �(0) = �� = 1,                                    (1)                      

 
where: 

                                   �� = �
0                ��    � ≠ �

�
 (3� + 1),

(−1)�     ��    � = �
�

 (3� + 1),
       � = 0, ±1, ±2, … ,                                     (2) 

                                   
Therefore [6-10]: 

                                                 �(�) = ∑ �(�)(�)
�!

∞
���   �� ,        �(�)(0) = �! �� ,                                           (3) 

 
                              �(�) = �

�!
 ∑ (−1)� �

��� �! ��,�(1! ��, 2! ��, … , (� − � + 1)! ������),                         (4) 
 
Participating the partial Bell polynomials [7, 10-12], with the recurrence relation [3, 6, 8, 13]: 
 
                                                                 ∑ ��

�
���  �(� − �) = 0,                                                                  (5) 

 
Discovered by MacMahon [2, 3, 13]. 
   On the other hand, from [14, 15] we have that relations type (1) are equivalent to the following 
Hessenberg determinant: 
 

                                            �(�) = (−1)�

�

�

�� �� 0  0 ⋯     0
�� �� �� 0 ⋯    0
��
⋮
⋮

��

��
⋮
⋮

����

�� �� ⋯ 0
⋮   ⋱   ⋱      ⋮
⋮ ⋱      ��

���� ⋯ ⋯ ��

�

�
 ,                                             (6) 

 
Obtained by Malenfant [13]. We note that the definition (2) gives the values: 
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                                        �� = �
1,    � = 0, 5, 7, 22, 26, 51, 57, 92, 100, 145, 155, …

−1,   � = 1, 2, 12, 15, 35, 40, 70, 77, 117, 126, 176, …
0     ��ℎ������

                               (7) 

 
As examples of similar expressions to (1), (4), (5) and (6), we know the results [5]: 
 

                          (�; �)� = ∑  (−1)��
��� ��

��
�

���
�� ��,             �

(� ; �)���
= ∑ �� + �

� �
�

∞
��� ��,                      (8) 

 
Then it is immediate the relation: 
 
                                               ∑ �

(� ; �)�

∞
���   �� = �

∑ (��)� �
��

�
�

(� ; �)�
∞ 
���    ��

 ,         (�; �)� = 1 ,                                   (9)  

Therefore [7-9]: 
 

  �
(� ; �)�

= �
�!

 ∑ (−1)��
��� �! ��,� �− �! ���

��

(� ; �)�
 , �! ���

��

(� ; �)�
 , − �! ���

��

(� ; �)�
 , �! ���

��

(� ; �)�
 , … , (��)����� (�����)! �

������
�

�

(� ; �)�����
 �,     (10) 

 
Involving the partial Bell polynomials, with the recurrence property: 
 

                                                         ∑ (��)� �
��

�
�

(� ; �)�  (� ; �)���

�
���  = 0,       � ≥ 1.                                                   (11) 

 
We can apply to (10) the Birmajer-Gil-Weiner’s inversion process [16] to obtain: 
 

                   (��)� ���
��

(� ; �)�
= �

�!
 ∑ (−1)��

��� �! ��,� � �! 
(� ; �)�

 , �! 
(� ; �)�

 , �!
(� ; �)�

 , �!
(� ; �)�

 , … , (�����)! 
(� ; �)�����

 �.           (12) 
 
 Besides, from [14, 15] we have that relations type (9) are equivalent to the following Hessenberg 
determinant: 
 

                                            ���
��

(� ; �)�
=

�

�

�

�
(�;�)�

1 0       0 ⋯     0
�

(�;�)�

�
(�;�)�

1       0 ⋯    0
�

(�;�)�
⋮
⋮
�

(�;�)�

�
(�;�)�

⋮
⋮
�

(�;�)���

�
(�;�)�

    1 ⋯ 0
⋮   ⋱    ⋱      ⋮
⋮ ⋱        1
�

(�;�)���
⋯ ⋯ �

(�;�)�

�

�

�

 .                                     (13) 

 
 Similarly,  Jha  [17] deduced the following connection between the sum of divisors function and the 
numbers (7): 
 
                 (� − 1)!  �(�) = ∑ (−1)��

��� (� − 1)!  ��,�(1! ��, 2! ��, … , (� − � + 1)! ������),               (14) 
 
Therefore its inverse is given by: 
 
                   �! �� = ∑ (−1)��

���  ��,��0!  �(1), 1!  �(2), 2!  �(3), … , (� − �)!  �(� − � + 1)�.                (15) 
 
The r – coloured partition function  ��(�) is defined in terms of the Euler function [18, 19]: 
 
                                                                [�(�)]� = ∑ ��(�)∞

��� �� ,                                                           (16) 
 
For example, if  � = 0, 1  then (3) and (16) imply the values: 
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                                                 ��(�) = �1,     � = 0
0,     � ≥ 1

   ,                ��(�) = �� .                                             (17) 

From (1) and (16): 
 
                                                           ∑ ��(�)∞

��� �� = �
� ∑ �(�)∞

���  ��� �
 ,                                                   (18) 

 
Thus [15]: 
 

        

�

�

��(1) 1 0 ⋯ ⋯ ⋯                               0
2��(2) (� + 1)�(1) 2 ⋯ ⋯ ⋯                               0
3��(3)

⋮
⋮
⋮

���(�)

(2� + 1)�(2)
(3� + 1)�(3)

⋮
⋮

�(� − 1)� + 1��(� − 1)

(� + 2)�(1) ⋯ ⋯ ⋯           0
(2� + 2)�(2) ⋯ ⋯ ⋯           ⋮
(3� + 2)�(3) ⋯ ⋯ ⋯           ⋮
⋮ ⋯ ⋯ ⋯                                  ⋮

�(� − 2)� + 2��(� − 2) ⋯ ⋯ ⋯ (� + � − 1)�(1)

�

�

= 

 
                                                                                                                                                                  (19)                                      
 = (−1)� �! ��(�),       � ≥ 1, 
 
With its inverse [10, 17]: 

                                                        �(�) = ∑ (−1)��
��� �� + 1

� + 1� ��(�),         � ≥ 0.                                    (20) 
 
For example, if  � = 1,2, 3,4 then (19) implies the relations: 
 
   ��(1) = −�, ��(2) = �

�!
(� − 3), ��(3) = − �

�!
(� − 1)(� − 8), ��(4) = �

�!
(� − 1)(� − 3)(� − 14),   (21) 

  
Johnson [5] exhibits the following connection between the Euler and divisors functions: 
 

     ∑ �(�)∞
��� �� = −� �

��
log  (�; �)∞ = − �

�(�)
 �

��
 �(�) 

(3)
=  − �

�(�)
 (��� + 2���� + 3���� + ⋯ ), 

 

                  
(1)
= −  [ ∑ �(�)∞

��� �� ][ ∑ �∞
���  �� �� ]  

[20]
= −  ∑ ��∞

���  [ ∑ �(�)�
���  (� − �) ���� ], 

 
Where we can apply (5) to obtain the formula: 
 
                                               �(�) = ∑ ��

���  ���� �(�) = − ∑ ��
���  �� �(� − �),                                (22) 

 
Deduced by Osler-Hassen-Chandrupatla [3]; with (5) and (22) it is immediate the known expression: 
 
                                                    �(�) =  �

�
 ∑ �(�)���  

��� �(� − �),                � ≥ 1;                                        (23) 
 
Finally, we indicate the interesting recurrence relation [3]: 
 
                                                    �(�) = −� �� − ∑ ����

��� 
���  �(�),          � ≥ 2,                                       (24) 

 
And the identity [17]: 
 

                         ��,�(1! ��, 2! ��, … , (� − � + 1)! ������) = �!
�!

 ∑ (−1)����
��� ��

�� ��(�).                     (25) 
 
It is simple to show that (14) and (25) imply the relationship [17]: 



Studies in Nonlinear Sci., 6 (3): 47-50, 2021 
 

50 
 

 
                                                    �(�) = � ∑ (��)�

�
�
���  ��

�� ��(�),           � ≥ 1.                                          (26) 
 
Remark . - From (19) for  � = 9, � = 4 : 

                                           ��(4) = �
�!

 �
9 1 0  0

36 10 2  0
81

180
38
84

11 3
40 12

� = − 90 ≡ 0    ��� 5, 

 
 In agreement with the congruence  ��(5� + 4) ≡ 0  ��� 5 indicated by Forbes [18]; besides, from (19) 
with  � = −1, � = 5: 

                                              ���(5) = �
�!

 ��

1 1 0  0 0
4 0 2  0 0
9

20
35

−2
−6

−15

1  3 0
0  2 4

−3 2 3

�� = 7 = �(5), 

 
Which it is correct because  ���(�) = �(�). We note that  ���(� − 1) is the Ramanujan’s �-function. 
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