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Abstract: Exp-function method is extended to construct new exact solution for the Schamel-Korteweg-de 
Vries (S-KdV) equation which plays a pivitol role in mathematical physics and engineering sciences. A 
concrete relation between the basic ideas of the proposed technique and the existing literature is also 
presented. Numerical work re-confirms the efficieincy and accuracy of the proposed algorithm. 
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INTRODUCTION 

 
 This paper is devoted to the study of an extremy important nonlinear parital differential namely Schamel-
Korteweg-de Vries (S-KdV) equation which is of the form  
 

 

 
and arises in number of scientific models including fluid mechanics, astrophysics, solid state physics, plasma 
physics, chemical kinematics, chemical chemistry, optical fiber and geochemistry [3-14] and the references therein. 
The basic motivation of this paper is to extend the application of a very reliable and efficient technique which is 
called the exp -function method for obtaining new exact solutions for the Schamel-Korteweg-de Vries (S-KdV) 
equation. The proposed method was developed by He and Wu [4] to seek the solitary, periodic and compacton like 
solutions of nonlinear differential equations [1-5, 11-14, 17-23] and the references therein. The method has been 
implemented and tested successfully on various diversified physical problems including dispersive equations, KdVs, 
high-dimensional nonlinear evolution equation, Burgers equations, combined KdV and mKdV, Hybrid-Lattice 
system and discrete mKdv lattice [1-5, 11-14, 17-23]. It is worth mentioning that Ma [6] presented a novel class of 
exact explicit solutions to the Korteweg-de Vires equation using its bilinear form. Such solutions contain 
singularities of trigonometric and exponential wave functions. The functions used in the Wronskian determinants 
were derived from eigen functions of the Schrödinger spectral problem associated with complex eigen values and 
the resulting solutions were termed as the complexion solutions [6]. Moreover, Ma and You [8] used variation of 
parameters for solving the involved non-homogeneous partial differential equations and obtained solution formulas 
helpful in constructing the existing solutions coupled with a number of other new solutions including rational 
solutions, solitons, positions, negatons, breathers, complextions and interaction solutions of the KdV equations. It is 
needed to be highlighted that the basic spirit of the exp -function method which is the conversion of nonlinear partial 
differential equations into integrable ordinary differential equations was explicitly presented and minutely analyzed 
in 1995 by Ma and Fuchssteiner [7]. In fact, the exp -function method is restricted to produce rational solutions in the 
form of transformed variables and such solutions can be obtained easily by making use of other techniques including 
Wronskian and Casoratian, see [8, 9]. Recently, Ma, Wu and He [10] presented a much more general idea to yield 
exact solutions to nonlinear wave equations by searching for the so-called Frobenius transformations. 
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EXP-FUNCTION METHOD 

 
We consider the general nonlinear PDE of the type 
 
                                                 ( )t x y tt xx yy xt xy tyP u , u , u , u , u , u , u , u , u ,u 0=…  (1) 

Using a transformation  
                                                    kx y tη = + ω + ρ  or x y tη = α + β + ρ  (2) 
 
where k, , ,ω α β  and ρ are constants, we can rewrite equation (2) in the following nonlinear ODE; 
 
                                                              ( )Q u , u , u , u , 0′ ′′ ′′′ =…  (3) 

 
 According to Exp -function method, which was developed by He and Wu [4], we assume that the wave solution 
can be expressed in the following form  
 

                                                           
c

nn d
p

mm q

a exp[n ]
u( )

b exp[m ]
= −

=−

η
η =

η
∑
∑

 (4) 

 
where p,q,c and d are positive integers which are known to be further determined, an and bm are unknown constants. 
We can rewrite equation (5) in the following equivalent form.  
 

                                                     c d

p q

a exp[c ] ... a exp[ d ]
u( )

b exp[p ] ... b exp[ q ]
−

−

η + + − η
η =

η + + − η
 (5) 

 
 This equivalent formulation plays an important and fundamental part for finding the analytic solution of 
problems. To determine the value of c and p, we balance the linear term of highest order of equation (4) with the 
highest order non-linear term. Similarly, to determine the value of d and q, we balance the linear term of lowest 
order of equation (3) with lowest order non linear term [1-5, 11-14, 17-23].  
 

SOLUTION PROCEDURE 
 
We consider the S-KdV equation in the form [12-14] 
 
                                                       (6) 

 
where α,β and δ are constants. Eq.(6) incorporates the KdV equation (α = 0) and the Schamel equation (β = 0) 
Introducing a transformation as η = kx+wt, we can convert Eq. (6) into ordinary differential equation 
 
                                                    (7) 

 
where the prime denotes the derivative with respect to η. The solution of Eq. (7) can be expressed in the form 
 

 . 
 
 To determine the value of c and p, we balance the linear term of highest order of Eq. (7) with the highest order 
nonlinear term  
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                                                            (8) 

and  

                                              (9) 

 

where ci are determined coefficients only for simplicity; balancing the highest order of exp -function in (8) and (9), 
we have 
 
                                                               (10) 

which in turn gives  
                                                                       p = c (11) 
 
 To determine the value of d and q, we balance the linear term of lowest order of Eq. (7) with the lowest order 
non-linear term 
 

                                                          (12) 

and  

                                         (13) 

 
where di are determined coefficients only for simplicity. Now, balancing the lowest order of exp -function in (12) 
and (13), we have 
 
                                                             (14) 

which in turn gives  
                                                                       q = d (15) 
 
 We can freely choose the values of c and d, but we will illustrate that the final solution does not strongly depend 
upon the choice of values of c and d. For simplicity, we set p = c = 1 and q = d = 1, then the trial solution of Eq. (6) 
reduces to 
 

                                                    (16) 

 
Substituting Eq. (16) into Eq. (7) we have 
 
 

           (17) 
 
where  

 
 
Equating the coefficients of exp(ηn) to be zero, we obtain 
 
                                                (18) 
 
Solving system (18), we obtain the following generalized solitary solution u(x,t) of Eq. (6):  
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Fig. 1: Soliton solution for α = 1, β = 1 
 

 
Fig. 2: Soliton solution for α = -1/2, β = -1 
 

 
Fig. 3: Soliton solution for α = 1, β = -1/2 
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CONCLUSIONS 

 
 Exp-function method is applied to obtain exact solutions of S-KdV equation. By this scheme, new soliton 
solutions are obtained. It is observed that the same may be extended to other NLEEs. 
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