Studiesin Nonlinear Sciences 2 (3): 91-101, 2011
ISSN 2221-3910
© IDOSI Publications, 2011

Accelerated Solution of High Order Non-linear ODEs using Chebyshev
Spectral Method Comparing with Adomian Decomposition M ethod
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Department of Mathematics, Faculty of Science, Benha University, Benha, Egypt

Abstract: Inthisarticle, an accurate Chebyshev spectral method for solving high order non-linear ODEs is
presented. Properties of the Chebyshev polynomials are utilized to reduce the computation of the problem
to a set of algebraic equations. Some examples are given to verify and illustrate the efficiency and
simplicity of the method. We compared our humerical results against the Adomian decomposition method
(ADM). Special attention is given to study the convergence analysis of ADM. Numerical results were
obtained from these two methods show that the proposed techniques are in excellent conformance in most
cases. Also, from the presented examples, we found that the proposed method can be applied to wide class

of high order non-linear ODEs.
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INTRODUCTION

Chebyshev  polynomials are examples of
eigenfunctions of singular Sturm:-Liouville problems.
Chebyshev polynomials have been used widely in the
numerical solutions of the boundary value problems
[5] and in computational fluid dynamics. The existence
of afast Fourier transform for Chebyshev polynomials
to efficiently compute matrix-vector products has
meant that they have been more widely used than
other sets of orthogona polynomias. Chebyshev
polynomials are well known family of orthogonal
polynomias on the interval [-1,1] that have many
applications [10, 19]. They are widely used because of
their good properties in the approximation of functions.
However, with our best knowledge, very little work was
done to adapt this poly-nomials to the solution of
differential equations. The well known Chebyshev
polynomials [7] are defined on the interval [-1,1] and
can be determined with the aid of the following
recurrence formula:

Tn+l(x) = 2XTp (X) - Tn- 1(x), n=1.2,..

Thefirst three Chebyshev polynomials are

To® =1 T =x, Fx) = 241

The sguare integrable function f(x) can be
expressed in Chebyshev series:

m
fm(x) @ka= Ocka x)

where:

f(0.5x + O.5)T0(x)

1
coz1 0 dx
P-1 1- x2

f(0.5x + O.5)Tk (x)

dx, k =1,2,....m

21
C,=—0
k™ p.1

1- x

This technique has been employed to solve a
large variety of linear and non-linear differential
equations. This method is used for solving second and
fourth-order elliptic equations [13]. This method is also
adopted for solving fractional order integro-differential
equations [19]. Also, this procedure is used to obtain
the numerical solution of ODEs with non-analytic
solution [6].

Ordinary differential equations have been the
focus of many studies due to their frequent appearance
in various applications in fluid mechanics, visco-
elasticity, biology, physics and engineering [6, 8, 9].
Conseguently, considerable attention has been given to
the solutions of high-order ODEs of physical interest.
Most differential equations do not have exact solutions,
so approximation and numerical techniques [14-20],
must be used. Recently, several numerical methods to
solvethe differential equations have been given such as
variational iteration method [11, 18, 20, 23], homotopy
perturbation method [18, 21], Adomian decomposition
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method [1-4, 8, 12, 22-26] and collocation method
[13, 14].

In this paper, differential equations with a more
complex nonlinearity are considered. We consider
the numerical solution of high-order ODEs which
containing the polynomial functions of unknown and its
derivatives and can be written in the form:

mo )
2o 80P 0u 0u™ 0

@
+8 59,00 e0uMeo =10
k=1r=1 ™
subject to the following initial conditions:
D@=c, i=012..m @)

where
u(o)(x) = u(x), uo(x) =1

and u(x) is an unknown function from C"[0,a]. Known
functions R((x), Q«(x) and f(x) are defined on the
closed interval [0,a]. This is a non-linear differential
equation of order m. The first and the second order
problems are often encountered in the literature.
Important non-linear equations of this type are Riccati,
Abel, Emden-Fowler, Duffing, Van der Pol, Rayleigh
and Yermakovs equations. These equations arise in
different areas of physics and engineering sciences.

The organization of this paper is as follows: In the
next section, a brief review of the Adomian
decomposition method is introduced. Section 3
summarizes the convergence analysis of ADM. In
section 4, some illustrative examples are given and
solved using the two methods, Chebyshev spectral
method and ADM to clarify the methods. Also a
conclusion isgiven in section 5.

Note that we have computed the numerical results
using Mathematica programming.

A BRIEF REVIEW OF THE ADOMIAN
DECOMPOS TION METHOD

Consider the non-linear initial value problem of
ODEsin the following general form:

LU(x) = Ru(x) + N(x(x)) +9(x) ©)
with theinitial conditions:
u®) =f,k=012,...,s-1 )

for some constants fy, where

(the highest derivative with respect to x) and R are
linear operators, i.e., it is possible to find numbers n,>0,
n,>0 such that |[|LSullEn||ull.|[|RUlENlull. The non-
linear term N(u) is Lipschitz continuous with:

IN(W- N(@I£rlu-gl, " xT J=[04]
for any constant r > 0.
Apply the inverse operator LS which defined by:

. _(x§)(Xs: 1) (x})
L>()= 0o o -0 () (dtl)---(dts,l)(dts) ®
0o O 0

to both sides of (3) gives:

u(x) = .Sél ];—i|xi +L7S[Ru(X) + NuX) +g(x)]  (6)

where the first part from the right hand side of Eq. (6)
is obtained from the solution of the homogenous
differential equation LSu(x) = O using the initial
conditions.

Adomian decomposition method [3, 4] defines the
solution u(x) as aninfinite seriesin the form:

ux)= A UK ™
i=0

where the components u(x) can be obtained in
recursive form. The non-linear term N(u) can be
decomposed by an infinite series of polynomials
given by:

Nw = 3 A ®
i=

0

where the components A; can be obtained using the
following formula:

€k y u
N

A =—6—N(& I'w)a
A . I i
kieg K i=zo d
4l i y

e 4 =0

k=012.. (9

Substitute by (7) and (8) into Eq.(6) gives:
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im0 =310 + L g0
m=0 i=01! (10)

¥
-5 o S
+L R & um(xX)+ & A
[ m(X) = ml

From this equation, we can obtain the components
Un(X) of the solution u(x) by the following recurrence
formula

s i s
) = B —Lxd + L Sg(0)
i !

U109 =L TRUmM () + Am], m? 0 (11
The convergence of ADM is introduced in many
papers, for example [12, 17].

CONVERGENCE ANALYS SOF ADM

In this section, the sufficient conditions are
presented to guarantee the convergence of ADM, when
applied to solve non-linear ODEs, where the main point
is that we prove the convergence of the series, which is
generated by using ADM.

Theorem 1: The non-linear problem (3) has a unique
solution, whenever O<a<1, where,

S
a
a= (n1 + nz)g

where the constants n; and n, are defined above.

Proof: Denoting (C[J],||.]l) the Banach space of all
continuous functions on Jwith the norm defined by:

lIFG = maxf ()]

Define amapping F.E® E where
Fu(x) =s(x) + L TRu(x) + N(x(x)) + g(x)]

where
s-1f. i
s(x)= & -Lx
i=oi!
isthe solution of the homogeneous differential equation
LSu(x) = 0 using theiinitial conditions.
Now, let us assume that, u and u” be two different
solutionsto (3), then, we can obtain:

93

Fu- Fu'l = madl” TR - 1)+ N(w) - N |

X X

Emax [ IR(u- u N - NU)| 6.5 fold- ...0dx
0 0
* * X X

Emax (N u- u |[+n |u- u |) o..s-fold- ...0dx
XI'J " q 0 0

S

a * *
£ (n+n )—maxju-u |=au-u]

Under the condition O<a<1, the mapping F is
contraction, therefore, by the Banach fixed-point
theorem for contraction, there exist a unigue solution to
problem (3) and this compl etes the proof.

Hosseini and Nasabzadeh introduced a simple
method to determine the rate of convergence of
Adomian decomposition method [12]. In this section,
we adapt it to seek here.

Theorem 2: Let N be an operator from a Hilbert space
into itself and u(x) be the exact solution of Eq.(3), then,
the approximate solution which is obtained by (11)
converges to u(x) if: O<g<l and satisfy the following
condition:

k=01.2,..

Uy 4y l1£ llu I, (12)

Proof: The proof of thistheorem can befoundin[12].
ILLUSTRATIVE EXAMPLES

In this section, we introduce three examples of
non-linear ODEs. We find the numerical solution of
these examples using the Chebyshev spectral method
and ADM and plot the curves of these solutions.

Example 1: Let us consider Van der Pol equation [9]:
@) 2 . -
U (x) - 0.05(1-u“(x)) U(X)+u(x) =0, O<x<a (13

with the conditions u(0) = 0, u0) =0.5.

1.1: Procedure solution using Chebyshev spectral
method: We solve the non-linear ODEs of the form (13)
with the given initial conditions by using Chebyshev
spectral method. For this purpose since the Gauss-
Lobatto nodes lie in the computational interval [-1,1],
in the first step of this method, the transformation

X= %(h +1) is used to change Eq.(13) to the following

form:
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s
u@(h)- 0.0 %:(1- uZ h)uh)

e“o 14
=, &
+ 6—* yh)=0,-1<h<1
€2~
e g
The transformed initial conditions are given by:
0
u-1) =0, u(-1) =056¢-7 (15)
25

where
Qmy = un), Oy =1

and u(h) isthe unknown function from C"-1,1]. Where
the differentiation in Egs.(14)-(15) will be with respect
to the new variable h. Our technique is accomplished
by starting with a Chebyshev approximation for the

highest order derivative, u®(h) and generating
approximations to the lower order derivatives u”, i =

0,1, as follows: Setting, u®() = j(h), then by
integration we obtain:

h
W)= 5j (ydh+c,
-1
hh (16)
uh) = o oj (h)dhch +( +1)cy+c;
-1
-1
From the initial conditions (15), we can obtain the
. . o _a _ _
constants of integration g, i = 0,1, where CO_Z’ o =0

Therefore, we can give approximations to Eq.(14) as
follows:

fordli=0,1,2,...,n, where

U =p2 g
ijj

where

ul=p

1_p dU=h +1c +c,d¥l=c
' P i 0

) i 0 1 i
bﬁ =(h - hj)bij

and b are the elements of the matrix B as given in Ref.
[10]. By using Eq. (17), one can transform Eq. (14) to
the following system of non-linear equations in the
highest derivative:

A

& - o] .
a0f n = %®n 9
i -0056=9-8 Y +d'I 6 M +gilE
i GG E T I P | T T T
é até j=0 g :&=0 ?
2 (18)
@ 0oy
+6=2 (8 4 +d=0
§25 j=o )

This scheme is a non-linear system of n+1
algebraic equations in n+1 unknowns j i, which then
solved using Newton's iteration method. After solving
this system and substitute j ; in Eq.(17), we can obtain
the numerical solution of Eq.(13).

The convergence of thismethod isgivenin [10].

1.11: Procedure solution using ADM: In order to
obtain the numerical solutions of Eq.(13) using ADM,
we follow the following steps:

1. EQq.(13) can be rewritten in the operator form:
Lu(x) = Ru(x) + N(u(x)) (19)
where
d2
L2=—— Ru=-u®x), Nu(x)=0.05(1-u2(x)) u(x)
2
dx

2. Apply theinverse operator L which defined by (5)
to both sides of Eq.(19) gives:

k
Xk—lu(") O-LZuel + CANUK]  (20)
W

ux) =

1
a
k=

Substituting by Egs.(7) and (8) in Eq.(20) gives.

¥ 1 x ) é% D
a4 un()= & —u(k)(O)-ng & u_(y
m:0 _ k' A =0 m s
k=0 en= i o

€y u

+12¢€3 A U

e mu

gn=0 ¢

substituting by initial conditions, then, the components
Ur{X) of the solution u(x) can be written as:

Up(¥)=05x,u 109= LU +L AR, M0 (22)

where A, can be obtained by the formula (9).
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Table 1: The Chebyshev solution, ux and the solution using ADM,

Uapm
X Uabm Uch
0 0 0
0.0669873 0.033525 0.033525
0.25 0.124476 0.124476
0.5 0.242704 0.242704
0.75 0.34715 0.34715
0.933013 0.410924 0.410924
1 0.431051 0.431051

Table 2: The convergence behavior of the truncated solutions using

ADM
[u, |l [u, |l [ugll
Method — —2 s
Mg ll [lug Il [u, Il
ADM 0.234545 0.154723 0.023578

3. The components u,(x) of the solution u(x) using
the iteration formula (22) are given asfollows:

uo(x) = 0.5x
u(x) = 0.0125x2- 0.0833333x>- 0.000520833x*
Uy(x) = 0000208333« - 0.00208333x*

+ 0.00413021x° + 0.00019097x°

So, the solution u(x) can be approximated as:

9 @m0 = & 1) (23)

The truncated solutiony ,(x) is given by
Y500 = Uy () + w(x) + uy(x)

The behavior of the numerical solutions using
Chebyshev spectral method, ucn, with n = 12, compared
with the approximate solution using ADM, Uapwm, With
three components (m = 3) are presented in Table 1.

The convergence analysis of the approximate
solution using ADM is given in Table 2, in terms of
Theorem 1 such that the Lo-norm which is defined as

a 2
[luGll = 8IU(X)I dx

Example 2: Consider the non-linear initia value
problem:

2X

u(3) (X) +16 u(x) + 30€ u3(x) =456% 0<x<a (24)

9%

subject to the following initial values

u0) =1, u@©) = -1, u'(© =1

The exact solution of this problem isgiven by u(x) = ™.

2.1: Procedure solution using Chebyshev spectral
method: We solve the non-linear ODESs of the form (24)
with initial conditions by using Chebyshev spectral
method. For this purpose since the Gauss-L obatto nodes
lie in the computational interval [-1,1], in the first step

of this method, the transformation x :%(h +1) isused

to change Eq.(24) to the following form:

& &

& !
u® (h)+16 ¢=* u(h)+306—* 3 (n)
5 5 )
"’eaé -h
=45¢—7 e, -1<h <1
G2~
e g
The transformed initial conditions are given by:
[eh) a0 2 e
u-) =1, uv/(1) =-2=Z u¥(1 = = (26
(-1) (1) ¢35 ()82{3()

where u@(h) = u(h),u’(h) = 1 and u(h) is the unknown
function from C™[-1,1]. Where the differentiation in
Egs.(25)-(26) will be with respect to the new variableh.
Our technique is accomplished by starting with a
Chebyshev anroximation for the highest order
derivative, 4¥ and generating approximations to the
lower order derivativesu®, i =0,1,2, asfollows:

Setting u®(h) = j (h), then by integration we
obtain u®(h), u™(h) and u(h) asfollows:

h
W@ m) = o (ah+c,
-

hh

Uiy = 5 o] (0 dhch +( +2) ¢y +cy @7
- 1_ 1
hhh (h+1)>  (h+1)
uh)= ¢ o 0] (h) dhdhdh + ¢t 1
1 21 1
-1-1

From the initial conditions (26), we can obtain the
constants of integration u;, i =0,1,2 where

&, & &, 0
Cn=6—7, ¢, =67, ¢c, =
0 =71 e 2

2, &2,
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Therefore, we can give approximations to Eq. (24) asfollows:
n
u=a ¢ +d%u®=

il
0JJ|| i

Il Qo

n
Mgl @ = g M g gu2 (29)
L i

forali=0,1.2,...,n, where

(n, +1)

ul u2
u U u L (U2 =
ij =B = b = hpd = & —— ¢, dmE(h e ke dF =e

2

M =p3, M= 2 P =pd= 4
|

i=

0
where

2
, (h;-h))

3 i
b =(h -h )., bl=—— p.
ij ( i j) ij’ ij o ij

and b; are the elements of the matrix B as given in Ref. [10]. By using Eq.(28), one can transform Eq.(25) to the
following system of non-linear equationsin the highest derivative:

, .3 ,
o @Oey 5 @Phey F @O h
ji+166—" ¢cd £ . +d” ++306—" e ¢ d £ +d”+ =456—T e | (29)
! 92_ j:O ") (s (;2— j=0 1" ] I = (;2—
e g - 2 € o

This scheme is a non-linear system of n+1 algebraic equations in n+1 unknowns j ;, which then solved using
Newton's iteration method. After solving this system and substitute j; in EQ.(28), we can obtain the numerical
solution of Eq.(24).

2.11: Procedure solution using ADM: In order to obtain the numerical solutionsfor Eq.(24) using ADM, we follow
the following steps:

1. Eq.(24) can berewritten in the operator form:

Lh(x) = Ru) +N(UX) +9(x) (30)
where

3
13 :d—,Ru = - 16u(x), Nu(x) =- 306 u3(x), g(x) =45 eX

dx3

First, to overcome the complicated excitation from the functions €* and €% which can cause difficult
integrations and proliferation of terms, we use the Taylor expansion of the functions at x = 0, in the following form:

2 2x 2

e X »1- x+0.5x L8 »1+2x +2x

2. Apply theinverse operator L™ which defined by (5) to both sides of Eq.(30) gives:

2
ux) = & )L—Iu(k)(O)+L'3[45(1-x+0.5x2)]+L'3[Ru(x)] + L'3[Nu(x)] (3D)
k=0

Substituting by Egs.(7) and (8) in Eq.(31) gives:
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2 o 4 201636 0, 36 . 4
a un(x) = a —|+L [45(1-x +0.5x7)]-16L "5 a um(x)u+ L7 &a Amu (32
= k=0 < gn=0 ] gn=0
substituting by initial conditions, then, the components u{(x) of the solution u(x) can be written as:
Un(X) =0.5x2x +1+L"345(1x +05xD)], u_..(x)=-16L3% ()+A Y mso (33)
0 ' ' Tom+l gj m m@
where A ,,can be obtained by the formula (9).
3. The components un(X) of the solution u(x) using theiteration formula (33) are given asfollows:
_ 2
uo(x) = 1-x + 0.5x
w0 =-017x3+004x*-0.38¢ +0.25x°-0.46x” + 0.38x3-0.10x% + 0.05x0-0.01x ™
uy(¥) = 7.5¢3 -1.875x* +0.147x5 -0.021x” +0.121x8 -0.082¢° +0.120x10 +..-0.0006x1
Table 3: The exact solution, the Chebyshev solution, 4, and the _a 2d
solution using ADM, Uspm el = 8|u(x)| X
X Uabm Uch Uex
0 1 1 1 Example 3: Consider the non-linear initial value
0.0669873 0.935207 0.935207 0.935207 problem:
0.25 0.728801 0.728801 0.728801
05 0.626531 0.626531 0.626531 WO = e*X2x), 0<x<a (35)
0.75 0.312367 0.312367 0.312367
0.933013 0.53367 0.53367 0.53367 subject to the following initial values u®(0) = 1,
1 0.547879 0.547879 0.547879 i =0,1,2,3,4 and the exact solution of this problem is
given by u(x) = €*.
Table 4: The convergence behavior of the truncated solutions using
ADM 3.I: Procedure solution using Chebyshev gectral
o o o method: We solve the non-linear ODEs of the form (35)
Method o1 o1 ol with initial conditions by using Chebyshev spectral
method. For this purpose since the Gauss-L obatto nodes
ADM 0.243101 0.697275 0.052006

lie in the computational interval [-1,1], in the first step

. . _a .
So, the solution u(x) can be approximated as: of this method, the transformation x = E(h +1) isused

to change Eq.(35) to the following form:

9 @m0 = & 1) (39
. I u(5)(h) = 2%95 el u2(h), -1<h<1 (36)
The truncated solutiony »(x) is given by 32; '

Y500 = Uy () + 1y () + uy(x)

Thetransformed initial conditions are given by:

The behavior of the numerical solutions using

Chebyshev spectral method, ucp, with n = 12, compared _ aedd
with the approximate solution using ADM, Uapwm, With uW(n=¢Z+ i=01234 37)
three components (m = 3) are presented in Table 3. 325

The convergence analysis of the approximate
solution using ADM is given in Table 4, in terms of
o . )y = Oy =
Theorem 1 such that the L,-norm which is defined as: ur(h) = u(h), u”(h) =1
97

where
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and u(h) is an unknown function from C"[-1,1]. Where the differentiation in Eqgs.(36)-(37) will be with respect to

the new variableh. Our technique is accomplished by starting with a Chebyshev approximation for the highest order
derivative, u® and generating approximations to the lower order derivatives u® i =0,1,2,34 asfollows:

Setting u®(h) =j (h), then by integration we obtain u”(h), i =0,1,2,3,4 asfollows:
@)
ut(h) = ¢j (h)dh +C
-1

u(h) = o oj (h) dhch +(h+1) co+c1
1

a1
hhh 2 (h+1)i
U= 6 0 j(h)dndhdn+ & — c,, (39)
L B
@, hhhh 3 (h+1)
u’h =90 0 0 j(h)dhdhdhdh+ & - C3—i
1911 i=zo "
hhhhh 4 (h+1)i
uh)= o o 0 0 o j(h)dhdhdhdhdh+ § - C4-i
1111 iz
20, &
Fromthe initial condiions (37), we can obtain the constants of integration ¢, i = 0,1,2,3,4 where G :g—j
&5
Therefore, we can give approximations to Eq.(36) asfollows:
n n n
U_ - é, éll-:JJ +d.U,u.(1): é_ [llleJ +d_U1, U_(2)= é fll-jzjl +d-U2,
i i . i i . i
=0 =0 =0
J J J (39)
n n
u® = g /4:*_31' B @ s g zi‘f“j 4 gud
i i=0 ] ") i i i=0 |
fordli=0,12,...,n, where
u _,5 ul_ .4 u2_,3 ud_ .2 ud u "'(hiﬂ)i
/o =bs Vo =b.. 0 =bn 0 =bS . /T =h.d” = 3
ST T TR e T TR T T S T TR
i=0
i i
3 (h.+1) 2 (h. +1)
d=g L ¢ d®2=3 L ¢ d®B=(h +1c +c,d¥=c
N | S P (R i 0 1 0
i=0 i=0
where
(hi-h_)2 (hi-h_)3 (h- h_)4
b2=(h -h)p,b3=—— L p =t 1 p =" 1 p
I T o ] 5 ] o

and b; are the elements of the matrix B as given in Ref. [10]. By using Eq.(39), one can transform Eq.(36) to the
following system of non-linear equationsin the highest derivative:

) aeao's -h. ap U ubz
ji-STe lga G +diz =0 (40)
2, &m0l G

93
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Table 5: The exact solution, the Chebyshev solution, 4, and the
solution using ADM, Uapm

X Uapm Uch Uex

0 1 1 1
0.0669873 1.06928 1.06928 1.06928
0.25 1.28403 1.28403 1.28403
0.5 1.64872 1.64872 1.64872
0.75 2.117 2117 2.117
0.933013 2.54216 2.54216 2.54216
1 2.71828 2.71828 2.71828

Table 6: The convergence behavior of the truncated solutions using

ADM
Method lu, L, lu,
15, o 1 I
ADM 0.145786 0.084504 0.012345

This scheme is a non-linear system of n+l1

algebraic equations in n+1 unknowns j i, which then
solved using Newton's iteration method. After solving

this system and substitute j ; in Eq.(39), we can obtain
the numerical solution of Eq.(35).

3.11: Procedure solution using ADM: In order to
obtain the numerical solutions for Eq. (35) using ADM,
we follow the following steps:

1: Eq.(35) can be rewritten in the operator form:

LX) = N(u() (41)
where
e
L2 =——, Nu(x) =e™u 2(x)
5
dx

First, to overcome the complicated excitation
from the functions €*, which can cause difficult
integrations and proliferation of terms, we use the
Taylor expansion of the finctions at x = 0, in the

following form €*»1-x+05¢.

2. Apply theinverse operator L™ which defined by (5)
to both sides of Eq. (41) gives:

K
4

u) = & —u®)+ L5Nu] “2)
o W

Substituting by Eqgs.(7) and (8) in Eq.(42) gives:

xku(k) 0)
+
k!

Qo

-5

L 43)

> (D> (D> (D~

5 ()
a umx) =
m:Orn K

TSRS
3
[eonY e ex¥ e

0 0

E

substituting by initial conditions, then, the components
Un{X) of the solution u(x) can be written as:

1 1 1
uo(x) =14+x+—x2+ Zx3+ x4
2! 314l (44)

—15é, U
um+1(x)—L éAmg,m30

where A, can be obtained by the formula (9).

3. The components u,(x) of the solution u(x) using
the iteration formula (44) are given asfollows:

1 1 1
uo(x) = 1+ x+=x2+x3+ x4
2! 3! 4!
x5 X6 x8 X9 XlO 13xll
W) =—+—
120 720 10080 22680 72576 3991680
12 13 14
X X X

1710720 88957440 138378240
10 11 12 13
X X X X
u, ) = +
1814400 19958400 11404800 21621600
5x 23 X 24
+...+ +
2413820423798784 8469545346662400

So, the solution u(x) can be approximated as:
m
W) @ m9 = & u; (9 (45)

The truncated solutiony »(x) is given by
Yo(X) = Ug() + w(x) + uy(x)

The behavior of the numerical solutions using
Chebyshev spectral method, ucp, with n = 12, compared
with the approximate solution using ADM, uapm, With
three components (m = 3) are presented in Table 5.

The convergence analysis of the approximate
solution using ADM is given in Table 6, in terms of
Theorem 1 such that the Lo-norm which is defined as

a 2
luGll = SIU(X)I dx
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CONCLUSION AND REMARKS

In this paper, the Chebyshev spectral method and
the Adomian decomposition method are implemented
to obtain the numerical solutions of the high-order
non-linear ODEs and the numerical solutions with
respect to these methods are compared. It is generally
very difficult to find the analytical solutions of higher-
order non-linear ODEs with variable coefficients. So,
we interest in this article with using the two proposed
methods to solve numerically such these equations.
Since, we know that the Chebyshev polynomial
approximation method is valid in the interval [-1,1], so,

we used the transformation x = g(h +1) to change the

interval [0,a]. The Chebyshev spectral method reduces
the considered non-linear differential equation to a
non-linear system of algebraic equations, which solved
using the well known method, namely, Newton
iteration method.

Also, by using ADM the solutions may take the
closed form of the exact solution. In general since the
ADM solves the problems on a few steps later of
iteration satisfying the desired precision, it does
not need more calculation in order to solve the
differential equation. Specia attention is given to
study the convergence of ADM and satisfy this
theoretical study in view the introduced numerical
examples. In the end, from our numerical results
using two proposed methods we can conclude that,
the solutions are in excellent agreement with the exact
solution in most cases. Also, the obtained results
demonstrate reliability and efficiency of the proposed
methods.
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