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Abstract: In this paper, the second-order linear hyperbolic telegraph equations are solved by employing a 
homotopy analysis method (HAM). An efficient way of choosing controlling convergence parameter of the 
HAM is presented. The results indicate that HAM can provide us with a convenient way to control and 
adjust the convergence region. Furthermore, comparisons with the exact solutions reveal that the HAM 
performs extremely well in terms of efficiency and simplicity. 
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INTRODUCTION 
 
 The second-order linear hyperbolic telegraph 
equation has the form: 
 

                

2
tt t

xx

u (x,t) 2 u ( x , t ) u(x,t)

u (x,t) f(x,t) a x b, t 0

+ α + β

= + ≤ ≤ ≥  
(1.1) 

 
with the following initial and boundary conditions 
given by: The initial conditions will be assumed to have 
the form: 
 
                      1u(x,0) v (x) a x b= ≤ ≤   (1.2) 

 
                      t 2u(x,0) v (x) a x b= ≤ ≤  (1.3) 

 
while the boundary conditions are given by Dirichlet 
form: 
 

1 2u(a,t) h (t), u(b,t) h (t) t 0= = ≥  
 
or Neumann form: 
 

x 1 x 2u (a,t) k (t), u (b,t) k (t) t 0= = ≥  
 
 For α>0, β = 0 Eq.(1.1) represents  a damped wave 
equation and for α>0, β>0, it is  called telegraph 
equation. 
 Equations of the form Eq.(1.1) arise in the study of 
propagation of electrical signals in a cable of 
transmission line and wave phenomena. Interaction 
between convection and diffusion or reciprocal action 
of reaction and diffusion describes a number of 

nonlinear phenomena in physical, chemical and 
biological process [1-5]. In fact the telegraph equation 
is more suitable than ordinary diffusion equation in 
modeling reaction-diffusion for such branches  of 
sciences. For example biologists encounter these 
equations in the study of pulsate blood flow in arteries 
and in one-dimensional random motion of bugs along a 
hedge [6]. Also the propagation of acoustic waves in 
Darcy-type porous media [7] and parallel flows of 
viscous Maxwell fluids [8] are just some of the 
phenomena governed [9, 10] by Eq. (1.1).Some 
discussions about derivation of the telegraph equation is 
described in [1, 4]. 
 Bereanu [11] discussed about existence, 
nonexistence and multiplicity for the periodic solutions 
of the nonlinear telegraph equation with bounded 
nonlinearities. A maximum principle for bounded and 
periodic solutions of the telegraph equation, presented 
in [12, 13], respectively. Authors of [14] discussed 
about the existence of time-bounded solutions of 
nonlinear bounded perturbation of the telegraph 
equation with Neumann boundary condition. Wang and 
An [15], discussed the existence of positive doubly 
periodic solutions for nonlinear telegraph system, using 
the method of upper and lower solutions. Also the 
nonnegative doubly periodic solutions for nonlinear 
telegraph system have been obtained in [16]. The 
existence of time-periodic solutions of the telegraph 
equation can be found in [17-19] and the references 
therein.  
 In [20], a numerical scheme for solving the second-
order one-space-dimensional linear hyperbolic equation 
has been presented by using the shifted Chebyshev 
cardinal  functions.  Dehghan  and  Shokri [21, 22] have 
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studied   a   numerical   scheme   to   solve  one  and  
two-dimensional hyperbolic equations using collocation 
points and the thin-plate-spline radial basis functions. In 
[4], a numerical method, based on the combination of a 
high-order compact finite-difference scheme was used 
to approximate the spatial derivative and the collocation 
technique for the time component was proposed to 
solve the one-space-dimensional linear hyperbolic 
equation. The authors of [23] have developed an 
efficient approach for solving the two-dimensional 
linear hyperbolic telegraph equation, using the compact 
finite difference approximation of fourth order and 
collocation method. A numerical scheme, based on the 
shifted Chebyshev tau method was proposed in [24] to 
solve this equation. In [25], an explicit difference 
scheme has been discussed for the numerical solution of 
the linear hyperbolic equation of the form Eq. (1.1).  
 The homotopy analysis method (HAM) is a strong 
and easy-to-use tool for functional equations and 
contains the controlling convergence parameter h, 
which provides us with a simple way to adjust and 
control the convergence region of solution series [26-
32]. In addition, based on homotopy of topology, the 
validity of the homotopy analysis method is 
independent of whether or not there exist small 
parameters in the considered equation. Therefore, the 
homotopy analysis  method can overcome the foregoing 
restrictions and limitations of perturbation techniques 
[33]. 
 In this work, homotopy analysis method (HAM) is 
used to solve Eq. (1.1). Graphs are plotted for various 
values of the controlling convergence parameter of the 
problems and discussed. It is shown that for tested 
problems, the HAM performs extremely well in terms 
of efficiency and simplicity. 
 

HOMOTOPY ANALYSIS METHOD 
 
 To illustrate the basic ideas of this method, we 
consider the following equation: 
 

                                ( )N u(x,t) 0=  (2.1) 

 
where N is a nonlinear operator, x, t denotes the 
independent variable, u(x, t) is an unknown function. In 
the frame of the homotopy analysis method, we can 
construct the following zero-order deformation 
equation: 
 
  0(1 q)L (x,t;q) u (x,t) qhH(x,t)N[ (x,t;q)]− Φ − = Φ    (2.2) 

 
where q∈[0,1] is an embedding parameter, h≠0 is a 
controlling    convergence   parameter,   H(x,t)≠0  is  an  

 
auxiliary function, L is an auxiliary linear operator with 
the property 
 
                       L(ƒ) = 0 when ƒ = 0 (2.3) 
 
u0 (x,t) is an initial guess of u (x,t) and Φ (x, t; q) is an 
unknown function on the independent variables x, t and 
q. When q = 0 and q = 1, we have 
 
                       0(x,t;0) u (x,t)Φ =  (2.4a) 
and  
                        (x,t;1) u(x,t)Φ =  (2.4b) 
 
respectively. Thus as q increases from 0 to 1, the 
solution Φ (x, t; q) vary from the initial guess u0 (x,t) to 
the solution u (x,t). Using the parameter q, we expand 
Φ (x, t; q) in Taylor series as follows: 
 

              m
0 m

m 1

(x,t;q) u (x,t) u (x,t)q
+∞

=

Φ = +∑  (2.5) 

where  

                  
m

m m

q 0

1 (x,t;q)
u (x,t)

m! q
=

∂ Φ
=

∂
 

(2.6) 

 
 Assume that auxiliary linear operator, the initial 
guess, the controlling convergence parameter h and the 
auxiliary function H(x,t) are chosen such that the series 
(2.12) converges at q = 1. So from (2.11) and (1.12) we 
have 
 

                0 m
m 1

u(x,t) u (x,t) u (x,t)
+∞

=

= +∑  (2.7) 

 
Let us define the vector  
 

{ }n 0 1 nu (x,t) u (x,t) ,u(x,t) , . . . ,u (x,t)=
r

 
 
 Differentiating (2.9) m times with respect to the 
embedding parameter q and then setting q = 0 and 
finally dividing them by m!, we have the so-called mth -
order deformation equation 
 
   ( )m m m 1 m m 1L u (x,t) u (x,t) hH(x,t)R u (x,t)− −− χ =  

r
 

(2.8) 
 
where 
 

         ( )
m 1

m m 1 m 1

q 0

1 N[ (x,t;q)]
R u (x,t)

(m 1)! q

−

− −

=

∂ Φ
=

− ∂
r  2.9) 

and 

m

0 , m 1
1. m 1

≤
χ = 

>
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 So,   from   (2.8)  and  (2.9),  we  can  obtain  the  
Mth-order approximation, 
 

                          
M

m
m 0

u(x,t) u (x,t)
=

= ∑  (2.10) 

 
IMPLEMENTATION OF THE HAM 

AND NUMERICAL RESULTS 
 
 Here, the implementation of HAM on the Eq. (1.1) 
is presented. Furthermore, the effectiveness of the 
HAM is demonstrated with three examples. All 
obtained numerical results are compared with the exa ct 
solutions. The algorithms are performed by Maple 12. 
 
Example 3.1: We consider the second -order 
hyperbolic telegraph equation of the form Eq. (1.1) 
with α = 4, β = 2 and 
 

2 tf(x,t) (2 2 )sin(x)e−= − α + β  
 
The exact solution by [1,21,24] is   
 

u(x,t) sin(x)exp( t)= −  
 
The initial conditions are given by 
 

             1 2

t

v ( x ) u(x,0) sin(x),v (x ,0 )

u (x,0) sin(x), 0 x 2

= =

= = − ≤ ≤ π
 (3.1) 

 
 If the HAM is used for solving this problem then 
according to (3.1) we can choose the initial 
approximation, 
 

0u ( x , t ) sin(x)(1 t)= −  
 
and the linear operator 
 

                         

2

2

(x,t;q)
L (t;q)

t
∂ Φ

Φ =   ∂
 

(3.2) 

 
with the property 
 

1 2L c c t 0+ =    
 
where c1 is  constant of integration. Here we have the 
zero-order deformation equation, 
 

0(1 q)L (x,t;q) u (x,t) qhN[ (x,t;q)]− Φ − = Φ    

where 
2

2

2
2

2

(x,t;q) (x,t;q)
N (x,t;q) 2

t t

(x,t;q) (x,t;q) f(x,t)
x

∂ Φ ∂Φ
Φ = + α   ∂ ∂

∂
+ β Φ − Φ −

∂

 

 
and the mth -order deformation equation, 
 
   ( )m m m 1 m m 1L u (x,t) u (x,t) hH(x,t)R u (x,t)− −− χ =  

r  (3.3)  

 
with the initial conditions 
 
                              mu (x,0) 0=

 
(3.4) 

where 
( )m m 1 m 1R u (x,t) N[u (x,t)]− −=
r  

 
 Now, the solution of the mth -order deformation 
equation (3.3) for m≥1 becomes 
 

( )t s

m m m 1 m m 1 1 20 0
u (x,t) u (x,t) h R u (x,r) drds c c t− −= χ + + +∫ ∫

r (3.5) 

 
where the integration constants c1, c2 are determined by 
the initial conditions (3.4). We now successively obtain 
 

t s 3 2 t
1 1 00 0

1
u(x , t ) R(u(x,r))drds h(-12+12t-5t -9t +12e )sin(x)

6
−= =∫ ∫

r
 

 
t s

2 1 2 10 0

2 -t

3 2

u (x,t) u (x , t ) R (u(x,r))drds

1
- hsin(x)(48-48t+36t -48e

24
+20t -96h+96ht-36ht

= +

=

∫ ∫
r

 

                           

3 4 -t 576ht +55ht +96he +5ht )+
M

 

 
 Now, we obtain the Mth -order approximate 
solution in the form: 

 

   0 M

t

u(x,t) u (x,t) u (x,t)

sin(x)(1 t) hsin(x)(20he 20h )−

≈ +

= − + + + +

L
L L  

(3.6)  

 
 Here, the HAM provides a family of solution 
expression in the controlling convergence parameter h. 
The convergence region of solution series depend upon 
the value of h. The values of h can be determined by 
plotting the so-called h-curves. In Fig. 1, we plot the h-
curve of (3.6) with M = 15 in utt(0.5, 1). Table 1 shows 
the maximum norm errors of (3.6), with M = 15 and t = 
1 for h = -1., -.75, -.5.  
 In addition, in Fig. 2, we plot the h-curve of (3.6) 
with M = 15 in utt(1.0, 0). Figure 3, shows the 
comparison between the approximate solution (3.6) 
with M = 15 and exact solution, at x = 1.0 with h = -1.0, 
-0.8, -0.5. It is important that by considering Fig. 1 and 
2, we can suggest the suitable controlling parameter h = 
-0.5. On continue, we plot the absolute error function of 
(3.6) with M = 15 and h = -0.5, Fig. 4. 
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Table 1: Maximum norm errors of HAM in example 3.1, 0≤x≤2π 

M 1e sin(x) u(x,1)−

+∞
− for h = -1 1e sin(x) u(x,1)−

+∞
− for h = -.75 1e sin(x) u(x,1)−

+∞
− for h = -.5 

5 8.0 3.0E-01 8.0E-03 

10 3.2 7.0E-05 2.0E-04 

15 0.15 3.0E-02 9.0E-06 

 

 
 
Fig. 1: The h-curve of (3.6) in utt(0.5, 1) 
 

 
 
Fig. 2: The h-curve of (3.6) in utt(1.0, 0)  
 
Example 3.2: Consider the hyperbolic telegraph 
equation (1.1), with α = 6, β = 2, in the interval x∈[0,4] 
and t∈[0,4] In this case we have  
 

2f(x,t) 2 sin(x)sin(t) cos(t)sin(x)= − α + β  
 
The exact solution is [1, 4, 20] 

 
 
Fig. 3: Approximate solution (3.6) of HAM with x = 1, 

h = -1 (Dot), h = -0.8 (Dash), h = -0.5 (Dash 
Dot) and uexact (1,t) (solid) 

 

 
 
Fig. 4: Absolute  error  function  of  HAM, (3.6), with 

M = 15 and h = -0.5 in example 3.1 
 

u(x,t) cos(t)sin(x)=  
 
 Note that (3.6) with h = -1, is the same as the 
approximate solution of homotopy perturbation method 
(HPM).On continue, absolute error function of the 
homotopy perturbation method is shown in Fig. 5. 
 
subject to the following initial conditions: 
 

1 2 tv(x) u(x,0) sin(x), v (x) u (x,0) 0, 0 x 4= = = = ≤ ≤ . 
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Fig. 5: Absolute  error  function  of  HPM, (3.6) with 

M = 15 and h = -1.0, in example 3.1 
 

 
 
Fig. 6: The h-curve of (3.7) in u(0.5,1) 
 
We choose the following initial approximation 
 

0u ( x , t ) sin(x)=  
 
and the linear operator (3.3). With reference to the 
formula (2.9) we have 
 

( )m m 1 m 1R u (x,t) N[u (x,t)]− −=
r

 
where  

2

2

2
2

2

(x,t;q) (x,t;q)
N (x,t;q) 2

t t

(x,t;q) (x,t;q) f(x,t)
x

∂ Φ ∂Φ
Φ = + α   ∂ ∂

∂
+ β Φ − Φ −

∂

 

 

and by using the mth-order deformation Eq.(3.5), we 
obtain the following series solution 
 

M

m
m 0

2

u(x,t) u (x,t)

1
sin(x)(1 h(8-24t-5t -8cos(t)+24sin(t)) )

2

=

≈

= − +

∑

L
(3.7) 

 
 Now, we plot the h-curve of (3.7) with M = 15, in 
u(0.5, 1), Fig. 6 and in u tt(1.0,1), Fig. 7. By considering 

 

 
 
Fig. 7: The h-curve of (3.7) in ut(1.0, 0.5)  
 

 
 
Fig. 8: Absolute  error  function  of  HAM, (3.7), with 

h = -0.15 in example 3.2 
 
Fig. 6 and 7, we suggest the controlling parameter h = -
0.15. The absolute error function of HAM, (3.7), with 
M = 15 and h = -0.15, is shown in Fig. 8. Note that for 
this example, HPM is divergent. 
 
Example 3.3: Consider the hyperbolic telegraph 
equation (1.1), with α = 1/2, β =  1, in the interval 
x∈[0,5] and t∈[0,1]. In this case we have  
 

2 2 2f(x,t) (2 2t t )(x x )exp( t) 2t exp( t)= − + − − + −  
 
The exact solution is [1, 4, 20], 
 

2 2u(x,t) (x x )t exp( t)= − −  
 
subject to the following initial conditions: 
 

1 2 tv(x) u(x,0) 0, v (x) u (x,0) 0, 0 x 5= = = = ≤ ≤ . 

 
We choose the following initial approximation 
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Fig. 9: The h-curve of (3.8) in ux(0, 1.0) 
 

0u ( x , t ) 0=  
 
and the linear operator (3.3). With reference to the 
formula (2.9) we have 
 

( )m m 1 m 1R u (x,t) N[u (x,t)]− −=
r

 
where  
 

2

2

2
2

2

(x,t;q) (x,t;q)
N (x,t;q) 2

t t

(x,t;q) (x,t;q) f(x,t)
x

∂ Φ ∂Φ
Φ = + α   ∂ ∂

∂
+ β Φ − Φ −

∂

 

 
and by using the mth-order deformation Eq.(3.5), we 
obtain the following series solution 
 

           

M

m
m 0

2 2

-t 2 -t

u(x,t) u (x,t)

h(12+4x-4x -2tx+2tx

-4t-4ex+4exp(-t)x -12e )

=

≈

=

+ +

∑

L L
 (3.8) 

 
 Now, we plot the h-curve of (3.8) with M = 15, in 
ux(0, 1.0), Fig. 9 and in utt(1.0, 1.0), Fig. 10. By 
considering Fig. 9 and 10, we choose the controlling 
parameter h = -1.0. The absolute error function of 
HAM, (3.8),  with  M = 15 and h = -1.0, is shown in 
Fig. 11. Note  that  for  this  example,  HAM  is  the 
same as HPM.  
 

CONCLUSION 
 
 In this paper, Homotopy Analysis Method (HAM) 
has    been    used    to   solve   the   second-order  linear 

 

 
 
Fig. 10: The h-curve of (3.8) in ut(1.0, 0.5)  
 

 
 
Fig. 11: Absolute error function of (3.8) with M = 15 

and h = -1.0, in example 3.3 
 
hyperbolic telegraph equations. To obtain suitable 
controlling  convergence  parameter  h,  two  different 
h-curves have been used. To confirm the accuracy of 
the proposed  approach  and  to show  the  performance  
of the controlling convergence parameter h, several 
examples are presented. The convergence of the HAM 
is numerically studied by comparison with the exact 
solutions of the problems. The results show that the 
HAM is a powerful tool to solve the second-order linear 
hyperbolic telegraph equations. 
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