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New Treatment of Adomian Decomposition Method with Compaction Equations
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Abstract: The Adomian Decomposition Method (ADM) shows a very good ability in dealing with
nonlinear differential equations but it is still have some drawbacks. In this paper, it is shown how we can
improve the efficiency of the method by using Improved Adomian Decomposition Method (IADM) and
linking the method with other techniques like Padé approximants and Laplace transform. The results shows
efficiency of the new treatment with a special type of Nonlinear Partial Differential Equations (NPDE) like
compacton equations K(n,n), B(n,n) and Zakharov-Kuznetsov ZK(n,n). The technique is powerful with

these equations. It gives the exact solution directly.
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INTRODUCTION

In  recent years, nonlinear phenomena play a
crucial role in applied mathematics and physics.
Directly searching for exact solutions of nonlinear
partial differential equations has become more and
more attractive partly due to the availability of
computer symbolic systems Like mathematica or maple
that allow us to perform some complicated and tedious
algebraic calculation on a computer as well as helping
us to find exact solutions of partia differential
equations[1-9].

Since the beginning of the 1980s, Adomian has
presented and developed the so-called decomposition
method for solving linear or nonlinear problems
such as ordinary differential equations and partial
differential  equations. Adomian’s decomposition
method consists of splitting the given equation into
linear and nonlinear parts, inverting the highest-order
derivative operator contained in the linear operator on
both sides, identifying the initial and the terms
involving the independent variable alone as initial
approximation, decomposing the unknown function
into a series whose components are to be determined,
decomposing the nonlinear function in terms of
special polynomials called Adomian’s polynomias
and finding the successive terms of the series
solution by recurrent relation using Adomian’'s
polynomials. Some applications of the method show
its advantages in dealing with nonlinear differential
equation.[10-16].

ADM can't deal with nonlinear differential
equation in general. Abassy shows what type of
equation it can deal with effectively and introduced
Improved ADM for dealing with equations which
ADM can't dea with. In this paper, IADM is used in
solving one of the case studies.

The series solution that obtained by ADM or
IADM like any series it has a restricted region of
convergence. The obtained series contains some
information about the exact solution. Abassy et al.
[11, 12] extract more information from the obtained
series solution using Padé technique, which enables us
to view data can’'t be seen by using ADM alone.

In this paper, we will apply the new treatment to
compacton eguations, where Rosenau and Hyman [17]
investigated the role of nonlinear dispersion in the
formation of patternsin liquid and introduced a class of
solitary waves with compact support, which they called
compactons, by introducing and studying a family of
nonlinear KdV like equations of the form

u, +a(u”)x+ (u")3X =0 n>1 11

caling it K(n,n). The focusing branch (a = 1) of
equation (1.1) exhibits compact solitary traveling
structures, whereas the defocusing branch (a =-1)
admits solitary patterns having cusps or infinite slopes.
The K(n,n) equation (1.1) cannot be derived from a
first-order Lagrangian except for n = 1 and did not
possess the usual conservation laws of energy that KdV
equation possessed [17]. Numerous worksfollowed in
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[17-26] to investigate the deep qualitative changein the
genuinely nonlinear phenomena caused by the purely
nonlinear dispersion. The stability analysis has revealed
that compactons are stabl e structures.

The purpose of the paper is improving the
efficiency of ADM and solving its drawbacks. In this
paper, the exact solution of special type of NPDE is
obtained by using more treatments on the truncated
series solution. The treatment uses the Laplace
transform and Padé approximants.

BASICSOF IMPROVED ADOMIAN
DECOMPOSTION METHOD

Consider the following general non-linear initia
value problem

Lu(x,t) +Ru(x,t) +N(u(x,t)) =
u(x,0) =f(x)

Tu(x,t)
— 7] =f 1
i {x) @
T uxh| _fa(x)
|, (s D
where
L:l,S:1,2,3,...
s

is the highest partial derivative with respecttot, Risa
linear operator and Nu (x,t) is the nonlinear term.

The inverse operator L™
which isgiven by

is an integral operator

L) :Q‘ d(.)dt...(sfold)...dt @

Applying L on equation (1) and using the
constrains lead to

u(x,t) =f,(x) H{x)t +--- 3

+f. 00t - LY(N(u(x,t)) + Ru(x,t)) &

The Adomian decomposition method assumes that

the unknown function u(xt) can be expressed by an
infinite series of theform

u(t) = & U, (x.) @

n=0

and the nonlinear term N(u(x,t)) can be decomposed by
an infinite series of polynomials given by

¥

N(u(x,t) =

n=0

©

where the components un(x,t) will be determined
recurrently and A, are the so-called Adomian
polynomials of w, W, W,..., 4 and are defined by
Adomian [10] intheform

Ru (x, t) and N(u(x.t)) are free of partial derivative with A ) =9 N(al u(x,)] 5, n=0123.. (6)
respect tot. ntd "
Following the usual analysis of standard Adomian
[10-12, 27], which are redefined by Abassy [27] intheform
L d” &t L 4™ &g 1L 4™ @ 0,123
= N )] ot —-N Tt ot .+ N )] ., n=0,123..
n ns![d| ns (eo i ')]I-O m[dl (nsd) (Iaz.o i )]I =0 (nS+S-1)!Ld| (nesi) (90 i ')]I-O (7)
where | ; isthe coefficient of t'in Un(X,t) components. For example when s =1 |eads to
_i d N T)] 20 = 0,123 ®)
i=0
whens= 2 leadsto
1 d2n ¥ 1 d(2m1)
aliawr by an(f’iol i) ﬂ[dl @ N(al fit)]i-o N=0123.. ©)
whens= 3 leadsto
1.d" 1 d®™ g 1 dem?
A =—[—% | 't ——N(g I'fit) ] (ot ———— | 'fit , n=0123... 10
n 3l [ | (|ao )]I =0 m[dl (3nd) (Ia:0 |)]I 70 (3 +2)|[d| 3n+2) (a ’)]I =0 ( )

V)
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andsoon....
Substituting by eguations (4) and (5) into equation
(3) gives

u, (x,t) =Fx) +x)t +---

0

3 QJO«

(11)

L' A, +R@ 1))

n=0 n=0

+f_ ()t -

The component of up(xt) follows immediately
upon setting

Uy (X,t) =Fo(x) +{X)t+- 1, ()17 12

U, (xt)=-L*(A,+Ru,), n30 (13

The new Adomian polynomial (7) gives the same
result of old Adomian polynomials when s = 1 but
different polynomials when s = 2,3,4,... TheADM does
not give the exact power series for equation (1)
when s =234,... IADM gives the exact power
series solution for equation (1) when s = 2,34,... and
cancels the calculations of all the non accurate
terms which consume time, effort and deteriorate
the convergences.

CASE STUDIES

Many nonlinear partial differential equations are
used in the following case studies.

Case-Study 1: “ k(2,2)": Consider the k (2,2) equation
[17], which takes the form

u, +(u) +(u2)3 =0

4CCoseX uo
u(x,0) = |§\j

Following the analysis of Adomian [10, 27],
equation (14) can be re-written in an operator form as

i{gﬂ (14)
4 2

otherwise

Lu(x,t) + N1(u) +N2(u) =0 (15)

where the differentia operator L = {/ft and the
nonlinear terms N1(u) = (u®)y and N2(U) = (U%)eu
The nonlinear terms N1(u) and N2(u) can be
decomposed by an infinite series of polynomials A,
and B, using (8) respectively because s = 1. Adomian
polynomials that represent the nonlinear term
N1(u) = (u?), are

A, =2f, 1,
L= (2 f 428, Tt

L= (2fg f,+ 26, £, +2f, £ )7
= (2f fy+ 26 f,+ 26f, +2f, £,)
(

2 £+ 26, Fo+ 26, f,+ 26 £+ 2f, £ )t

(16)

> > > >

4

polynomials  that
N2(U) = (U?)yo are

represent the nonlinear term

= (6%, fo,,

B, = (Gfleoxx
B, = (6f, f,
+ 2f Zfoxxx

B, = (6f, f,_
+2f .8,

+2f, )
+2ff, ~+6f fi
+6f, f, +6f, f,
+2ff,  +2ff, )P 1)
+6f, f, +6f f, +6f f, +2ff,
+2ff, +2ff,

+ 2f0flxxx )it

Other polynomials can be generated in a like
manner. The components y,(x,t) obtained immediately

by using
ae,4c 0
éxul
UO = ?C éézu (18)
and substituting inthe equation

Upa(x) =-L*(A, +B,) (19)

Following the above procedure we obtain the
following components

Cos2 exu

g4l

ufx,t) -—CS| neXu
&

u((x,t)—

€X Uy
u{x,t)=- —ctosSZH 20)
ufx,t) =- 7—ch ng)z(ﬂ t?
ufx,t) = ctosgz(g

and so on. Considering these components, the solution
can be approximated as:

ux,t)y=U, = én_ u,(x,t) (21)

m=0
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Now, taking Us, which hastheform

Ugx,t) =%C052%9+1c3in959t- L cos& . 7—12C”Sin9( Upsy L coos®Ue + L1 esint (22)

&l 37 & 12 &2 2 5765 %l T5e0” ) "E

It is a partial sum of the Taylor series of the exact solution u(x,t) at t = 0. Appling Laplace transformation to
Us(x,t), which yields

Ac . LéXU, C o éXU C . éxu ¢t . éxu. c° . éxu. c° o éxu
£[U.(x,)] =—=Co¢’ 7=+ =—=Sinz— - —CoSz—/, - Nz Cosz— + Nz 23
[Us(x0] 3s  84H 3¢ 82H 6&° &2 125" &2H 24s° &2H 48s° &2H @3

For the sake of simplicity, let s= 1/t then

VRS 2 JVIRS 3 PR 4 AV 5 AV 6 PRV
E[Us(x.b)] :%Cosz K+ & gin&Uz . S coseile - Sgin& e S cosdre +£Sin§§'t?its (24)

g 3Y"eA %% 20" a0 s

Its[L/M Padé approximant with L33 and M3 2 yields

o X H0t +4c’Sin e dt? + 2 61
élLu_ 82y g2H

&mH 12+ 3%t?

8c§[+ Cos

(2

Recallingt = 1/s, weobtain [L/M] interms of s
By using the inverse Laplace transformation to[L/M], the true solution is obtained.

2
& 8(x - ct) uo
u(x,t) = \/ECosguui (26)
Q38 4
Because the equation is a compacton equation so the final solution takes the form of compacton
leefac . é(x -ct)ud |(x- ) . p
— A = s £_
u(x,t)=}_§'J R R |4 |2 @n

i Op
10, otherwise

Figure 1 illustratesthe surface solution of (27)

uim B

Fig. 1: Plot of K(2,2) solutionwherec=1
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Fig. 2: Plot of K(3,3) solution wherec =2

Case-Study 2: “ k(3,3)": Consider the k(3,3) equation
[17], which takes the form

u+(u), #(u),, =0
x| éxu x| . p 29)
—Cosa—; —{£—=
ux0)=i\2 " &l 3“2
{0, otherwise

Following the same procedures in case-study 1, we
obtain the exact compacton solution.

. éx-c)u |(x-a)|.p
—Co0Ssa 1 £
u(x,t) = }\/; osg 3 0| 3| 2 (29
{0, otherwise

Figure 2 illustrates the surface solution of (29)

Casestudy 3: “Compacton: the (2+1) dimensions
ZKk(2,2)": Consider the compacton Zk(2,2) equation
[28, 29], which takes the form

Uy +a(U%), +B(U?) o + K(U*), = 0,

%ae\/ECosél a x+y® |[@ x+y
3a
0

P (30
Uy 0= 1§z “Nork 4 G ok 4 | 2 0
|

10, otherwise

Following the analysis of Adomian [13], equation
(30) can be re-written in an operator form as

Lu(x,t) +aN1(u) +bN2(u) +kN3(u) =0 )

where the differentia operator L = f/ft and the
nonlinear terms N1(u) = (%), N2(U) = (U)xx and

45

N3(u) = (uz)yyx The nonlinear terms N1(u), N2(u) and
N3(u) can be decomposed by an infinite series of
polynomials A,, B, and G using (8) respectively.
Adomian polynomials that represent the nonlinear term
N(u) = (u?), given by:

A, =2,

A= (2 f + 26 Fo)t

A, = (2f, f,+2f, f,+2f,f )t

A, = (2, fo+ 28, f,+26f, +2f, o)t

A, = (2, f,+2f, F,+2f, f,+ 2f, f,+2f, fo)t*

(32)

polynomials that
N2(U) = (U?)ye are

represent the nonlinear term

Bo = 6f fo,, + Zofo,,
B, = (6f, fo_+ 2if, + 6, f, +20f, )t
B, = (6, fo  +6f, f, +6fyf, +26,f, +2ff, +2ff, )t 33
B, = (6f fo, +66,f, +6f,f, +6fof,
+21f,  +2Af 426, +2Af, Ot

Lxxx

polynomials that the nonlinear term

N3(U) = (U?),yx are

represent

Co= 2, fo, +4f, Ty +26f,
C =2(f, f, +f, f,, +2f f, +2f f +ff
C,=2(f, f, +2f, f +2f f, +2f, f

+2f £, +f,fo +ff
C,=2(f, f, +f,f

2vy K
+
2f1« fzvx

Oyyx +f0flwx )t

+2f, f

Ovx

2
Tyvx + fofzwx )t

+f1w fo +f0w f3x +2f3vf0vx +2f2vflvx

Lyx

(34)

2oty o, TR T ol O
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Other polynomials can be generated in a like Uy (x.y,t)=-L"*(aA,+bB, +kC,) (35)
manner. The components u,(X, t) obtained immediately
by using Following the same procedure and taking Us and

using [L/M] Padé approximant with L33 and M3 2, the

&®[ac 9 a x+yu0 true solution is obtained
u, =
° §d3a Adb+k 4 gﬂ
x+ ct uO
N . u(x.y.t) = g/ g/ e (39
and substituting in the equation b+k

Because the equation is a compacton equation so the final solution takes the form of compacton

\/7 x+y ot) U6 a_ (x+y-ct)| . p
(xyt)—|§ 3a b+ "’- b+k 4 2 @37

otherwise

Figure 3 illustrate the surface solution of Zk(2,2) at successivetimeinterval.

Casestudy 4: “Compacton: the (2+1) dimensions Zk(3,3)”: Consider the compacton Zk(3,3) equation [28, 29],
which takes the form

U, +a(U%), +B(U7) +K(U),s

, , a x+yu , a x+y
u(xyO)—. 2a g\ b+ k ’ b+k

otherwise

P
£ C3)

Following the same procedure in case-study 3, we obtain the exact compacton solution
3c §x+y ct!u §x+y ct}
u(xyt)—|v2a \}b+ \jb+

otherwise
Case-Study 5: “Coupled Burgers system”: Consider the Coupled Burgers' system of equations [30], which takes
theform

(39

u - (uz)X -u, +(w), =0
v, - (vz)X - v, +(w), =0 (40)
u(x,0)=Sin(x) and v(x,0)=Sin(x)

Following the same procedure but with two simultaneous equation, we obtain the exact solution
v(x,t) =€ 'Sin(x), u(x,t) =e"'Sin(x) (41)

Casegudy-6: B(2,2) Equation: Consider the compacton B(2,2) equation [31], which takes the form

- (), - (), =0

lae o

4c exu x| . p 1 ain&u F p @)
eR sin&U  [XlgP
u(x.0) = J[ 84H_ Z{ 2. u(x,0 =i 3GE (472
T 0, otherwise f 0, otherwise

47
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where cisan arbitrary constant.
Solving (42) using IADM where the Adomian
polynomials are calculated using (9). Taking the IADM
series solution and following the @me procedure in
previous casestudies, we obtain the compacton
solution
N 2
(ofa dat)od | (xc)
- e&— (I v
U(x,t)—_:é 3 & 4 0 4

£

N o

43

otherwise

CONCLUSION

ADM can deal with highly nonlinear differential
equations with no need to small parameter or
linearization. The solution procedure is very simple
by means of ADM and few iteration leads to high
accurate solutions in arestricted region of convergence
[11, 12]. We can't trust in ADM solution, when the
solution is needed outside the convergence region. So,
ADM needs some treatment. In [11, 12], atreatment is
done by using Padé technique, which increase the
region of convergence. It enable us to view data can’t
seen by using ADM alone. In this paper more treatment
using Laplace transform and Padé technique is added.
The Laplace transforms and Padé technique treatment
|eads to obtain the exact solution.

REFERENCES

1. Wazwaz, A-M, 2006. The modified
decomposition method for analytic treatment of
differential equations. Applied Mathematics and
Computation, 173 (1): 165-176.

2. B-Wakil, SA., M.A. Abdou and A. Elhanbaly,
2006. Adomian decomposition method for
solving the diffusion convection reaction
equations. Applied Mathematics and Computation,
177 (2): 729-736.

3. Abassy, T.A., 2010. Modified variationa iteration
method (nonlinear homogeneous initial value
problem). Computers & Mathematics with
Applications, 59 (2): 912-918.

4. Ablowitz, M.J. and P.A. Clarkson, 1991. Solitons:
Nonlinear Evolution Equations and Inverse
Scattering. Cambridge: Cambridge University
Press.

5. Debnath, L., 1994. Nonlinear Water
Boston: Academic Press.

6. Drazin, P.G. and R.S. Jonson, 1993. Soliton: An
Introduction. Combridge, New Y ork.

Waves.

7.

10.

11.

13.

14.

15.

16.

17.

18.

19.

21

Wazwaz, A-M., 2001. The modified
decomposition method applied to unsteady flow
of gas through a porous medium. Applied
Mathematics and Computation, 118 (2-3): 123-132.
Noor, M.A. et al., B@-function method for
traveling wave solutions of nonlinear evolution
equations. Applied Mathematics and Computation,
216 (2): 477-483.

Mohyud-Din, ST. and A. Yildirim, Exact solitary-
wave solutions for the nonlinear dispersive K
(2,2,1) and K (3,3,1) equations. Journal of King
Saud University-Science, 22 (4): 269-274.

Adomian, G., 1994. Solving Frontier Problem of
Physics: the Decomposition Method. MA: Kluwer
Academic Publishers, Boston.

Abassy, T.A., M.A. El-Tawil and H.K. Saleh,
2007. The solution of Burgers and good
Boussinesq equations using ADM -Padé technique.
Chaos, Solitons and Fractals, 32 (3): 1008-1026.
Abassy, T.A., M.A. El-Tawil and H.K. Saleh,
2004. The solution of KdV and mKdV equations
using adomian pade” approximation. International
Journal of Nonlinear Sciences and Numerical
Simulation, 5 (4): 327-339.

Cherruault, Y., 1990. Convergence of Adomian's
method. Mathematical and Computer Modelling,
14: 83-86.

Lesnic, D., 2007. A nonlinear reaction-diffusion
process using the Adomian decomposition method.
International Communications in Heat and Mass
Transfer, 34 (2): 129-135.

Lesnic, D., 2006. The decomposition method for
initial value problems. Applied Mathematics and
Computation, 181 (1): 206-213.

Wazwaz, A-M., 2001. A computational approach
to soliton solutions of the Kadomtsev-Petviashvili
equation. Applied Mathematics and Computation,
123 (2): 205-217.

Rosenau, P. and JM. Hyman, 1993. Compactons:
Soliton with finite wavelength. Phys. Rev. Lett.,
70: 564-567.

Rosenau, P., 1996. On solitons, compactons
and Lagrange maps. Physics Letters A, 211 (5):
265-275.

Pikovsky, A. and P. Rosenau, 2006. Phase
compactons. Physica D: Nonlinear Phenomena,
218 (1): 56-69.

He, J-H. and X.-H. Wu, 2006. Construction of
solitary solution and compacton-like solution by
variational iteration method. Chaos, Solitons and
Fractals, 29 (1): 108-113.

He, J-H. and L.-N. Zhang, 2008. Generalized
solitary solution and compacton-like solution of the
Jaulent-Miodek equations using the Exp-function
method. Physics Letters A, 372 (7): 1044-1047.



23.

24.

25.

26.

Sudiesin Nonlinear i, 1 (2): 41-49, 2010

Inc, M., 2006. New compact and noncompact
solutions of the K(k,n) eguations. Chaos, Solitons
& Fractals, 29 (4): 895-903.

Inc, M., 2007. Exact and numerica solitons with
compact support for nonlinear dispersive K(m,p)
equations by the variational iteration method.

Physica A: Statisticalk Mechanics and its
Applications, 375 (2): 447-456.
Kevrekidis, P.G. and V.V. Konotop, 2003.

Compactons in discrete nonlinear Klein-Gordon
models. Mathematics and Computers in
Simulation, 62 (1-2): 79-89.

Levy, D.,, C-W. Shu and J. Yan, 2004. Loca
discontinuous Galerkin methods for nonlinear
dispersive equations. Journal of Computational
Physics, 196 (2): 751-772.

Abassy, T.A., H. El Zoheiry and M.A. El-Tawil,
2009. A numerical study of adding an artificial
dissipation term for solving the nonlinear
dispersive  equations K(n,n). Journal  of
Computational and Applied Mathematics, 232
(2): 388-401.

49

27.

28.

3L

Abassy, T.A., 2010. Improved Adomian
decomposition method. Computers and
Mathematics with Applications, 59 (1): 42-54.
Wazwaz, A-M., 2005. Nonlinear dispersive
special type of the Zakharov-Kuznetsov equation
ZK(n,n) with compact and noncompact structures.
Applied Mathematics and Computation, 161
(2): 577-590.

Zakharov, V.E. and E.A. Kuznetsov, 1974. On
three-dimensional solitons. Soviet Physics, 39:
285-288.

Abdou, M.A. and A.A. Soliman, 2005. Variational
iteration method for solving Burger's and coupled
Burger's equations. Journal of Computational and
Applied Mathematics, 181 (2): 245-251.

Liu, Z., Q. Lin and Q. Li, 2004. Integral approach
to compacton solutions of Boussinesg-like B (m,n)
equation with fully nonlinear dispersion. Chaos,
Solitons and Fractals, 19 (5): 1071-1081.



