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A New Linear Differential Operator and its Application

Muhammad Arif and Mehreen Fiza

Department of Mathematics, Abdul Wali Khan University, Mardan, Pakistan

Abstract: Using the convolution technique we introduce a new linear differential operator on the class 4 of
analytic functions in the open unit disk E. By using this operator we define some new classes of analytic
functions and study some basic properties of these classes such as, rate of growth of coefficients, inclusion
result and radius problem. We also show that these classes are closed under convolution with convex

function.
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INTRODUCTION

Let A denote the class of functions

f(z)=z+ianz", zeE (1.1

n=2

which are analytic in the open unit disk E = {z: |z|<1}.
Let S, S* and C denotes the classes of all those
functions in A which are univalent, starlike, convex
respectively.

For any two analytic functions

and

the convolution (Hadamard product) of fi(z) and f,(z)
is defined by

(f*£,)(z) = ianbnz " zeE

n=1

Using the concept of convolution, we define a
linear operator D,°: A — A by

4o
Df(z) = Al +Z)[£ lj(éH)
(I—Z) 4 2

=z +i(pk(n,6)anz"

n=2

*f(z) ford>-1k>2

with

oas)- J"zl[(%?(; ) TI{(-3)ora-n]

where (p)m is @ Pochhammer symbol defined as

O {

p+1)(p+2)...(p+m—-1)meN

We see that, when k = 2, the above linear
operator D! reduces to the linear operator D°, defined
by Ruscheweyh [5]. For application of Ruscheweyh
operator [2-4].

Using the operator D?, we define the following

new class of analytic functions.

Definition 1.1: Let >0, k>2 and o>-1. Then

f(@)eR(k,a,p), if and only if,
(Dz f(z))/ + BZ(D: f(z)), eP,zeE

PRELIMINARY RESULTS

Lemma 2.1: If p(z) is analytic in E, p(0) = 1 and Re
p(z)>1/2, z=E, then for any function F(z), analytic in E,

the function p(z)* f(z) takes values in the convex hull of
the image of E under F(z) [6].

Lemma 2.2: Let >0, D(z)eS* and N(z) be analytic
in E with N(0) = D(0) = 0, N(0) = D(0) = 1. Let for
zeE[1],
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Then

MAIN RESULTS

Theorem 3.1: The class R(k,0,3) is a convex set.

Proof: Let f(z), g(z)eR(k,o.,3). Then

(Det(z)) +Bz(Dif(z)) =h,(z) 3.1)
(Dig(z)) +B z(Dig(z) =h,(2) (32)
where h(z), ho(z)eP.
Let
F(z)=(1-1)f(z)+2g(z),1 €(0,1)
then

D{F(z) =(1-1)D}f(z)+ADg(z) (3.3)
From (3.1), (3.2) and (3.3), we have
(DEF(2)) +P 2(DIF(z)) =(1-)h,(2)+Ah,(z) P

since P is a convex set. This implies that F(z)eR(k,a.,p3)
and hence R(k,0,p) is a convex set.

Theorem 3.2: Let k>2, o>-1
R(k,a, B) =R (k,a,0).

and [(>0. Then

Proof: Let N(z):z(DE f(z))’ and D(z) = z. Then
D(z) =zeS" and

N(0)=D(0)=0,N'(0)=D'(0)=1

Now consider

N(z N'(z o ' . ’
(l—ﬁ)DEZ;+Bﬁ:(Dkf(z)) +pz(D; f(z)) P
since f(z)eR(k,a,B). Therefore by using Lemma 2.2,
N p b i, (Df(2)) eP. This implies

D(z)

f(@eR(k,a.,0).

we have

Theorem 3.3: Let f(z)eR(k,a,0). Then f(z)eR(k,a,p)
for |z|<rg, where

1

L 2B +4B> —2B+1

(3.4)

Proof: Let

'

®, (2) = (1-B)(D1(2)) +B(Z(Dgf(z))'j .

Then
@, (2)= 2wy 1(2))
where
)= (B B

As q(z) is convex for |z|<rg and consequently, for

q(z)

|z<1g, Re—>12. Then, by using Lemma 2.1, ®g(z)
z

takes values in the convex hull of F(E). This implies
that f(z)eR(k,a.,B) for [z]<rg as given in (3.4).

Theorem 3.4: Let f(z)eR(k,a,p) and ¢(z)eC. Then
f(z)*o(2) eR(k,a,B)

Proof: Let f(z)eR(k,a,B). Then there exists h(z)eP
such that

(Det(z)) +Bz(Dif(z)) =h(2) (3.5)

We denote

Then
D{G(z)=¢(z)* O f(2),

and therefore, by using (3.5), we have

(1600 +p(pi6 ()] =2 2+|(vis)) +p(oz 1) |

z

As ¢(z) is a convex then by using Lemma 2.1, we
obtain the required result.

Application of Theorem 3.4: The class R(k,a,p) is
invariant under the following operators.
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() fl(z):Ilf)da
(i) fz(z):éj.f(é)dé
f(&)—f(x&)dg |x|£1x;tl
E-xE ’

N

and each @;(z), 1<i<4, is convex.

Theorem 3.5: Let f(z)eR(k,o,3). Then

, for alln>2

2
B ey vy

where Wi (n,a) is given by (1.3).

Proof: Let f(z)eR(k,o.,p). Then

133

(Def(z) +B 2(Dif(2)) =h(z), h(z)eP  (3.6)
Let
h(z)=1+>dz", zeE 3.7

Therefore, by using (1.2), (3.6) and (3.7), we easily
have

al’l

2
< n[l+ B(n- 1)]|‘Pk(n,a)|’ for all n>2
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