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Abstract: We apply operators of central differences to the Chebyshev polynomials to obtain combinatorial

identities.
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INTRODUCTION

In the Stirling interpolation [1-4] participate the operators ( and * defined by:

SFO) = flx+D-2f) + flx— D), yfQ) == [flx + D-f(x — 1],

such that:

6" f(I0) = === [ (xf )] @, [67g@]© = 5L, -1 (V) g1,

2(k+1)

in particular, for arbitrary functions h(x) [even] and p (x) [odd]:

ly6?9h()]1(0) =0, [69p(0)](0) =0, g=0.
The eigenfunctions of the operator * are given by [3]:

S cos(x8) = —4 sin? (3) -cos(x8), 5 S0) _ g gin? (6=)  Sinx8)

2, sin@ 2 sin@

)

@

©)

4

In Sec. 2 the relations (2) and (4) are applied to the Chebyshev polynomials [2, 3, 5-8] to deduce combinatorial

identities.
Polynomials of Chebyshev:

From (2) and (4):
[5% cos(x0)](0) = [—4 sin? (%)V‘ =X (=1 (2:‘) cos[(k-r)0],

orintermsof z=cos 2:

2k

285, (-1 (o) T@ = 2021 (3F), k=123,

k

©)

(6)
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where T, (z) = T, (cos 0) = cos(n0) are the Chebyshev polynomials of the first kind, thus a simple iterative process gives
the expressions [2, 3, 7]:

T,(2) =2z, T,(2)=222-1, Ty(z2)=4233z, T,(2)=82z*-82z2+1,.. (7)

The known property 7, (1) =1, ¥ m = 1 and (6) imply the following combinatorial identity:
n _avk (2nY _ 1 (2n ®)
k=1 (1) (n—k) E (n )

The function cos(x0) accepts the infinite Stirling expansion [3]:

o . 5 (6 9
cos(x0) = X7, [—4 sin? (?)]" ®,, (x), ©)
with the participation of the Stirling functions [9]:

N oxGetk-1 1 [(x+k x+k-1 _ , 10
@) = Gorawr — 2 [( 2k )+ ( 2k )] R=0,1,5 - (19
then from (9) and (10) for x = n:

T (z)=n ¥r_ 22D o )1k (11)
T,(z)=n Xk, T [2(z — 1)]*.
We have the relations 75, (0) = (-1)" and T,,,., (0) = 0, thus (11) gives the combinatorial identities:
2m k @m+k-1)! (—1}m zm+1 k (2m+k)! _ (12)
=0 (=2) (zk)! (zm-k)  2m ' (=2) (2K)! (2m+1-k)! '
Similary, from (2) and (4):
Kk sin(x8) a2 (O — 1 2k+2 2k sin [(k+1-7)6] (13)
[ 8 sin@ ](0) _[ 4 sin (z)l _2(k+1) Z + ( 1)’”( ) (k+l ) sin@ ’
that is:
T -1 (1) e+ U@ = G+ D RO-D, (14)
where y ( z) = Uy (cos®) — sinl@+1)6] gre the Chebyshev polynomials of the second kind [7], then from (14) are immediate
the expressions: sine
U(z)=2z, Uy(2)=42*—-1, Uy(z)=82%4z U (z2)=162z*—-122°+1,.. (15)

The property U, (1) =n + 1 and (14) imply the combinatorial identity:

Ko (=1) (Zk“)( +1)2=0, k>1 (16)

The function $(*#) admits the infinite Stirling interpolation [3]:
sinf
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sin(x8@) oo ..o (0
- = Zk=o [—4 sin® (T)Fr D1 (), an
with the Stirling functions [9]:
2 (k+1) -(x+k)! (18)

Paie1(x) = ek ko’ =20

then from (17) and (18) forx=n + 1:

Up(z) = X7, (“;{’fl S NEICEEVS (19)

We know the values U,,, = (—1)" and U,,,., (0) = 0, then (19) generates the combinatorial identities:

Zim 2 () = o, T o (BT D) =0 (20)
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