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Abstract: We know that if the operator ;N is applied to the Legendre polynomials we obtain their associated

™
polynomials, then here we show that this process can be employed for the first-kind Chebyshev polynomials
T,(x) to construct new polynomials 7,” (x) in terms of the Gauss hypergeometric function.
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INTRODUCTION

The first-kind Chebyshev polynomials 7,, (x), |x| < 1, verify the differential equation [1-5]:

2
(1—x2)d—2Tn —x%]}, +1°T, =0, n=0,1,2,.. ()
dx

which is equivalent to the following expression in terms of the Gauss hypergeometric function [6-8]:

T,(x) = zFl[—n, n;%;l"‘} 2

2
On the other hand, we know the property:

dN
ey JF(a,b;c;z)oc 5F(a+N, b+N; c+N; z), )

then in the next Section we shall apply the operator ;N to (2) for the case N =n —m to obtain T,” (x), polynomials of
de
degree m, which allow to construct the four types of Chebyshev polynomials [1-5, 9].

Associated Polynomials of Chebyshev: We apply ;7-m to (2) and we use (3) with an adequate factor of proportionality,

dxl’l*m
to deduce the polynomials:
2n— _
Tnm(x)z(—l)m( " mj 2Fl(—m, 2n—m; n—m+%;1 2x)’ m=0,1,..,n 4)
m

verifying the differential equation:
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2
(1- xz)%rn’” —Qn-2m+1) x% " + m(2n—m) T =0. ®)

It is simple to calculate these associated polynomials of Chebyshev, for example:

Ti=-5x, T§ =8x* —2, ¢ =32x —4, T3 = 56" + 21x, T3 =48x* —36x% +3, &

The equation (1) is obtained from (5) for the case m = n, then (4) implies the following connection for the first-kind
T,(x) = (-1)" T"(x); besides, it is easy to show that the associated polynomials (4) can generate the other types of

Chebyshev polynomials [4, 9-11]:

2(-1)" -1)" I-x I+x
U, (x)= 2(+31 T (), Vn(x):% Tfnﬁl[ T] W) =—— TZM( . J (6)
The expression is equivalent to [8]:
m m-1 (n=D!2n—m) k—m . 1k 7
T"(x)=2 s Zk D ( ] S Fy(k — m,—1— 2m;—2m;1)x* (M

The polynomials 7,” can be interpreted as coefficients in the characteristic equation of the Chebyshev matrices [12].
REFERENCES

1. Lanczos, C., 1952. Tables of Chebyshev polynomials, Nat. Bur. Std. Appl. Math. Series No. 9 (1952)

2. Lanczos, C., 1973. Legendre versus Chebyshev polynomials, in ‘Topics in numerical analysis’ (Proc. Roy. Irish
Acad. Conf. on Numerical Analysis, Aug. 14-18, 1972), Academic Press, London, pp: 191-201.

3. Lanczos, C., 1988. Applied analysis, Dover, New York.

4. Mason, J.C. and D. Handscomb, 2002. Chebyshev polynomials, Chapman & Hall-CRC Press, London.

5. Piessens, R., 2010. Applications of Chebyshev polynomials: From theoretical kinematics to practical computations,
in ‘The birth of numerical analysis’, Eds. A. Bultheel, R. Cools; World Scientific, Singapore, pp: 193-205.

6. Seaborn, J.B., 1991. Hypergeometric functions and their applications, Springer-Verlag, New York.

7. Forrey, R.C., 1997. Computing the hypergeometric function, J. Comput. Phys., 137: 79-100.

8. Lopez-Bonilla, J., R. Lopez-Vazquez, J.C. Prajapati, 2014. Some applications of ,F| (a, b; c; z), Int. J. Mathematical
Engineering and Science, 3(1): 41-46.

9. Lam-Estrada, P., J. Lopez-Bonilla, R. Loépez-Vazquez, 2015. Baldoni et al method for homogeneous linear recurrence
relations, Proc. Int. Conf. on Special Functions & Applications, Amity University, Noida, Uttar Pradesh, India, Sept.
10-12, 2015.

10. Guerrero-Moreno, 1., J. Lopez-Bonilla, L. Rosales, 2008. On the associated polynomials of Chebyshev, Bol. Soc. Cub.
Mat. Comp., 6(2): 93-97.

11. Lépez-Bonilla, J., M. Turgut, A. Zaldivar-Sandoval, 2011. Associated polynomials of Chebyshev, Dhaka Univ. J.
Sci., 59(1): 153-154.

12. Alvarez-Ballesteros, S., A. Bucur, J. Lopez-Bonilla, 2007. On the characteristic equation of Chebyshev matrices,
General Mathematics, 15(4): 17-23.

88



