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Abstract: In this paper we analyze the conditions to obtain mode conversion between S waves and P waves
in a geometrical approach. If an elastic media has simultaneously negative density and shear modulus in a
certain frequency regime, it may give rise to negative refraction of transverse waves. Meanwhile, if the material’s
bulk modulus is positive the longitudinal wave becomes evanescent.
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INTRODUCTION

In connection with seismic events, the
Elastodynamics is linked with Electrodynamics through
transverse waves. Seismic waves encountering interfaces
that separate rocks of different elastic properties also
undergo reflection, refraction and scattering phenomena
in chiral materials which are noncentrosymmetric due to
handedness in their microstructures. The elastic field
behavior in a chiral medium is readily described herein
using the governing equations and constitutive relations
for noncentrosymmetric, isotropic micropolar materials.
Accordingly, linearly polarized longitudinal waves and
left and right circularly polarized transverse waves are
eigenstates for elastic waves in the chiral medium.
There are two classes of seismic body waves which
travel through the interior of the Earth: P waves and S
waves. P waves are the fastest seismic waves and
consequently, the first to arrive at any given location.
Torsion waves, often called S waves, represent the
spiraling motion of particles twisting between inner
structures. S waves usually have more height, or
amplitude, than P waves [1, 2].

The idea of negative refraction in an electromagnetic
wave in metamaterials that are realized in practice are
composites with built-in resonance structures that exhibit
effective negative permittivity and negative permeability
for some frequency ranges [2-6]. In an acoustic wave, the

continuity and Newton’s second law (with harmonic field
dependence exp(iwf) can be expressed respectively as
V-v+i(w/K)p=0 and Vp +iwpv=0,wWhere p(y) is the
pressure (velocity) field. The density p and bulk modulus
K are position dependent in general. By considering a
plane-wave solution with wave vector % inside a
homogeneous medium of constant density and bulk
modulus, the refractive index # should be defined by & =
[n|w/c with n* = p / k, which can have a simultaneously
negative effective bulk modulus and density.

Metamaterials with negative electromagnetic
constitutive  parameters give new  propagation
characteristics for electromagnetic waves [1-6]. By
analogy between elastodynamics and electrodynamics in
this work we use the Born- Fedorov equations as the most
suitable for applications of our interest [5, 6]. Here the
density of matter is equivalent to the electric permittivity
p - & and the Lamé parameter y, is equivalent to the
reciprocal of the magnetic permeability u, - 1/u,. The
speed of transversal seismic S-waves without chirality is
given by cg = 1/ p/us - The chiral effect given by the
factor (1 + ¢ k,) which modify the phase velocity c,(k, =
w/c;) having a metamaterial behavior when vy = ¢ (1 — (k)
[7, 8].

Mode Conversion S-P Waves: Mode conversion
mathematically can be obtained seeing the configuration
shown in (Figure 1). There are two cases of total S-P or
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Fig. 1: A schematic graph of S-P mode conversion during the negative refraction on the interface of a negative elastic

metamaterial

P-S mode conversions on the interface of a negative
metamaterial and a normal solid when we have negative
refraction. Next we obtain the conditions of total mode
conversions under negative refraction.

For chiral S waves, the vector displacement i is given
by:

g =u, (sinBsx + cos BS);)eikt.s(*cosesxﬂln@sy) , (1)
for P waves, the vector displacement u; is:
ik; (cos6,x+sin6, y) )

i) =u;(cos6; % +sin6;p)e .

The scalar displacements must match on the interface
x =0, so we have:

s Sin@selkcs sinfgy _ U COS@lelkl Smﬂ,y’

3)

U COS eselkcs sinfgy _ u, sin elelkl smG,y.

From Eq. (3), we have u sin 8 =u, cos 0, and u, cos
0, = u, sin 0,, which means that the conditions are u, = u
and O, + 0, = 7/2. In the case of normal refraction, for
incident angle 0 < Oy < 7/2 we have 0, < 0, thus is
obtained O, + 0, < /2, the scalar displacements are not
possible to match on the interface, but total conversion is
only possible in the case of negative refraction. From
Eq. (3), we also have kg sin 05 =k, sin 6, which means the
wave vector parallel to the interface must be conserved;
when 0, + 0,= 7/2, we obtain k_ sin 05 = k, cos0;.

From ® 0} and 0] [0} >
s =|—|=—— B ot P AR

S sl /ey il (ko + 1)/ s

we find:

angg = AL __NH/PL (4a)

kes (Kz + Uy )/Pz

the chiral factor is included in v,s = ¢, (1 — {k,) so:
0} 0}

s =2 = —2 (4b)
vis| |es(1-Cko)

We also need to consider the matching condition of
stresses. For S waves we have,

liyg =g (sinBgX + cosesj))elk“5(760565x+81n05y),

)
for p waves:

i =u; (cos ;% +sin Glﬁ)e[k’(mse[“sme[y) (6)
By substituting 6 + 6,= 7/2, u, = u,, and k. sin 0, k, cos

0, in Eq. (3), we have:

Ky = Uy c08 204 — U, sin 260 /tan O (7)
and:
_IJ“I = ,U.z tan 295 tan@S (8)
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The total conversion matching conditions are:
GS +Gl:7t/2, K‘2=/,L2C0529S—ulsiHZGS/taHOS, (9)

=t = Uy tan 29S tan@s,

ko m/p

tanBg = ——

kes B \/(Kz +IJ2)/P2 '

Egs. (4b), (9) and (10) are the main results; angle 6 is
an important input to the simulation work for different
cases.

(10)

Case 1: We consider a transverse plane wave incident
from the left medium of u, < 0, p, < 0 with an incident
angle of 0 < 65 < /2 as shown in Fig. 1. First, we can
obtain u, via—u, = u, tan 20 tan ;. Then, we can obtain
K, by using K, = u, cos 20— u, sin 2 0y/tan 05 = u,/cos2 O;.
At last, we can obtain p, employing

k. _ / w/py ; therefore, u,, k, and p, are

kes (1 +1)/ P2

all obtained. It is worth mentioning that when « > 7/4, we
have x4, <0, but k,> 0 and K, + &, = 1, (1 + cos2a)/ cos 2«
>0, which indicates a double positive medium for refracted
longitudinal waves on the right (together with p, > 0). In
this case the medium on the right is not a normal solid.

tanOg =

Case 2: We consider a transverse plane wave incident
from the left medium of x4, > 0, p, > 0 with an incident
angle of 0 < O, < m/2. u,, k, and p, can also be obtained
from Eq. (3). Note that we have x, + u, = u, (1 +
co0s26;)/c0s20; < 0 and p, < 0, which indicate a double
negative medium for refracted longitudinal waves on the
right.

In conclusion, if an elastic media has simultaneously
negative density and shear modulus in a certain
frequency regime, it may give rise to negative refraction of
transverse waves, i.e., pg = \/;\/m <0 - Meanwhile, if
the material’s bulk modulus is positive so that x + u > 0,
the longitudinal wave becomes evanescent.
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