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Abstract: Jha showed an interesting relation involving the number of representations of a positive integer n as a 
sum of k squares and the sum of reciprocals of odd divisors of n. Here we study this Jha’s relation via partial and 
complete Bell polynomials. 
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INTRODUCTION 
 
Jha [1] obtained the following results for � = 1, 2, … ∶ 
 
            �� ≡ −2 ∙ �! ∑ �

���� �|�  = ∑ (−1)����
��� (� − 1)! ��,� ��(�)(0), �(�)(0), … , �(�����)(0)�,         (1) 

 

                                 ��,� ��(�)(0), … , �(�����)(0)� = (��)� �!
�!

 ∑ (−1)����
��� ��

� � ��(�),                (2) 

 
 Involving the odd divisors of n, the partial Bell polynomials [2-13], the number of representations of n as a 
sum of squares such that representations with different orders and distinct signs are counted as different [14], 
and the theta function: 
 

            [�(�)]� = ∑ (−1)��
��� ��(�) ��,          �(�) = ∏ � � ��

� � ��
� 
��� = ∑ (−1)��

���� ���,      |�| < 1,          (3) 
 
Thus (1) and (2) imply the interesting connection: 
 

                                                        ∑ �
���� �|�  = �

�
 ∑ (��)���

�
�
���  �

�
� � ��(�).                                                  (4) 

 
It is immediate the inversion of (1) [15]: 
 
                                                                �(�)(0) = ��(��, �� , … , ��),                                                          (5) 
 
That is [2, 10, 13]: 
 

                         �(�)(0) =

�

�

�
�� − 1
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⋮
0
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⋮
0
0
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⋱
⋯
⋯

  

�� − 3
� − 4� ����

⋮
�1

0� ��
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�� − 3
� − 3� ����

⋮
�1

1� ��

�0
0� ��

�

�

�

,                       (6) 
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With the recurrence relation: 
 
                                     �(�)(0) = ∑ �� − 1

� − 1��
��� �� �(���)(0),      � ≥ 1,          �(�)(0) = 1.                        (7) 

 
From (2) we can obtain the expression: 
 

                   �� ≡ ∑ (−1)����
��� �� + 1

� + 1� ��(�) = �
�!

 ∑ (−1)��
���  �!  ��,�(�(�)(0), … , �(�����)(0)),           (8) 

 
Which means [4, 16-19]: 
 
                                                                 ∑ ��

�
��� �� = �

∑ �(�)(�)�
���  �

�
�!

 ,      �� ≡ 1,                                          (9) 

With the Hessenberg determinant: 
 

                                            �� = (−1)�  

�

�

�(�)(�)
�!

1 0 ⋯ 0
�(�)(�)

�!
�(�)(�)

�! 1 ⋯ 0
⋮
⋮

�(�)(�)
�!

⋮
⋮

�(���)(�)
(���)!

⋱ ⋱ ⋮
⋮ ⋱ 1

⋯ ⋯ �(�)(�)
�!

�

�

,        � ≥ 1,                         (10) 

O well: 
 

                                               �(�)(0) = (−1)� �!  �
�

�� 1 0 ⋯ 0
�� �� 1 ⋯ 0
⋮
⋮

��

⋮
⋮

����

⋱ ⋱ ⋮
⋮ ⋱ 1

⋯ ⋯ ��

�
�,                                            (11) 

 
Verifying the recurrence relation: 
 
                                                �(�)(0) = − ∑ �!

�!
���  
���  �(�)(0) ���� ,       � ≥ 1.                                           (12) 

 
To check the expressions (6), (7), (10), (11) and (12) we have the values: 
 
              �� ,  �� , �� ,  �� , �� , �� , … = −2, −4, −16, −48, −288, −5760, … ,         respectively, 
                                                                                                                                                                 (13) 
              �� = 2,   �� = 4,   �� = 8, … ,      �(�)(0) = −2,   �(�)(0) = �(�)(0) = 0,   �(�)(0) = 48, … 
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