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Expressions of Glaisher and Jha to Obtain the
Sum of Inverses of Odd Divisors of an Integer

"H.E. Caicedo-Ortiz and °J. Lépez-Bonilla

'Facultad de Ingenieria, Corporacion Universitaria Auténoma del Cauca,
Calle 5 No. 3-85, Popayan, Colombia,
*ESIME-Zacatenco, Instituto Politécnico Nacional,

Edif. 4, ler. Piso, Col. Lindavista CP 07738, CDMX, México

Abstract: We exhibit the formulae obtained by Jha and Glaisher to determine the sum of odd divisors of a
positive integer, trying to obtain a connection between the corresponding representations.
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INTRODUCTION

Jha [1] obtained the following relation for the sum of inverses of odd divisors of a positive integer n:
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where 1, (n) is the number of representations of »n as a sum of % squares such that representations with
different orders and distinct signs are counted as different [2-5]. On the other hand, Glaisher [6, 7] deduced an
expression similar to (1):
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In terms of other type of representations:
Ri(n) = 2* P (n), (3)

Being P, (n) the number of compositions of n as the sum of exactly k& nonvanishing squares. For
example, for n = 8:

Re(8) =0, k=1,3467  R,(8) =4 Rs(8) =160, Rg(8)=256,
4)

7(8) =0, 1,(8) = 2715(8) = 61,(8) = 24,1.(8) = 200,7,(8) = 1020, ,(8) = 3444, 1,(8) = 9328.

It is interesting to investigate some connection between the representations used by Jha and Glaisher, such
that (2) implies (1); here we propose the following relationship:
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where the A;(n) are rational coefficients; thus we can apply (5) into (2) to obtain:
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Involving the Stirling numbers of the second kind [8], however, (n —1 —j) <n for 0 <j <n—1, then
S[n_]l_j = 0, thus (6) gives (1), g.e.d.

n
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We study (5) for n = 2,3, ...,8 with 1 < k < n to deduce expressions:
R (2):(2)r(2) R (3):(3)r(3) R (4):(4)[r(4)—ﬁ(k2—9k+26)]
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5 %
R.(5) = (k) [rk(S) ~ S (k= 13k2 +59k - 47)],

R, (6) = (Z) [7(6) =& (k* — 18 k% + 121 k2 - 252 k + 148)], )

Ry(7) = (Z) [rk(7) - % (k5 — 24 k* + 226 k3 — 846 k? + 1285 k — 642)],

2
R(8) = (i) [rk(8) - 3"—(131!«6 — 402k5 + 5054 k* — 28740 k® + 77357 k? — 91818 k + 38536)];

360
We do not have a general formula for the coefficients A;(n) in (5).
REFERENCES

1. Kumar Jha, S., 2021. An identity for the sum of inverses of odd divisors of n in terms of the number of
representations of n as a sum of squares, Rocky Mountain J. Maths., 51(2): 581-583.

2. Grosswald, E., 1984. Topics from the theory of numbers, Birkhduser, Boston.

3. Grosswald, E., 1985. Representation of integers as sums of squares, Springer-Verlag, New York.

4. Moreno, C.J. and S.S. Wagstaff, Jr., 2006. Sums of squares of integers, Chapman & Hall / CRC, London.

5. Varma, 1., 2010. Sums of squares, modular forms, and Hecke characters, Master Thesis, Mathematisch
Instituut, Universiteit Leiden, Holland.

6. Glaisher, JJW.L., 1876. Theorems in partitions, Messenger of Maths., 5: 91.

7. Dickson, L.E., 1971. History of the theory of numbers. II. Diophantine analysis, Chelsea Pub., New York

Chap. IX, pp: 309.

8. Quaintance, J. and H.W. Gould, 2016. Combinatorial identities for Stirling numbers, World Scientific,
Singapore.

24



