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Abstract: For a given Lorentz matrix, we deduce the Dirac spinor’s transformation in terms of four complex
quantities.
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INTRODUCTION

The arbitrary complex quantities a, 5, y, 0 verifying the condition ad — fy = 1, generate a Lorentz matrix
L = (L*,) via the expressions [1-9]:

L°0=§(a&+ BB+ y7 + 86), L10=%(c?y+[>75)+ cc, L20=—é(a]7—ﬁ_6)+ cc,
L) = %(dﬁ+}76) + cc, L' = é(d6+ BY) + cc, L* =— é(a5+ BY) + cc,
L% = - é(§ﬁ+ 76) + cc, L =- §(§6+ BY)+ cc, [ = ;(675—/§)’)+ cc,

' )
L°3=§(a&—[>’ﬁ7+y)7—65), L13=%(c_ry—[>76)+ cc, L23=—§(a]7+ﬁ_6)+ cc,
Bo=;(aa+BB—yr—68),  L3y=;@B-70+cc, I=-3(@B-78)+ cc,

3 1l = pp_ .- _ —
L3—2(aa BB —y7 + 895), as — By =1,
where cc means the complex conjugate of all the previous terms.
The inverse problem is to obtain a, 8,¥, § if we know L, and the answer is [9-12]:

1 .
a=—Q' =—[L%+ L%+ L' + L + L + L5 — i (L, — L%))],

1
D

B == Q1 =10 + Ly = L + I3 + 1 (10 + L — [25 + I3,)],
@)
1 1 .
Y=3 Qzl = 5[L01 L+ L = L3 =i (L% + L + 125 — 13))],

6 = % sz = %[LOO - L03 + L11 + LZZ - L30 + L33 +i (le - Lzl)],

where D? = Q', Q%, - Q', Q?%, .

On the other hand, the Dirac spinor obeys the transformation law [13, 14]:
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Pp=Sy. )
For a non-singular matrix S such that:
Lty Sy =vykS, @)
and we must determine a solution of (4) for a given Lorentz transformation. We have the expansion [15]:

S=b01+l,d0y5+b1 023+b2 031+b30-12 + Z?:l djO'Oj,

5
b2 —di+ Z?zl (dj2 - bjz) =1, bydy — Z?zl b;d; =0, ©
In terms of Dirac matrices in the standard representation [13].
From (4) are immediate the expressions [14, 16]:
L¥, Z% tr (pOSTIyRS), LK, = _% tr (Y ST1y#S), p=0,..,3 k=123, (6)
that is, if we know S then with (6) we can determine the Lorentz matrix; (6) generates the relations:
Loo = Z(bg - b12 - bz2 - b%) -1, LO1 =2[(byd3 — b3 dy) +i(by dy — by dp) ],

L0 =2[(b3dy —byd3) +i(bgdy —bydo)], L% =2[(byd, —bydy) +i(byds —bsdy)],
L' =2[=(byd; —bydy) +i(bgdy —bydy)], L'y =2[(b§—bf)+(di+dD]-1,

L'y =2[=(by by +dy dy) —i(bybs +dgd3) ], L's = 2[— (by b3 +dy d3) +i(by by + dy dy) ];7
L2y =2[—(bydy — by d3) +i(bydy, —bydy)], L% =2[—(byb,+d;dy)+i(bybs+d,ds) %,)
12, =2[ (b3 —b3) + (d?+dD)]1—-1, L3 =2[—(by bs +dyds) —i(bo by +dody) ],
LPo=2[=(bydy —bydy) +i(bgds —bsdg)], L*3 =2[—(bybs+dids)—i(byb,+dody)],
LP; =2[=(bybs +dyds) +i(bo by +dody)], L5 =2[(b§—b3)+(df+d3)]—-1,

Which allow to obtain L if we have the expansion (5). However, here we have the inverse problem, that is,
to obtain b, &d,, u =0,...,3 verifying (7) for a given Lorentz matrix. Our answer is the following:

bo=5(a+a+6+8), by=;(F—B+7-v) by=2(B+F—-v—7), bs=5(@—a+5-9),
(®)
do=1(a—a+6-06), dy=—(B+p+7+y), do=7 (F—B+y—-7), ds=;(§+5—a—a),

Hence the expressions (1) are deduced if we apply (8) into (7). Besides, with (8) the matrix (5) acquires the
structure:

(A E _if@a+s p-vy _if@a-6 B+y
S_(E A)’ A_2<]7—,[>’ a+5>' E_2<)7+,[>’ S—a)' ©)

Therefore, for a given Lorentz transformation first we employ (2) to determine «,f,y,d, then S is
immediate via (9); this approach is an alternative to the process showed in [15] and to the explicit general
formula obtained by Macfarlane [16]:

S= % [G1I +§ Evap LY LPyS +iT(I2) — i (2 +tr L) T(L)], (10)
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Such that:

MAE I

10.
11.
12.
13.
14.
15.

16.

G:2(1+trL)+§[(trL)2—trLZ], tri= Y30 L*,, tri2=33,0L",1%,

an
F(L) = 2;31,1;:0 Luv O-’W! F(LZ) = g,u,v:O Lp.a Lav O-IW'
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