Computational and Applied Mathematical Sciences 6 (1): 09-13, 2021
ISSN 2222-1328

© IDOSI Publications, 2021

DOI: 10.5829/idosi.cams.2021.09.13

Lorentz Mapping and Dirac Spinor

'HE. Caicedo-Ortiz, °J. Lopez-Bonilla and %S Vidal-Beltran

'Facultad de Ingenieria, Corporacion Universitaria Auténoma del Cauca,
Calle 5 No. 3-85, Popayan, Colombia,
*ESIME-Zacatenco, Instituto Politécnico Nacional,

Edif. 4, ler. Piso, Col. Lindavista CP 07738, CDMX, México

Abstract: We show a method to obtain the transformation of the Dirac spinor under Lorentz transformations, in
particular, for boosts and 3-rotations.
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INTRODUCTION
We have the Dirac equation for spin-1/2 particles [1-5] [(x*) = (¢, x,y,2),h =c = 1]:
(iv*, —mo) = 0, i=v—1, 9, == (1)
where 1) is a 4-spinor with the y# matrices verifying the anticommutator [6-8]:

. v"} = 29" Lixa, (g*¥) = Diag(1,-1,-1,-1). ()

Here we shall use the Dirac-Pauli (or standard) representation [2, 9]:

o_(I 0 j_(O 0,-) o
=0 ) v=(l4 o) =123 3

With the Cayley [10]-Sylvester [11]-Pauli [12] matrices:

o= o @G %) w=( ) @

To analyze the transformation law of 1 under the orthochronic and proper Lorentz group [13-19]:
Xt =1L*, x", 5)
Which implies the existence [2, 7, 20, 21] of a non-singular matrix S such that:
Lt SyY =vy*S, (6)
and we deduce the relativistic invariance of (1) if the Dirac 4-spinor obeys the transformation rule:
P=sy. @)

In this work we use the representation (3 ) to study the matrix S, especially for boosts and 3-rotations.
In fact, S can be expanded in terms of the sixteen Dirac matrices, in the standard representation [2, 3, 5]:

A T S 2o S L ®)

That is [8]:
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S =ayy°y® + bol +cov°® +idyy® + by0?® + b0 + byo'* + X3, (ay) + ¢ vy  +d;0%),  (9)

and we must determine a solution of (6) for a given Lorentz transformation. The properties [2, 22]:

dets=1, y°stys=1 [sy71=0, st(% [)s=(% ) (10)
Imply the relations:
by =by, dy=d,, bi=-b;, di=-d;, j=123, a,=¢,=0 u=0,.,3, (11)
Thus (9) acquires the following structure:
S=bol +idyy®+b; 02>+ b, 03" +b30' + Y3, d;ja%, (12)
SAuch that:
b —di+ Y3, (df —b}) =1, bydy — Y3, b;d; = 0. (13)
From (6) are immediate the expressions [3, 22]:
Loy =2tr (°STIyHS),  Lh=—Str KSTIyRS), p=0,.,3, k=123, (14)

That is, if we know S then with (14) we can determine the Lorentz matrix; (14) generates the relations:
L% = 2(b2 — b? — b —b%) —1, 1%, =2[(byd3 —bsdy) +i(bydy —b;dy)],
1% =2[(bsd; — by d3)+i(bgdy, —bydy)], L% =2[(bydy—bydy)+i(byds—bsdy)],
LYy =2[—(byds—bsdy) +i(bydy —bydo)], L'y =2[(b—b})+(d3+dD]-1,
LY, =2[—(b; b, +dy dy) —i(bgbs +dyds)], L'3=2[—(bybs+d;ids)+i(byb,+dydy)], )
L2 =2[=(bydy — by d3) +i(bgdy —bydg) ], L*3 =2[—(byby+dydy)+i(bybs+dyds)]
L2, =2[(b§ —b3) + (df +d) ] -1, [?3=2[=(by by + dy d3) —i(bo by +dody) ],
L3 =2[-(bydy —bydy) +i(byds —bsdy)], L3 =2[—(bybs+d;ds)—i(byb,+dydy)],
L’y =2[=(bybs +dyds) +i(bo by +dody)], L3 =2[(b§—b3)+(df +d3)]—1,

Which allow to obtain L if we have the expansion (12). Besides, we must remember the following
identities satisfied by any Lorentz matrix:

L) =1+, (L) =1+33,(L%)7% L =%, 0,U, nv=0,.3 p#*v

(16)
W)=, -1, L) =%,W)p*-1, r=123.

Now we shall consider the inverse problem, that is, to construct S for a given Lorentz transformation, then
the fundamental formula (6) gives interesting information:

by do
1-1)b=M,d,  (Q+L1°)d=Myb, b= Zl, d= Zl,

2 2

bs ds

a7
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( 0 —il% —lLO —LL \
—iL® 0
Mo=| "0 M3 =[1- (0?11, M} =—M,
—il”, —L°;
\—iL"s L°, o /
7 7 j — T _ T
L'yb=M;d, L’Od—ij, M =-M;, N, =-N,
j=1,23, (18)
M;N; = N;\M; = (L7 g)? 1, det M; = det N; = (L)%,
such that:
0 iA+Ly) LY, il 0 i1-1Ly) -—iLlt, —il,
U RICY A 0 -1, 1Y, N Ry 0 I, -Ib,
! iLt, Ity 0o -1ty |t —ill, —11, 0 (1+LY) |
\ iL13 _L12 _(1 - Lll) 0 \ _iL13 le _(1 + Lll) 0/
0 iL%; i(1+1%) il?,
M, = i? 0 -1%;, —(1-12)
2T i+ 12y) 12, 0 -2,
iL?; a- 12)) 1%, 0
/ 0 —il?,  i(1-12) —iL23\
—il?%, 0 1?3 —(1+1%)
N, = ) 19
2=| i(1-12) —I2 0 1%, ! (19
\ —il%,  (1+12) —I%4 0
/ 0 iL3, i3, i1+ L33)\
iL3, 0 (1-135) L3
M3 = I .13 3
lL 2 _(1 - L 3) 0 -
\i(l +135) -13, 13, 0 /
0 —il3,  —il3, i(1-I3,)
N _ _iL31 0 (1 + L33) _L32
3 —il?, —(1+13) 0 13, '
\i(l —I3,) I3, -3, 0 /
Now we shall realize two applications of our expressions (16), ..., (19):
*  Boost in the x direction.
In this case the Lorentz matrix has the structure [13, 23]:
cosho —sinhg 0 0
_[| —sinhep sinhge 0 0 . v 1
L= 0 0 1 0/ sinh = T coshp = T (20)
0 0 01

Then (17), ...

Py
by = cosh (g) d, = isinh (%) S = cosh (g) [+ isinh (%) 01 = (_i:::;l ((é; .;1
2

11

,(20) imply b, = d, = 0 except d, = itanh (%) by, thus from (12) and (13):

—sinh (%) 0y
cosh(%) 1)
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In agreement with the literature [23-28].
* Rotation around the x axis.

Now the Lorentz matrix has the form [29, 30]:

1 0 0 0
_[0 1 0 0
L= 0 0 cos§ —sinf/ 1)
0 0 sin@ cos6
Hence from (16), ... , (19) and (21) we deduce that d, =0, u=0,..,3 & b, =b; =0, besides

b, = —itan (g) * by , with the relations (12) and (13), therefore by = cos (%) b, = —isin (g);
S=COS(2)1—isin(€)023= Cos(g)l—isin(g)-gl 0
2 2

’

0 cos (g) I —isin (g) e

In accordance with Straub [23-28], but we note that he uses active rotations. We emphasize that our results
are valid in the Dirac-Pauli scheme (3).

We consider that it is simple our method based in the expressions (17), (18) and (19) for a given Lorentz
transformation, but it is interesting to indicate the explicit general formula obtained by Macfarlane [22]:

S = % [G1 +% Epvap L* L*ByS +iT(I*) —i(2+ tr L)T(L)], (22)
Such that:

G=2(1+trl) +§[(trL)2 —tr1?], trl= 3oLt trl?=33,,0l"L%,
(23)
F(L) = Zi,v:o Luv ok, F(LZ) = Zg,p_,v:O Lua Lav ak’.
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