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Lorentz Transformation and its Associated Unimodular Matrix
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Abstract: We employ the factorization of the Lorentz matrix to construct the corresponding unimodular matrix.
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INTRODUCTION

The Lorentz matrix L = (L*,) between the frames of reference (x') = (ct,x,y,z) and (X¥*) has six

degrees of freedom:

and it accepts the factorization [1-4]:
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Such that det L, = —detL, =i and o, f, y, J are arbitrary complex numbers [Cayley-Klein parameters
[5]] verifying the condition o 6 —f y = 1. The corresponding inverse matrices are given by:
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From (2) are immediate the elements of the Lorentz matrix [4, 6-12]:
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L3,
13 =— é(a?—[}ﬁ) + cc,

=— %(a6_+ BY7) + cc,
12, = %(66—,[?)/) + cc,

(5)

L*3=— %(a)7+,§6)+ cc,

3)

“4)

L0 = >(a@+ BB+ y7 + 65),
L% = %(&ﬁ +76) + cc,
L0, = — é(dﬁ + 768) + cc,
1 s
L5 = ~(a@ — BB +y7 - §6),
Corresponding Author:

J. Lopez-Bonilla, ESIME-Zacatenco, Instituto Politécnico Nacional,

Edif. 5, ler. Piso, Col. Lindavista CP 07738, CDMX, México. E-mail: jlopezb@ipn.mx.

5



Comput. & Appl. Math. Sci., 6 (1): 05-08, 2021
L3y = > (a@+ B —y7 - 85), 3y=2@p-78) + cc, L3, =—(@p—78)+ cc,

1 — ~ —
L33=E(aa—ﬁﬁ—yy+ 86), as — By =1,

where cc means the complex conjugate of all the previous terms. The expression (4) is in agreement with the
known result [8]:

L% =gy L5 @ . (©)

The unimodular matrix B = (; g) generates to L, therefore L' is generated by B~ = <_6y _o:ﬁ)’
then if in (5) we make the changes ¢ - §, f - —f, ¥y = —y, § = « we obtain the properties:

L—100 — LO(): L—10]_ — _LjO! L—ljo = _LO]_’ L—ljk =ij’ (7)

which is equivalent to (4).
If we know the matrix B, then with (5) we construct the corresponding Lorentz matrix; the inverse problem
is to obtain B if we have L, and the answer is [4, 13-16]:

B = (B4) =+ = L*, 0,%E 6V, K = \/det (L7 0,9 a2 ,;), (8)

1
K
In terms of the Infeld-van der Waerden symbols [9, 17-19]. Here we shall employ the factorization (2) to
exhibit an alternative procedure to (8), in fact, we have the relation L7 L = L, where we can apply (2) and (3)
to obtain the expressions:
a=8L%+L%)+ B (—L'g+iL%) =8 (L0 +L3) + B (=L'5 +i %),
=y L+ P +ally —il%) =—iy (L% +L3) +a (L%, —il'y),
B =~y Lg+L3)+a(Lty—il?) =y (L% + I*3) —a (L'3 — i L?y),

=S UL+ P+ B (L +iL2) = —i8 (L% + L) + B (L5 +iL%),

T=B (=L +L3)+ 6Ly +il%) =0 (L% + L35) + 8 (L's + i L?%y), @
=a(l® —LP)-yU+il?)=ia(l® - L) —y (=L +il'y),
§=a (L0 — L) —y Wo+il?)=a P —L1%) +y (L's +il?),
=3 - L) +6 U +il2)=ip (L%, —L3,) +6 (L%, —iLY,).
Two applications of our relations (9):
a). Boost [8, 20, 21].
cosho —sinhg 0 0
L= —sighqa sin0h<p (1J 8 , sinhe = \/ﬁ . coshp = —, (10)
0 0 01
Then from (9) it is immediate the following information:
E=B=y=—6tanh(§), a=a=24, (11)
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Thus the constraint ad — Sy = 1 implies the known values [22]:

a =38 =cosh (g) y =B = —sinh (%) (12)
b). Rotation in the plane YZ [2].
1 0 0 0
_(0 1 0 0
L=10 0 cos6 —sine/ (13)
0 0 sinB cos@

In this case the conditions (9) give the properties:
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F=-p=-v=isun(;), (14)

but det B = 1, hence [22]:

6=a=cos(§), [3=y=isin(§). (15)

Thus we observe that it is easy the use of (9) to determine the unimodular matrix corresponding to a given

Lorentz transformation.
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