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Abstract: For boosts and 3-rotations, we determine the matrix of transformation of the Dirac spinor.
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INTRODUCTION

We have the Dirac equation for spin-1/2 particles [1-9] [(x*) = (¢t,x,y,2),h =c = 1]:
. . ]
(iy*9, —mo )Y = 0, i=+-1, O =35 (1
where 1) is a 4-spinor with the y# matrices verifying the anticommutator [10-11]:

. v"} = 29" Lya, (g*¥) = Diag(1,-1,-1,-1). ()

Here we shall use the Dirac-Pauli (or standard) representation [3, 12]:

o_(I 0 j_(O 0,-) o
=0 ) v=(l4 o) =123 3

With the Cayley [13]-Sylvester [14]-Pauli [15] matrices:

o=(G o @G ) w=( ) @

To study the transformation law of 1 under the homogeneous Lorentz group [16-23]:
xt=1L*, x", 5)
Which implies the existence [3, 24, 25] of a non-singular matrix S such that:
L5, Sy” =vykS, (6)
and we obtain the relativistic invariance of (1) if the Dirac spinor obeys the transformation rule:
P=Sy. (N

In this work we determine S for boosts and 3-rotations, using the representation (3). In fact, S can be
expanded in terms of the sixteen Dirac matrices, in the standard representation [3, 7, 9]:

I T PR L S L (®)

That is [26]:
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S =ayy°y° 4+ bol + cov° +idyy® + by0?® + byo3 + byo'* + X3, (ay) + ¢ vIy* +d;0%), (9
and we must obtain a solution of (6) for a given Lorentz transformation. Hence (9) implies the relations:
YOS =idy vy + ol + boy’ +agy® + 102 + 0% + 3 02 +id Yyt +idy y? +ids yR +
+ by + by vy + by ¥3y® —ia, 0%t —ia, 0°% — ia; 0%3,
YIS =b ¥y’ —a 1 +id;y° — 1 y° —ap 02 +iaz 03 —ia, 0'? + by y* —ibs y% +ib, ¥3 +
+idyy'y® + d3¥?y® —dyy3y® +icg 0%t + ¢35 0%% — ¢, 693,
y2S = b, y%y° —ay I +id, y° — ¢, ¥° —iaz; 0%® —ay 03t +ia; 0% +ibyyt + by y? —ib, ¥3 —
—d3;yYyS +idoy?y® + di¥3y® — 30 +icy 0% + ¢; 0%,
y3S = by yoy° —as I +id;y° — c3y° +iay, 0% —ia, 03 —ay 0% —ib,yt +iby y% + by y3 +
+dyyty® —dyy2yS 4+ ido¥3Y® + ¢, 0% — ¢ 0% + icy 03,
L*, SyY = (—idoLl*y + by L*, + byL*5 + b3 LH3) vOy5 + (coL#g — a L* — apL*, — aglts) 1 +(10)
+ (boL*y — id L*y — idyLH, — id3LF3) y° + (—aglty + ¢ L* ) + ¢, L# 5 + c3LF3) y° +
+ (¢ L* g — agl#y + iagl*, —ia,L*3) 023 + (¢l o — iazL*y — agl#, + ia L*3) o3t +
+ (c3Lty + iaL*y —iagLFy — aglts) a2 + (—id L*y + boL* — ibsL*, + ib,LH3) y1 +
+ (=idyL* + ibsL*y + boL*, — iby L*3) y? + (—id3L*g — ib,L*y + iby L*, + boLF3) y3 +
+ (b L#g — idoLFy — d3L*; + dyL#3) y'y® + (b Lo + d3 Ly — idoL¥, — diL*3) y?y® +
+ (bgLtg — dyL* + diL*, — idoL*3) v3y° + (ia L* g — icoL*y — c3L¥, + ¢, LF3) 00t +
+ (iayl*y + c3L*y — icol?*, — ¢ 1%3) 0% + (iagl*y — ¢ L*y + ¢ L*, —icyL*3) 0%,
I. Boost in the direction X.

In this case the Lorentz matrix has the structure [16, 27]:

cosheo —sinhe 0 0
_ | —sinh¢p sinhe 0 0 . _ v _
L= 0 0 1 0/ sinh @ = T coshg = — (11)
0 0 01
thus (6), (10) and (11) imply the following information for each value of the index u:
u=0
a, c idg by
e eY.| ©o idy | _ e\ .[ bo
o | = —tann(2)-| 2 ) g, |=—tanh(5)1 2 ) (12)
as _iCZ d3 _b2
p=1
b\ _ o . 43 Co\ _ oy (%
(52) = tannc$r-(Sg) (e) =~ tann (- (g) (13)
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Then from (12) and (13) we have that a; =¢; =0, j =0,1 and by =dy =0, k = 2,3, hence (12) has a

reduction:
() =ieann () () (g2) = 1eamn(8)-(32). (14

1 =2: We obtain the values az = b; =c, =dy =0, and finally u = 3 gives a, = c3 = 0, therefore (14)
implies the relation:

dy = itanh (%) by, (15)
and from (9) we deduce the expansion:

i ~tanh (%) - o
5=b01+d1001=b0[1+itanh(§)-a°1]=bo< tanh () 12 1’
—tanh (Z) - 0y
2

But by, = COSh(%) to verify the condition detS = 1 [3], then S for a boost in the direction X is given by:

cosh(® -1  —sinh(®) o
— 2 2
= ¢ ¢ , (16)
—sinh (;) -0y cosh(;) -1
In agreement with the literature [27-31].
II. Rotation in the plane YZ.
Now the Lorentz matrix has the form [32]:
1 0 0 0
_(0 1 0 0
L=10 0 coso —sind | an
0 0 sinf cos6
Then from (6), (10) and (17):
u=0: Implies a,=d, =0, k=0,..,4; u=1 Gives b, =b;=cy=c¢; =0,
(18)
. . 6 6 .
u = 2: We obtain that b; = —itan (5) by, ¢, = tan(;) “C3; u = 3: Implies ¢, =¢c3 =0,
Hence from (9) and (18) the matrix of transformation for the Dirac spinor acquires the structure:
I—itan &) o 0
S=bo [1-itan(2)-0%] = b, 22 . ,
z o l—itan(;)-al
But the condition detS = 1 gives by = cos (g), therefore:
cos (2)1 —isin (2) -0y 0
S= ’ ’ (] o8 ’ (19)
0 cos (;)I —isin (;) “oy

In accordance with Straub [27-32], but we note that he uses active rotations. We emphasize that the results
(16) and (19) are valid in the Dirac-Pauli scheme (3).

REFERENCES

1. Dirac, P.A.M., 1928. The quantum theory of the electron, Proc. Roy. Soc. London A117 (1928) 610-624
and A118: 351-361.



o had

—— O 00

12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
27.
28.

29.
30.

31.

32.

Comput. & Appl. Math. Sci., 6 (1): 01-04, 2021

Wightman, A.S., 1972. The Dirac equation, in “Aspects of quantum theory”, Eds. A. Salam and E. Wigner,
Cambridge University Press (1972) Chap. 6.

Leite-Lopes, J., 1977. Introduction to quantum electrodynamics, Trillas, Mexico Chaps. 4, 7 and 10-12.
Kragh, H., 1981. The genesis of Dirac’s relativistic theory of electrons, Arch. Hist. Exact Sci.,
24(1): 31-67.

Thaller, B., 1992. The Dirac equation, Springer-Verlag, Berlin.

Hamdan, N., A. Chamaa and J. Lopez-Bonilla, 2008. On the relativistic concept of the Dirac’s electron
spin, Lat. Am. J. Phys. Educ., 2(1): 65-70.

Ohlsson, T., 2011. Relativistic quantum physics, Cambridge University Press.

Bagrov, V.G. and D. Gitman, 2014. The Dirac equation and its solutions, Walter de Gruyter GmbH, Berlin.
Maiani, L. and O. Benhar, 2016. Relativistic quantum mechanics, CRC Press, Boca Raton, F1, USA.

Good Jr., R.H., 1955. Properties of the Dirac matrices, Rev. Mod. Phys., 27(2): 187-211.

Lopez-Bonilla, J., L. Rosales and A. Zuiiga-Segundo, 2009. Dirac matrices via quaternions, J. Sci. Res.
(India), 53: 253-255.

Cohen-Tannoudji, C., J. Dupont-Roc and G. Grynberg, 1989. Photons and atoms: Introduction to quantum
electrodynamics, John Wiley and Sons, New York Chap. 5.

Cayley, A., 1858. A memoir on the theory of matrices, London Phil. Trans., 148: 17-37.

Sylvester, J., 1884. On quaternions, nonions and sedenions, John Hopkins Circ., 3: 7-9.

Pauli, W., 1927. Zur quantenmechanik des magnetischen electrons, Zeits. fiir Physik, 43: 601-623.

Synge, J.L., 1965. Relativity: the special theory, North-Holland, Amsterdam.

Lopez-Bonilla, J., J. Morales and G. Ovando, 2002. On the homogeneous Lorentz transformation, Bull.
Allahabad Math. Soc., 17: 53-58.

Ahsan, Z., J. Lopez-Bonilla and B. Man Tuladhar, 2014. Lorentz transformations via Pauli matrices, J. of
Advances in Natural Sciences, 2(1): 49-51.

Carvajal, B.G., .M. Guerrero and J. Lopez-Bonilla, 2015. Quaternions, 2x2 complex matrices and Lorentz
transformations, Bibechana (Nepal), 12: 30-34.

Lopez-Bonilla, J. and M. Morales-Garcia, 2020. Factorization of the Lorentz matrix, Comput. Appl. Math.
Sci., 5(2): 32-33.

Lopez-Bonilla, J. and D. Morales-Cruz, 2020. Rodrigues-Cartan’s expression for Lorentz transformations,
Studies in Nonlinear Sci., 5(3): 41-42.

Lopez-Bonilla, J., D. Morales-Cruz and S. Vidal-Beltran, 2021. On the Lorentz matrix, Studies in Nonlinear
Sci., 6(1): 1-3.

Lopez-Bonilla, J., J. Morales and G. Ovando, 2002. On the homogeneous Lorentz transformation, Bull.
Allahabad Math. Soc., 17: 53-58.

Pauli, W., 1936. Contributions mathématiques a la théorie de Dirac, Ann. Inst. Henri Poincaré, 6: 109-136.
Rose, M.E., 1961. Relativistic electron theory, John Wiley and Sons, New Y ork.

26. Lopez-Bonilla, J. and G. Ovando, 2021. Arbitrary 4x4 matrix in terms of Dirac matrices, Studies in
Nonlinear Sci., 6(1): 17-18.

Straub, W.0O., 2012. Lorentz transformations of Weyl spinors, www.weylmann.com/weyllorentz.pdf,.
Lam-Estrada, P., J. Lopez-Bonilla, R. Lopez-Vazquez and M.R. Maldonado-Ramirez, 2016.
Transformation of Dirac spinor under boosts and 3-rotations, Prespacetime J., 7(1): 148-153.

Straub, W.0., 2017. A child’s guide to spinors, www.weylmann.com/spinor.pdf .

Lopez-Bonilla, J., J. Morales and G. Ovando, 2020. Dirac spinor’s transformations under boosts and
3-rotations, Studies in Nonlinear Sci., 5(3): 45-49.

Lopez-Bonilla, J., G. Sanchez-Meléndez and D. Vazquez-Alvarez, 2021. 2x2 complex matrices and
4-spinors, Studies in Nonlinear Sci., 6(1): 7-9.

Lopez-Bonilla, J., M. Morales-Garcia and S. Vidal-Beltran, 2020. 3-Rotations, Studies in Nonlinear Sci.,
5(3): 38-40.



