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Abstract: We employ hypergeometric functions to study a conjecture involving Stirling numbers of the first
kind.
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INTRODUCTION
In [1] is the conjecture:
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I(m,n) = Zf:max (m,n)(_l)k (TL +1 X! k+1

Involving Stirling numbers of the first kind [2-4]. Here we use hypergeometric functions [5, 6] to verify (1)
for m = 0, 1, 2 with n arbitrary. First we shall consider some special cases to show our approach:

a)m=n=0.
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Then [4, 7]:
1(0,0) = ,F(2;1; —1) =0, 2)
where was applied the relation:
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where were employed the expressions:
S,E'fr)1=—%+1), 2Fz(a,at;at—l,a—l;z)=%[(z+a)2+1—z—20¢]. 5)

c).m=2,n=0.
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Because we used the formulae:

St =5 (k+ Dk (k—1) Bk +2),
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3F3(a, az,a3;a - 1, bz, b3;Z) = ZFz(az, a3; bz, b3;Z) + ﬁ 2F2(a2 + 1, a3 + 1; bz + 1, b3 + 1; Z).
We know the property:
JFo(a,b;a—1,d;2) = (afﬁ FB+1d+1;2)+ (Fi(b;d; ),
thus:
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Then from (6):
1(2,0) = 0.
d.m=0n=1.
3
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100,1) = Xiees oy = 2 1FAB;2,-2) = 0.
e).m=n=1.
N ®)
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But we have the relation:

D _ 2e? 4.3 _
1Fi(a;a 2,2)—(1_a)2 L573(~2),

Involving the associated Laguerre polynomials [5], therefore:
F42-2)=—3 e, F(B315,-2)=—e?

Hence from (11):

I(1,1) = 0.
Hlm=2,n=1
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where we applied (7) and (8) to obtain:

1, .8 3 1
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14, 11 10 ,
2P (5,?: 3,?;—2) =-3 Fi(6;4;-2)+ (Fi(5;3;,-2) = -Ze 2

g.m=0,n3>0.
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h.m=1n>1.
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Because (12) implies the values:
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Such that:
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where:
B = ,F, <n+2,n+§;n— 1,n+§;—(n+ 1)),
7
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(n—-1) (n+§) n(n—l)(n+§)

C = ,F, <n+3,n+§; n,n+§; —(n+1)),

7
_ _ (n+1) (n+3) . L e — 3nts —(n+1)
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Then (18) gives A = 0 and from (17):
1(2,n) = 0. (19)

Therefore, the results (2, 4, 9, 10, 13-16, 19) imply:
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I(m,n) =0, m=0,1,2, vn>=0, (20)
thus the validity of (1) form =3 andn =0, 1, 2,3, ..., is an open problem.
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