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Some Properties of the Harmonic Numbers
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Abstract: We deduce identities involving the harmonic numbers H, via their connection with the derivatives

of binomial coefficients.

Key words: Binomial coefficients - Harmonic and Stirling numbers

INTRODUCTION

It is well known the property:
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in particular:
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for the harmonic numbers [1]:
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In Sec. 2 we employ (1) and (2) to deduce identities
involving the quantities (3).

Harmonic Numbers:

We have the expression [2]:
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where S,/ are Stirling numbers of the second kind [2- 4];

thus (2) and _d imply:
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We can verify (5), in fact [2, 5]:
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for the Stirling numbers of the first kind S, then:
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by the orthonormality of the Stirling numbers [2]; hence
(5) and (6) are reciprocal relations.

Lanczos [6] used the binomial expansion of Gregory-
Newton to obtain the identity:
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to deduce the formula:
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We have the following expression of Graham-Knuth [7]:
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therefore (2) and _ d imply the property [8]:
(-0
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which is a particular case of the identity [5, 7-11]:
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In [2] we find the relation:
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thus (2) and _d enerate the result [12]:
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which is deductible from [2, 9]:
n m (n+1 1 :
m — __ 1 |l 14
ki Hi Z:j—l[j+ J[H"“ j+ IJJ'S”’ T
form=1
We know the expression:
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k
then  d and (2) allow to obtain the identity:
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which can be verified directly via the relation:
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consequence from (15) for x = 0.
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