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Abstract: We use the Newman-Penrose formalism to give elementary proofs of two theorems of Kozameh-
Newman-Tod about contractions of the conformal tensor with skew-symmetric and symmetric real tensors of
second order.
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INTRODUCTION

In Kozameh-Newman-Tod [1] we find the theorems [2]:
I: “Given a skew-symmetric real tensor F*”, then the only solution of the equation:
Coap F7 =0,
is F,, = 0, provided:
J= 91—6swﬁc"ﬂyr Cpt %0,
where C,,.;is the conformal tensor with [3]:
Suvap =Cuvap +1* Cpvap
and:
I1: “Given a symmetric and trace-free real tensor £, then provided J # 0, the only solution of:

S

up —
uvef E s

: _ N
18 Euv_ O H

Here we apply the Newman-Penrose (NP) technique [4-8] to give elementary proofs of both theorems.

Theorem I:
The condition (1) is equivalent to:

Suap (FP +i*FP) =0,
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but we have the following NP expressions [4-7, 9, 10]:
Syvep =2 [WOU# Uap + (U Mg + My Upg) +¥5 (M Mg + 7V, Upp + UﬂvVaﬁ)] (6)
Y3 (V/JvMaﬁ + M/JvVaﬁ) + l//4V,quot[3 1,
FO 1% OB = 2@ U™ + o M + 0,1, @)
o 2 _ 2 @®)
=V (W3 —Y2) V(Wi — Vo) TYa oy —Yi s
thus (5) implies the homogeneous system:
Dy =20y + Doy =0, Doy3 =20y, + Doy =0, Doy —2Dy3 + Doy, =0, ©)

for the unknowns ®,, ®, and ®,; it is immediate the determinant of (9):

vy 2V Yo
A=ly; -2y, y|=2J=0, (10)
Vs —2v3 Y

therefore the only solution of (9) is @, = ®, = ®, = 0, hence F,,, q.e.d.
Theorem II:

From [4, 5, 7] we have the NP expansion:

- (alzm“ ‘HDIZEH)*ZV +(501m“ +c1>01%,)*nv —(I)H(l” *n, +my *ZV)—

w = — - — >
‘Dzzlylv - <D00n“nv - CDozmﬂmV Dy mymy

(11

then (6) and (11) into (4) imply the following nine equations [three homogeneous systems]:

YaPog = 2Yn Py T W Pao = 0 Yy Pog =20 Py Ty Py =0, Y Pp — 203 P45 + ¥, %5 = 0,

U, @ = 2P Py TPy =0, YPp, —2Y, Py T Py, =0, Y, P, — 2Py, TP, Py, =0,

Uy Py = 2Py Py TP Py =0, PPy 20, Py Y Py =0, YDy — 2Py, T, Py, =0,

but the determinant of each system is given by (10), hence J # 0 indicates that the only solution is @, = 0, ¥ a, b that
is, E,,=0, q.e.d.

Thus our analysis shows that the Newman-Penrose formalism gives elementary proofs of the theorems of Kozameh-
Newman-Tod [1, 2].
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