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Abstract: Balanzario shows a method to obtain {(2n), n =1, 2, ..., without the explicit participation of Bernoulli
polynomials ¢,,(x) here we exhibit the relationship between his polynomials and the ¢,,(x).
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INTRODUCTION

Balanzario [1] obtains the Riemann zeta function [2, 3] at even integers via the result:
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which can be generated with P,(x) and the recurrence relations:

Dog1(X) = J‘ *pardn,

without constants of integration.
Thus, with (1) and (2) are immediate the values:
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in harmony with the relations reported in the literature [2, 3]; to find a closed expression for {(27 + 1), is an open problem.
In the next Section we show how to write (1) and (2) in terms of the polynomials and numbers of Bernoulli.

Balanzario’s Polynomials: We have the Bernoulli polynomials [5]:
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M (x)=x, ¢2(x)=x2—x, P(x)=x —374-% ¢4(x)=x4—2x3+x2,
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with the properties:
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Then the polynomials (2) can be written in terms of (5), for example:
p3(x)= ¢3(2x) 4¢3 (x) + ¢y (0)], ps(x) = = 60[3¢5(ZX) 48¢5(x) =79y (x)], etc. o
therefore:
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and thus (1) and (8) imply (4).
Besides, it is possible to prove that:
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where By are the Faulhaber [6]-Bernoulli [7] numbers:
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with the Bernoulli-like polynomials [5]:
B=x  B=-~G-1,  BE-=(-x, B0 =——(5r* 3027 +7),
6 6 360
(11)
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Bs(x) = %(3;9 103 +7x),  Bg(x) :m(zu6 —105x* +147x% = 31),
then gz(lj:__ and 3 (_j _ 7 in accordance with (8) and (9). If into (1) we employ (9) appears the known
2) 24 2)7 5760
relation [2, 3, 8]:
22n71ﬂ2n N
¢(2n) —WBZW (12)

The expressions (7) and (9) show the relationship between the polynomials of Balanzario and Bernoulli.
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