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Abstract: We consider the identities for Bernoulli numbers deduced by Jha and Vassilev. 
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INTRODUCTION 
 
Vassilev [1, 2] proved the relation: 
 
(−1)� ���

0 � �� + ⋯ + � �
� − 1� ������� = (−1)� ���

0� �� + ⋯ + � �
� − 1� ������� ,     �, � ≥ 1,       (1) 

 
Which is equivalent to: 
 
(−1)� ∑ �

�
� ��

��� ���� = (−1)�  ∑ ��
���

��� ���� ,              � = � − 1,    � = � − 1,                         (2) 
 
Involving Bernoulli numbers [3-5]. It is immediate to observe that (2) also is correct if we employ � = �  & 
� = �, that is, (2) is the Carlitz’s identity [6, 7]. 
 
The expression (2) can be written in the form [1]: 
 

∑ �� + 1
� ��

��� � �
�� �� = (−1)���  ∑ �� + 1

� ��
������� � �

� + 1 − �� �� ,       1 ≤ � ≤ �.                          (3) 

 
Jha [8] obtained the property: 
 

∑ (��)���  �!
(� � �) (� � �)

�
���   ��

[�] = ����,             � ≥ 0,                                      (4) 
 
With the participation of Stirling numbers of the second kind [9-11]. Now we shall realize an elementary proof 
of (4), in fact, we know the following result [9, 12-15] involving Stirling numbers of the first kind: 
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then: 
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 , 

therefore: 
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�
���  ��

(�) = (��)��� �!
(���) (���)

 ,          � ≥ 0.                                                (6) 
 
We have the inversion formula [5, 9]: 
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                                          ∑ �(�)�
���  ��

(�) = �(�)          ∴         ∑ �(�)�
���  ��

[�] = �(�),                                  (7) 
 
Whose application in (6) implies (4), q.e.d. 
 
     In [16] is the identity: 
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�
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���  �� ����

(���) = − ∑ �
���

�
���  ��

(�) ,          � ≥ 1,                                       (8) 
 
However, it was obtained by Shirai-Sato [17]. 
 
   Jha [18] proved the relation: 
 

                                                 ∑ (��)� (���)!
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[�] = (−1)��� �� ,               � ≥ 1,                                         (9) 
 
And we can give an alternative proof of (9), in fact, we shall consider the following expression: 
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with the Lah numbers [5, 19]: 
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Then from (10): 
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Therefore: 
 
                                                       ∑ (−1)����
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���
 ,           � ≥ 1,                                   (12) 

 
where we can apply (7) to deduce (9), q.e.d. 
 

REFERENCES 
 
1.  Vassilev, P. and M. Vassilev-Missana, 2005. On one remarkable identity involving Bernoulli numbers, 

Notes on Number Theory and Discrete Mathematics 11(3): 22-24. 
2. Vassilev, P. and M. Vassilev-Missana, 2008. Some relations involving Bernoulli numbers, Notes on Number 
 Theory and Discrete Mathematics 14(1): 10-12. 
3. Kanemitsu, S. and H. Tsukada, 2011. Vistas of special functions, World Scientific, Singapore (2007). 
4. Kauers, M. and P. Paule, 2007. The concrete tetrahedron, Springer, Berlin (2011). 
5. Spivey, M.Z. 2011. The art of proving binomial identities, CRC Press, Boca Raton, Fl, USA (2019). 
6. Carlitz, L., 1968.  Bernoulli numbers, Fibonacci Quarterly, 6: 71-85. 
7. López-Bonilla, J., J. Yaljá Montiel-Pérez and A. Zaldívar-Sandoval, 2017. Comments on some identities of 
 Muthumalai, Vassilev and Shirai-Sato, BAOJ Phys. 2(4): 1-2. 
8. Jha,  S.K., 2020. A new explicit formula for the Bernoulli numbers in terms of the Stirling numbers of the 
 second kind, Notes on Number Theory and Discrete Mathematics, 26(2): 148-151. 
9. Quaintance, J. and H.W. Gould, 2016. Combinatorial identities for Stirling numbers, World Scientific, 
 Singapore (2016). 
10. Iturri-Hinojosa, A., J. López-Bonilla, R. López-Vázquez and O. Salas-Torres, 2017. Bernoulli and Stirling 
 numbers, BAOJ Physics., 2(1): 3-5. 
11. Barrera-Figueroa, V., J. López-Bonilla and R. López-Vázquez, 2017. On Stirling numbers of the second , 

Prespacetime Journal 8, No. 5 (2017) 572-574 
12. Egorychev, G.P., 1984.  Integral representation and the computation of combinatorial sums, Am. Math. Soc. 
 59, Providence, Rhode Island, New York (1984). 



African J. Basic & Appl. Sci., 12 (2): 34-36, 2020 
 

36 
 

13. Ch. A. Charalambides, 2002. Enumerative combinatorics, Chapman & Hall / CRC, New York (2002). 
14. Wilf, H.S., 2006.  Generatingfunctionology, A. K. Peters, Wellesley, Mass. USA (2006). 
15. Srivastava, H.M. and J. Choi, 2012. Zeta and q-zeta functions and associated series and integrals, Elsevier,      
 London (2012). 
16. https://math.stackexchange.com/questions/1263836/an-identity-involving-bernoulli-and-stirling-numbers 
      (2015). 
17. Shirai, S. and  Ken-ichi Sato, 2001. Some identities involving Bernoulli and Stirling numbers, J. Number 
 Theory, 90: 130-142. 
18. Jha, S.K., 2020. Two new explicit formulas for the Bernoulli numbers, Integers, 20: A21. 
19. López-Bonilla, J. and J. Yaljá Montiel-Pérez, 2020. On the Lah and Stirling numbers, Comput. Appl. Math. 
 Sci. 5(1): 16-17. 


