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Abstract: We deduce some interesting identities involving Bernoulli numbers implied by certain relations of 
Nishimura. 
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INTRODUCTION 
 
Nishimura [1] studied the expression: 
                   
���� � 2

��1
�22��2 � 1� �2��2 ,   � � 0,       (1) 

 
Involving Bernoulli numbers [2-10], and he obtained the following properties: 
 

���� � ∑ �2� � 1
2� ��

��0 ����,        (2) 

 
 

∑ 22��
��0 �2� � 1

2� � 1� ���� � 1,        (3) 

 
 

��� � 1� � � 1
2

 ∑ �2� � 2
2� ��

��0 ����,       (4) 

 
Here we shall deduce some identities for ��  implied by them. 
 
Relation (2): 
We employ (1) into (2) to obtain: 
 

 2�22� � 1� �2� � 2� ∑ 22��1
�

�
��1  �2� � 1

2� � 2� �2� �  ∑ �22��1��2��1�
�

�
��1  � 2�

2� � 1� �2� , 
 

� 2 ∑ �22� � 1��
��1  � 2�

2� � 1� �2� � 1 ,       (5) 

 
where it was applied the Yakubovich’s identity [11, 12]: 
 

∑ 22��1
�

�
��1  � 2�

2� � 1� �2� � 1  that is  ∑ �22� � 1��
��1 �2� � 1

2� � �2� � � � 1
2

 ;   (6)             

 
Hence from (5) and (6):  
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∑ �22� � 1��

��1 � 2�
2� � 1� �2� � 1

2
� �22� � 1� �2� ,   � � 1.     (7) 

 
We know the following Euler’s identity [8, 13-17]: 
 
∑ 22��

��1 �2� � 1
2� � �2� � 2 � ,        (8) 

 
Then from (6) and (8): 
 

 ∑ �2� � 1
2� ��

��1 �2� � � � 1
2

 ,   � � 1 .       (9) 
 
Relation (3): 
We use (1) into (3) to deduce: 
 

2 � 4 ∑ 22��2�22��1�
�

��1 
��1  �2� � 1

2� � 1� �2� � ∑ 42�

�
��1 
��1 �2� � 1

2� � 1� �2� �  � ,    (10) 
 
Such that: 
 

� � ∑ 22�

�
��1 
��1 �2� � 1

2� � 1� �2� � 1
�

 ∑ 22��
��1 �2�

2�� �2� � 1
�

 �2� � 1 � 2�1 � 22��1� �2� , � � � � 1, (11) 
 
where it was used a Namias identity [8, 14-17]; thus from (10) and (11): 

 
∑ 42���1 

��1 �2�
2� � �2� � 4� � 1 � �2 � 22� � 42�� �2�,   � � 1 .    (12) 

 
With the property [8]: 
 
∑ �2�

2� ��
��1 �2� � � � 1 � �2� ,        (13) 

 
and the identity of Namias employed in (11) it is possible to prove the expression [16, 17]: 
 
∑ �22� � 2���1

��1 �2�
2� � �2� � 1 � 2 �1 � 22�� �2� ,   � � 1 .     (14) 

 
Relation (4): 
The application of (1) into (4) gives: 
 

 2�2� � 1��1 � 22��2� �2��2 � 2�� � 1� ∑ �22� � 1��
��1 �2� � 1

2� � 1� �2� � ∑ �2� � 2
2� ��

��1 �2� � 
 

 � ∑ �22� � 2��
��1 �2� � 2

2� � �2� , 
 
where we can use (13) and (14) to obtain: 
 
∑ �22� � 1���1

��1 �2� � 1
2� � 1 � �2� � 1

2
� 2 �1 � 22���2�,   � � 2 .    (15) 

 
REFERENCES 

 
1. O. Nishimura, O., 2019. A formula on Stirling numbers of the second kind and its application to the 
 unstable K-theory of stunted complex projective spaces, arXiv: 1906.00384v2 [math.CO] 20 Jun 2019. 
2. Faulhaber, J., 1631. Academiae algebrae, Ulm, Germany. 



African J. Basic & Appl. Sci., 12 (1): 03-05, 2020 
 

5 
 

3. Jakob Bernoulli, 2005. Ars conjectandi, Thurneysen, Basel (1713) [The art of conjecturing, Johns Hopkins  
 University Press, Baltimore]. 
4. Nielsen, N., 1923. Traité élémentaire des nombres de Bernoulli, Paris. 
5. Riordan, J., 1968. Combinatorial identities, John Wiley & Sons, New York. 
6. Comtet, L., 1974. Advanced combinatorics. The art of finite and infinite expansions, D. Reidel Pub., 
 Dordrecht, Holland. 
7. Ch. A. Charalambides, 2002. Enumerative combinatorics, Chapman & Hall / CRC, New York. 
8. Srivastava, H.M. and J. Choi, 2012. Zeta and q-zeta functions and associated series and integrals, Elsevier, 
 London. 
9. Quaintance, J. and H.W. Gould, 2016. Combinatorial identities for Stirling numbers, World Scientific, 
 Singapore. 
10. López-Bonilla, J., R. López-Vázquez and O. Puente-Navarrete, 2019. Identities for Bernoulli and Stirling 
 numbers  from the Roman’s formula, Comput. Appl. Math. Sci., 4(1): 10-11. 
11. Yakubovich, S., 2015. Certain identities, connection and explicit formulas for the Bernoulli, Euler numbers   
 and Riemann zeta-values, Analysis, 35(1): 59-71. 
12. López-Bonilla, J., R. López-Vázquez and S. Vidal-Beltrán, 2017. On some identities for the Faulhaber-
 Bernoulli numbers, Prespacetime J., 8(2): 223-225. 
13. Apostol, T.M., 1973. Elementary proof of Euler’s formula for ζ(2n), Amer. Math. Monthly, 80(4): 425-431. 
14. Namias, V., 1986. A simple derivation of Stirling’s asymptotic series, Amer. Math. Monthly, 93(1): 25-29. 
15. Deeba, E.Y. and D.M. Rodriguez, 1991. Stirling series and Bernoulli numbers, Amer. Math. Monthly, 
 98(5):   423-426. 
16. Bucur, A., J. López-Bonilla, J. Robles-García, 2012. A note on the Namias identity for Bernoulli numbers,  
 J. Sci. Res. (India), 56: 117-120. 
17. López-Bonilla,  J. and V. Ortiz-Cadena, 2017. A note on the Song’s identity for ζ(2n), Prespacetime J., 
 8(1):  90-92. 


