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Abstract: We exhibit elementary proofs for the identities involving polynomials and numbers of Bernoulli
recently obtained by Dolgy et al.
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INTRODUCTION

In [1] were obtained the following identities involving numbers and polynomials of Bernoulli [2-5]:

(1)

(2)

(3)

(4)

The relation (1) was deduced by Carlitz [6-11]; here we give elementary proofs for (2), (3) and (4). In fact, from [2]:
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and from (5) for n  2
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(8)

thus (6) and (7) imply (2), q.e.d.

We have the property [5]:

(9)

then:

We know the relation [3-5, 12]:

(10)

therefore:

where we can apply (10) for j = m to deduce (4), q.e.d. 6. Carlitz, L., 1968. Bernoulli numbers, Fibonacci Quart.,

REFERENCES 7. Sun, Z.W., 2003. Combinatorial identities in dual

1. Dolgy, D.V., D.S. Kim, J. Kwon and T. Kim, 2019. 8. Wu, K.J., Z.W. Sun and H. Pan, 2004. Some identities
Some identities of ordinary and degenerate Bernoulli for Bernoulli and Euler polynomials, Fibonacci Quart.,
numbers and polynomials, Symmetry, 11: 847. 42: 295-299.

2. Temme, N.M., 1996. Special functions. An 9. Vassilev, P. and M. Vassilev-Missana, 2008. Some
introduction to the classical functions of relations involving Bernoulli numbers, Notes on
Mathematical Physics, John Wiley & Sons, New Number Theory and Discrete Maths., 14(1): 10-12.
York. 10. Chen, W.Y.C. and L.H. Sun, 2009. Extended

3. Srivastava, H.M. and J. Choi, 2012. Zeta and q-zeta Zeilberger’s algorithm for identities on Bernoulli and
functions and associated series and integrals, Euler polynomials, J. Number Theory, 129: 2111-2132.
Elsevier, London. 11. López-Bonilla, J., J. Yaljá Montiel-Pérez and A.

4. Arakawa, T., T. Ibukiyama and M. Kaneko, 2014. Zaldívar-Sandoval, 2017. Comments on some
Bernoulli numbers and zeta functions, Springer, identities of Muthumalai, Vassilev and Shirai-Sato,
Japan. BAOJ Phys., 2(4): 1-2.

5. Quaintance, J. and H.W. Gould, 2016. Combinatorial 12. Boros, G. and V.H. Moll, 2004. Irresistible integrals:
identities for Stirling numbers, World Scientific, Symbolics, analysis and experiments on the
Singapore. evaluation of integrals, Cambridge University Press.

6: 71-85.

sequences, European J. Combin., 24(6): 709-718.


