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Gamma Function, Bernoulli Numbers and Bell Polynomials
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Abstract: We employ the connection between the Newton's recurrence relation and the complete Bell
polynomials to obtain an identity of Euler for the Bernoulli numbers and an expression for the derivatives of
gamma function at x = 1 in terms of the Riemann zeta function.
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INTRODUCTION (4)

If the quantities a  are determined via the Newton'sk

recurrence relation [1]: that is:

(1)

then [2-5]: terms of the Bell polynomials:

(5)
(2)

with the participation of the complete Bell polynomials with the structure (2), hence (1) for  and
[2-13].  implies the following identity:

In Sec. 2 we apply (1) and (2) to the Gamma function
[14] and Bernoulli numbers [6, 7, 11, 14].

Bell Polynomials: We know [15] the following expression
for the derivatives of gamma function at x = 1:

then it can be written in the form of Euler [14, 19-25]:

(3) (7)

with  the  values  of  Riemann  zeta function at 2, 3, 4 …
and  the  notation  (1)  for  the Euler-Mascheroni's REFERENCES
constant [14, 16-18]. The comparison of (2) and (3) allows
use (1) with  and  then we obtain 1. Takeno, H., 1954. A theorem concerning the

the recurrence relation [14]:

We have [15] a relation for the Bernoulli numbers in

(6)

which gives 0 = 0 if r is an even integer and when r is odd

characteristic equation of the matrix of a tensor of the
second order, Tensor NS, 3: 119-122.



African J. Basic & Appl. Sci., 11 (1): 25-26, 2019

26

2. López-Bonilla,      J.,         S.         Vidal-Beltrán     and 14. Srivastava, H.M. and J. Choi, 2012. Zeta and q-zeta
A. Zúñiga-Segundo, 2018. Characteristic equation of functions and associated series and integrals,
a matrix  via  Bell  polynomials,  Asia  Mathematika, Elsevier, London.
2(2): 49-51. 15. Connon, D.F., 2010. Various applications of the

3. López-Bonilla,      J.,         S.         Vidal-Beltrán     and (exponential) complete Bell polynomials,
A. Zúñiga-Segundo, 2018. Some applications of http://arxiv.org/ftp/arxiv/papers/1001/1001.2835.pdf
complete Bell polynomials, World Eng. & Appl. Sci. 16 Jan 2010
J., 9(3): 89-92. 16. López-Bonilla, J. and R. López-Vázquez, 2018. On an

4. López-Bonilla,      J.,        R.      López-Vázquez     and identity of Wilf for the Euler-Mascheroni's constant,
S. Vidal-Beltrán, 2019. Applications of Bell Prespacetime Journal, 9(6): 516-518.
polynomials, World Eng. &  Appl. Sci. J., 10(1): 4-7. 17. Hernández-Aguilar,   C.,     J.      López-Bonilla    and

5. López-Bonilla,     J.,        R.        López-Vázquez    and R. López-Vázquez, 2018. Identities of
S. Vidal-Beltrán, Coefficients of the characteristic Choi-Lee-Srivastava involving  the
polynomial, African J. Basic & Appl. Sci., 11(1): Euler-Mascheroni's  constant,  Math LAB Journal,

6. Riordan, J., 1968. Combinatorial identities, John 1(3): 296-298.
Wiley and Sons, New York. 18. López-Bonilla,    J.,        R.        López-Vázquez     and

7. Comtet, L., 1974. Advanced combinatorics, D. Reidel S. Vidal-Beltrán, 2018. Identities of Chen-Choi
Pub., Dordrecht, Holland. involving the Euler- Mascheroni's  constant,

8. Zave, D.A., 1976. A series expansion involving the Prespacetime   Journal, 10(1): 102-104.
harmonic numbers, Inform. Process. Lett., 5(3): 75-77. 19. Euler, L., De summis serierum reciprocarum,

9. Johnson, W.P., 2002. The curious history of Faà di Comment. Acad. Sci. Petropolit., 7 (1734/35).
Bruno's  formula,  The  Math. Assoc.  of  America, 20. Nielsen, N., 1923. Traité élémentaire des nombres de
109: 217-234. Bernoulli, Gauthier-Villars, Paris.

10. Chen, X. and W. Chu, 2009. The Gauss -summation 21. Underwood, R., 1928. An expression for the
theorem and harmonic number identities, Integral summation, Amer. Math. Monthly, 35(8): 424-428.
Transforms and Special Functions, 20(12): 925-935. 22. Williams, G.T., 1953. A new method of evaluating ,

11. Quaintance, J. and H.W. Gould, 2016. Combinatorial Amer. Math. Monthly, 60(1): 19-25.
identities for Stirling numbers, World Scientific, 23. Apostol, T.M., 1973. Elementary proof of Euler's
Singapore. formula for, Amer. Math. Monthly, 80(4): 425-431.

12. López-Bonilla,     J.,        R.       López-Vázquez    and 24. Miki, H., 1978. A relation between Bernoulli numbers,
S. Vidal-Beltrán, 2018. Bell polynomials, J. Number Theory, 10(3): 297-302.
Prespacetime, 9(5): 451-453. 25. Dilcher, K., 1996. Sums of products of Bernoulli

13. López-Bonilla,     J.,         S.         Vidal-Beltrán     and numbers, J. Number Theory, 60(1): 23-41.
A. Zúñiga-Segundo, 2018. On certain results of Chen
and Chu about Bell polynomials, Prespacetime
Journal, 9(7): 584-587.


