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Coefficients of the Characteristic Polynomial
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Abstract: We show several representations of the coefficients of the characteristic equation of any matrix
A,..» especially in terms of the (exponential) complete Bell polynomials.
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INTRODUCTION

For an arbitrary matrix 4,,, = (4") its characteristic
polynomial [1-3]:

pA)=A"+a A"+ +a, A+a,, 6]

can be obtained, through several procedures [1, 4-7],
directly from the condition det (4. _ 257y The approach of
Leverrier-Takeno [4, 8-13] is a  simple and interesting
technique to construct (1) based in the traces of the
powers A’, r = 1, ..., n. In fact, if we define the quantities:
a,=1, s,=trA k=1.2,..,n, )
then the process of Leverrier-Takeno implies (1) wherein

the a; are determined with the following recurrence
relation:

r=12,..n,

3)

ra, + Sy Q.1+ Sy Ap_p +...+ S, sa;+5, =0,

therefore:

ap = =S, 2! a, = (S1)2 =8, 3! az = —(S1)3 + 3SIS2 - 2S3,
41 ay = (s))* —6(s))% sy +8s; 53 +3(s9) — 65, )
50 ag = —(s;)° +10(s;)> s —20(s;)%s3 —

1551(5)? + 305 54 + 205,53 —24s5, ...

in particular, det A = (-1)" a,, that is, the determinant of
any matrix only depends on the traces s,, which means
that A and its transpose have the same determinant.

In [14-16] we find the general expression:

51 208 7 Syl S
m=1 s S v S Sp
ma,==D" 0 m=2 s - Su3 Sy, m=L.,n

: : o : s
0 0o 0 - 1 8 )
which allows reproduce the expressions (4). In Sec. 2
we exhibit several expressions to determine the
coefficients @, especially via the complete Bell
polynomials [17-25].
Characteristic Polynomial: First we consider the
polynomial of degree m:

fn@)=—| s +ls2t2 +ls3t3 +...+ismt’”
2 3 m

OO =~(r=Dls, 1< r <m, (6)

then we obtain the following representation for the
coefficients in (1):

d" am
m! a,, =[—ef,, (t)]—g =[——exp
dar" =0 dar™
1 (7
[_Z/rcn_lzskfk}(o), m=12,...,n,

in harmony with the values (4).
If in (7) we realize the corresponding derivatives,
then appears the representation:
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m! K K s K
lay=Y—— (Dl (-2 by () by o (-2 Ky,
" kl!kZ!...km!( ARk D (8)

where the sum is taken over all partitions such that k, + 2 k, + 3 ky + ... + m k,, = m. On the other hand, the (exponential)
complete Bell polynomials are given by [17-26]:

m! 51 Sy X
Y — " g 2k, (I g
w32, ’x’”)zkll...kmz WA Gk (5 K )

over the mentioned partitions. Thus from (8) and (9) we deduce the following representation [22]:
m!a,, =Y, (-0!s;,—1! 55,20 53,3V 54, ..., -(m—=2)!'s,,,_1, -(m—-1!s,,). (10)

We know the interesting relation [26-28]:

[Z,_Tneg(”}(m =ef v, (g"(0). ¢®(0). ... g™ (0), (b

then (6), (7) and (11) imply (10) if we employ g(¢) =1..(¢)

In [23, 29] we find the following expression for the Bell polynomials:
m—1 m—1 m—1 m—1
o JU 1 )7 m=2" A m—-1)™
m—2 m—2 m—2
- o /1 m=3)"2 o

0 1 m-3 m-3
- X X
Y, (X%, vy Xpy) = m—4 "3 \m-3) "2 (12)

therefore:

Yo=1, ek, hetbde, et ¥3nnda, Vantbieln Fox e ¥3x +5,

Yo=x]+10x3 x, +10x] x3+15x; x5 +5x; x4 + 10, x5 + x5, ... (13)
We see that (13) implies (4) if we employ x, =-s,, REFERENCES
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