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Abstract: We prove an identity involving Stirling and Lah numbers, which allows deduce a relation for the
Bernoulli numbers in terms of the Stirling numbers of the second kind
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INTRODUCTION

First we shall show the identity:

A0 = By (CDF S 500 = E2 G il = CRE (M) s 0<j<n )

Involving the Stirling numbers [1-3] and the Lah numbers [4-6]. In fact:
A ) =S CDF [P = G+ D SPI s® = (—or T - G+ D A + D),
Which is a recurrence relation whose solution is given by (1), g.e.d.

We have the inversion formula [1, 5]:

Yo f() sSP =gm) o« X, g(k) SM = F(), )

and its application to (1) implies the expression:

k-1 ol .
Bhey GO Ge— D (") sE = com s, m=1, 0<j<n 3)
From[1, 7, 8]:
(1-2% -1 DI
ED g =it S sP, (4)
Then:
_ 1)
(-nk -2k k (-1 j! i k ( (=)™ (n-1)!
k=0 B Sn =% 2j+1] P CDF SIS0 = z—nn ®)
where we can apply (2) to obtain the following relation deduced in [9, 10]:
—1) (e=1)! _
1I;L=0 (-1 Zik 1! 51!11(] _( :L)n (1-2"B,, n>1. (6)
In [11] are studied the numbers:
1/(X 1 1 ok
b = [y (()ax == 8= 5, =0 )

That is:
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b =1 b=, bO=-3, b0)=5, bO=-7". ®)

720
Then the application of (2) to (7) gives the expression:

1

Feo K be(0) 5,7 = ©)
On the other hand, from [12]:
Poo (1B S0 = C D s (10)
Hence (9) and (10) imply the identity:
A (—DFB SO =~ T (- DI T, K b (0 S, n> 1 (11)
Similarly:
n_ B S = (—1)"nl ¥,k b0 SH, n>1 (12)
Besides:
oI, 12)11 S sl =y (—;_)}fﬂ n_ s sl =y (—2{'1‘! 8 = (—12>: n (13)
The properties (12) and (13) are the Theorems 2.3 and 2.4 in [11], respectively.
Ghosh [13] showed the relation:
n_ (2”2;; D2, =2m+1,  nz0, (14)

To determine the values of the Riemann zeta function in even integers; however, (14) was obtained by
Euler [14, 15]. Namias identity is given by [16-19]:

n— 1 k
B, = 2(1- zn) Xk 2 (k) By, (15)
which for n even or odd generates (14) and the expression:

Bom = s |~ + Tt (22k—2)( W)Bac], m=12,., (16)

This relation (16) was obtained in [18] without using the gamma function as in [16].
Lee-Kim [20] showed the following identities for n > 0:

Q=3 Zoo ("1 ) (“) Ber B = @+ 1 B, (a7

= %o Zhoo (") (5) C1F By B = (04 D(n + 8, + B, (18)

Then we shall give elementary proofs of them. In fact:

0=3r0 ("B i (M T B = (T ) B 3 ( _;+1)Bj,

_se (n+1)BZ ( ;"’1)3 +("+1)Bn=(n+l)Bn,q.€.d-

where it was applied the relation [1]:
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m+1
}":0< j )Bj=0, m=1 (19)
Similarly:
n+1 _ im—r+1 n+1
R=3r 0 ("B 0 (M ) B =2 ey (M ) -r e DB, o)
where it was used the identity [1]:
: 1
™o (~1)/ <m]+ )  =m+1, m=>0. Q1)

Itis clear that R = 1 for n = 0, then now we shall accept that n > 1:

R=@+ DI ("I -2 o (M) s,
1)
= 1+ 2= (D" o+ D B — D -0 (M B,
=+ DIn+1= (D" Byl-(+ D1 = (-1 Bugs + B) 1 = e+ DIn+ (-D"B,],  (22)
where it was employed the property:
P D () kB =nll+ ()" By + By, 21, (23)

our expression (22) is equivalent to (18), g.e.d.
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