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Abstract: Thermal effects on Rayleigh wave speed in transversely isotropic medium are studied. A
formula for the speed is derived first time in the said material. The speed of waves in some model
transversely isotropic materials is calculated and is compared with the speed of the waves which propagate
without thermal effects. It is observed that two Rayleigh waves propagate in the material under thermal
effect. One wave propagates with the speed of the wave which propagates without thermal effect and the

other one propagates with some higher speed.
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INTRODUCTION

The theory of irreversible thermodynamics for an
elastic material was established by Biot [1]. His
coupled equations for thermo-elastic waves in an
isotropic material were solved by Deresiewicz [2],
Lessen [3], Chadwick and Sneddon [4] and Chadwick
[5] and in a transversely isotropic medium by Chadwick
and Seet [6]. Thermo-elastic Rayleigh waves were
studied by Chadwick [5] in isotropic material. In this
article we have studied the thermo -elastic Rayleigh
waves in transversely isotropic conducting material
using the uncoupled theory of thermodynamics in non-
steady temperature field case only.

We have observed that two Rayleigh waves
propagate in transversely isotropic material under
thermal effect. One wave propagates with the same
speed as that of the wave which propagates without
thermal effect and the other one propagates with some
higher speed.

BASIC EQUATIONS AND INEQUALITIES

Consider a semi-infinite stress-free surface of a
homogeneous heat-conducting elastic material which is
transversely isotropic in both elastic and thermal
response and we choose a system of rectangular
Cartesian coordinates x, %, % in such a way that
x3-axis (axis of symmetry) is normal to the boundary
and the body occupies the region x3<0.

We consider a plane harmonic wave in x-direction
in x;x3-plane with displacement components (uy, u,, u3)
such that

u =u(x,Xxyt),i=1,3,u,=0 )
Then by using the relations [7]

Oy =¢yuy, +¢5us;— B0
O3 = Cpylly; +CyUy; — .0 @

Gy =Cy(u;;+uy,)

and by following Chadwick and Seet [6 ] the linearized
equations of motion in the absence of body forces and
heat supply are

Cl lul.ll + C13u3,31 + C44(u1,33 + u3,13) _Ble.l = pul

)

Coa(Uy 5+ Uy ;) F 05Uy 3 +C3U5 5, — B0, =pli,

The non-steady temperature field is governed by
the following equation of heat conduction [7]

K0, +1,0,, = pcvé 4

where 6 is the temperature change measured from
a natural reference configuration of the material in
which the density and temperature have the uniform
values p and Ty respectively. The comma notation is
used for partial derivatives with respect to x;, % and a
dot denotes a partial differentiation with respect to
the time variable t. The material constants appearing
in the equations (1) and (2) are five independent
isothermal linear elasticities gy, 2, €13, G3, C4, the
specific heat at constant deformation c,, the two
independent first temperature coefficients of stress,
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Bi, B> and the two independent linear thermal

conductivities ki, K,,; where

Bi=o(c; +¢p) + 043, By =204C)5 + 01,053

oy, Oy, are the two independent linear coefficients of
thermal expansion and it can be proved that x;>0, ;>0
and of course, p>0, Ty > 0. We assume in addition that
¢y >0 and that the isothermal linear elasticities are
components of a positive definite fourth order tensor.
Necessary and sufficient conditions for the latter
requirements are [6]

2 2 2
¢ >0, ¢">¢y, ¢y >0, ¢y(e,+¢y)> 2 (5)

The boundary conditions of zero traction are

6,=0 ,i=13 ontheplane x,=0 ©6)

Usual requirements that the displacement and the
stress components decay away from the boundary
implies

u —0,

o; >0 (i,j=1,3) as x; >- @)
SECULAR EQUATION

By following Pham and Ogden [8] and Chadwick
[5] we may assume;

u; =@;(y)explik(x;—ct)] , j=1,3

8
0 = ky(y)exp[ik(x, —ct)] wherey =kx, ®

where k is the wave number, c is the wave speed, ¢;, y
are the functions to be determined.
Substituting Egs.(8) in (3) and (4) we have

(P’ =€), iy +€4)0s + /= By =0
(pc’ —C4)P; +i(C3 + 0y )@ 30y — BY =0 (€)
Kky " — (kk—ipc,c)y=0

The boundary conditions (6) and (7) may be written as

ic ¢, + ¢y — By (y) =0

s 0 on the plane, y=0 (10)
Q) 10, =

and ,0%y,y' —0,j=1,3 asy—>-ow (1

Imposing the conditions (11), we assume from (9)
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0,(y) =Aexp(sy) + Bexp(sy ) + Cexp(sy )
95(y) =a,Aexp(sy) + a,Bexp(s,y) + a;Cexp(sy ) (12)
W(y) =v,Cexp(s,y)

where s, s», $3 have positive real parts and

a = i[{Bz(pCZ —¢;) +B(c; +cy)ls;+ C44stj3]; i=12.3

! Biey =Byl +C44)}sz +B(pc’ —cy)

C33C4 §34 +[C33(pcz —Cpy )+C44(pcz —Cy)
+(e+ ) 2]532 + (pcz — C“)(pcz —Cys)
Bicy —B,(cis+ c44)}sj2 +By(pc® —cy)

Y5 =

In Eqgs. (12) s,%, s,” are the roots of the equation

(:3304454 + [C33(pcz —Cy )+C44(pc2 —Cy 1+ (C3t+ cy) ’1s? (13)
+(pe® —¢, )P’ —cyy )= 0

having the following relations

2 2 2
2,2 Ca(Pe — ¢ )+cu(pe —cuy) + (S5 +Cu)

Sl +S2
C33Cuy (14)
2.2 (pe’ —¢,)(pc’ —c,,)
518, =
C33Cyy
and spoXkdme (15)
K,k

Substituting the solutions (12) into the boundary
conditions (10) and the thermal boundary condition [5]

D ho=0 (16)
oy

on the plane, y=0
where h is non-negative thermal constant, we obtain

(ic;; +c; s ) A+ (ic; + ¢ §,0,)B - By;kCexp(syy )= 0

(s, +ia)A+ (s, +ia,)B=0 (17)
k(s; +h)C=0

The last equation of Egs. (17) implies C=0 (because

if C # 0, then absurd values of h and ¢ are obtained.)
Therefore, from (17) we obtain

(icy +¢;0)A +(ic;3+ cysg )B= 0 (18)
(s, +io,)A+ (s, +ia,)B=0
The condition of consistency between these two
homogeneous equations is
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{{Blg 37 Bz(cm + CM)}[CIS {B1c33 _Bz(f}} -
¢ Ba(p —cy)+ Bi(eis +cu)iHexes BBy (PCZ —Ca4)

}Slzsz2 +BS; (pc’ - Ca)Bicy; - Bzcm)(sl2 + Szz) +

{{Bz( pcz - cll) + Bl(cw + C44)}[033 {Bl(pcz +c13)+ Bz(pcz _Cll)} - C13{[31(‘3 3T Bz(cm +C44)}] + B1Bzc139 4(pcz _044) }SISZ + (19)
BresGa(Bies —Baci)si’sy’ +Brcucu Bi(pe” +i)+ B (PC’ —ci) Fas(s,” +8,7) + Bigs(pe’ — i) Bi(pe’ +ci)+Ba(pe’ —¢)]=0

Table 1: Basic data for single crystals of three metals

Quantity  Units Cobalt Magnesium Zinc

Po Kgm> 8.836x10° 1.74x10° 7.14x10°
T 'K 298 298 296

cii Nm? 3.071x10'"" 5.974x10" 1.628x10"
ci2 Nm? 1.650x10"" 2.64x10'  0.362x10"
Ci3 Nm™ 1.027x10" 2.17x10'  0.508x10""
33 N m™ 3.581x10'" 6.17x10"  0.627x10"
Cus Nm? 0.755x10'"" 1.639x10" 0.385x10"
B Nm?2deg! 7.04x10°  2.68x10°  5.75x10°
B2 Nm2deg' 6.90x10° 2.68x10°  5.17x10°
Cv Jkg'deg! 4.27x10>  1.04x10° 3.9x10%

K1 Wm'deg! 0.690x10% 1.7x10? 1.24x10°
i W m™' deg! 0.690x10% 1.7x10? 1.24x10°

Table 2: Rayleigh wave speed under thermal effect

Materials Rayleigh wave speed (m/s)
Cobalt 2811.58, 2923.11
Magnesium 2894.65, 3069.13
Zinc 2045.01, 2322.1

Table 3: Rayleigh wave speed without thermal effect

Materials Rayleigh wave speed (m/s)
Cobalt 2811.58
Magnesium 2894.65

Zinc 2045.01

where the values of s7s’s’>+s,%,ss,s’s, and

ss{s’+s,”)can be obtained from Egs. (14). It is

evident from Egs. (12) and (14) that if s1%, s,° are real,
they must be positive in order to ensure that s, s;
should have positive real parts. But if s12, s22 are
complex, they must be complex conjugate. In both the
cases s,°s,” must be positive. Therefore, from Eq. (14b)

(p ¢’ _011)(pc2 —Cy )> 0 (20)

Therefore, either O<pcz<min{c1 1, C44} O pc2 > max
{c11, ca}. But if the latter inequality holds, then it is
evident that right-hand side of Eq. (14a) will be
negative and so Eq. (!3) will have two negative real
roots s 12, szz. This contradicts the requirement that sy, s,
should have positive real parts. Therefore, the Rayleigh
wave speed must satisfy the following inequality

0<pc2< min{c;, C44} 21)

The inequality (21) is the same necessary condition
for Rayleigh wave propagation in transversely isotropic
material as that of the wave without thermal effect [9].

MODEL WORK

Here we derive the Rayleigh wave speed for some
of the transversely isotropic materials Cobalt,
Magnesium and Zinc. We take the elastic and thermal
constants from the Table 1 [6].

Now substituting the values of s’s,% s?+s,’,

5,5, 8°s° and ss{s’+s,”) from Egs. (14) and elastic
and thermal constants from Table 1 into the Eq. (19)
and by using the computer software Mathematica we
obtain the values of the Rayleigh wave speeds for the
three materials. We accept only those values of speeds
which satisfy the inequality (21) and are shown in
Table 2.

Rayleigh wave speed without thermal effect for the
said materials is shown in Table 3 (see,[9])

Comparing Table 2 and 3 we observe that one extra
Rayleigh wave with some higher speed propagates
under thermal effect.

CONCLUSION

Rayleigh wave speed in some model transversely
isotropic materials, under thermal and without thermal
effect, is calculated. It is observed that two Rayleigh
waves propagate under thermal effect. One wave
propagates with the same speed as that of the wave
which propagates without thermal effect and the other
one propagates with some higher speed. It is also
observed that the necessary condition for Rayleigh
wave propagation in the said material does not change
under thermal effect.
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