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Abstract: Noether approach is applied to derive the conserved quantities for two non-variational third order
systems of partial differential equation (PDEs) i.e. bi-Hamiltonian Boussinesq system and system of dispersive
wave equations. To apply Noether approach we use a transformation to convert the considered systems into
variational problems and thus standard Lagrangian for each variational system is reported. Further, inverse
transformation is applied to get the corresponding conserved quantities for the considered non-variational

problems.
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INTRODUCTION

Conserved quantities play a vital role in the theory of
differential equations. Solution and reduction of PDEs are
some of the aspects where conserved quantities have its
significant importance. On the derivation of conservation
laws active research efforts have been made in the last
One of the elegant and systematic
approaches is developed by Noether [1]. Direct method
[2], characteristics approach [3] and the partial Noether
approach [4] are the approaches which have been used
frequently in literature. Computing utilities for the
calculation of conservation laws are also practiced in past
[5-11].

A first systematic finding the
conservation laws [1] of the variational problems is given
by Emmy Noether. She found a link between the
symmetries and conservation laws [1]. She concluded
that each symmetry corresponds to a conserved
quantity. This approach is valid for the variational
problems and thus depends on the existence of standard
Lagrangian. There is a big class of PDEs and system of
PDEs which do not possess standard Lagrangian, thus
Noether approach is not applicable. In this article, we

few decades.

method for

apply Noether approach to the non-variational system of
PDE:s. For this we use the following steps:

*« Convert the non-variational system of PDEs into
variational problem by using transforma- tion.

» Standard Lagrangian is calculated and Noether
approach is applied in new coordinates.

*  Noether operators and corresponding conservation
laws are computed.

« Use transformation  to convert the
conserved quantities into the coordinates of original
problem.

inverse

The pattern of this paper is as follow. In section 2,
fundamental operators are discussed. The conserved
quantities for the bi-Hamiltonian Boussinesq system and
system of dispersive wave equa- tions are discussed in
Section 3. Conclusion is given at the end.

Fundamental Operators: Let (£, x) be independent
variables and (#, v) be dependent variables.

*  Consider the third order system of PDEs with two
independent and dependent variables i.e.
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E\(t,x,u,v,u,,v,,..) =0, E)(t,x,u,v,u,,v,,...)=0. @9)]
Letu = U,and v — V_then the given third order system becomes fourth order system in U, V variables, i.e.
G(t,x,U,V,U,V,..)=0, G,(t,x,U,V,U,V,,..)=0. 2

*  The Euler operator is:

IR B T TS RO ®
U oU U, oU, U, U
izi—D,i—Dx J + D? 0 + D? J +.., @
sU ou ‘aou, fau, 'au, U,
where,

d d d 0 d d
Dt=§+Ul%+V[W+Una—[Jt+VnB—Vt+lem+... (5)
D :i.J,_U i+V i+U L-{-V i+(J 0 +... (6)

YT You  ov Mou, “ov, "ou,

are known as the total derivative operators.

»  The generalized operator is defined by:

) ) 9 ) ) 0 d

X=T—+E—tp—tn—+¢ " ——+n —+¢' —+... (7)
o n T T e Y

* A standard Lagrangian L =L(¢, x, U, V, U, V,...) A (space of differential functions) and satisfies:

OL o ana 3Ly
SU oV

»  The generalized operator is known as Noether operator associated with a standard Lagrangian L if it satisfies:

XPIL 4 Lz, +1yU, + 1V, +E +EU, +EV,) = Bl + BLU, + BYV, + B2 + BRU, + BV . ®)
In Eq.(8), B”s are known as the gauge terms, while X™is the second prolongation of the generator X.

*  The equation:

(1), + (1), =0, ©)

evaluated on the solution space given by (1) is known as the conservation laws for Eq. (1). The vector 7= (T', T?) is
a conserved vector where T'', T *are its components.

The conserved vectors of the system (1) associated with a Noether operator X can be determined from the formula:

T'=B -N'(L) i=12, (10)

where,
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o o o
N'=1+(9-1U, —éUx)5—Ut+(n—fV, _éVX)5_V,+Dt(¢_TU’ —§UX)W”+

0 )
D=1V, =V) = —+ Dy (9 —TU, = U ) ——+...,

oV, 8U,, (11)
N?=E+(¢p-1U, -EU,) J + (N -1V, —&V,) D (¢-1U, —EU )L+
t X 6Ux T[ t X 5Vx X t X 6Uxx
5 5 (12)
Dy =V, =&V = —+ D0 =7, = U ) 5+

XX ix

Noether Operators and Conservation Laws: In this section, we will calculate the conserved quantities of the bi-
Hamiltonian Boussinesq system and the system of dispersive wave equations respectively.

Bi-Hamiltonian Boussinesq System: The bi-Hamiltonian Boussinesq system is:
u, —v, =0, Vt‘é“xxx‘%(”“x)zo' 13)

It should be noted that system (13) belongs to the class of non-variational problems and hence does not possess
a standard Lagrangian. In order to make it variational let us take u = U,and v = V.. The system (13) becomes:

1 8
Ut - Vxx =0, Vtx _EUxxxx _E[Uxex] =0. (14)

The standard Lagrangian for system (14) is:

1., 1 5 4 3 1 1
L= cUn+ Vi + UL =2 UV =2 U, (15)

Using Eq. (15) in Eq.(8) and separating with respect to derivatives of U and 7 one gets:

(0):6,=0, (i):&y =0, (iii):& =0, (iv):my =0, (16)
(i):7y =0, (if) 17y =0, (iii) : 7, = 0, (v) :7, =0, (v) :my, =0, (17)
(i):0y =0, (ii):¢y =0, (iii):0, =0, (iv):B}, =0, (18)
(): Bl == 3B ==y Gi):B} ==—4, 41, (19)
and

Bl +B2=0. (20)

The solution of Egs. (16)-(20) is:

T=¢, E=¢y, §=a, N=b+csx, (21)
B'= —%c3U +a(t,x), B*= —%btU —%atV + 3V + B(t,x). (22)
where,
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o, + B, =0, (23)

while a and b are any arbitrary functions of z. Without loss of generality one can take « = 0 = . Thus the Noether
operators for system (14) will be:

Xl :i’ X2 :i’ X3 = xi’X(a b) = ai_f_bi (24)
ot ox e14 ’ ou  av

Using (10) and after applying the inverse transformation, i.e. U - fudx and V - Ivdx we get the following
corresponding conserved vectors for system (13).

* For X, we have the following components

Tl1 = —%vz —%ui —guz, T12 = %u,ux +%uxx-|.utdx+%u2j.utdx + vJ.vtdx —futdvatdx. (25)

* X, gives the following components of 7,

1 1 8 1
T) = —uv, T2 ==V —— 2+~ ——uu,. (26)
2 2 ) 6 X 9 3 XX

*  The components of the conserved vector for X; are
T3,1 =lu +lJ.udx, T32 =—xv+J.vdx+£J.utdx. @7n
2 2 2
* X, yields the following components of the conserved vector:
T(Ia,b) =av+bu —DX(J.(av+bu)dx), (28)
2 1 1 1 4 5, 1, 1

T(a,b) = —Eat —Ebtu - a(—gumc +§ux _Evt ) - b(vx —Eut).
System of Dispersive Wave Equations: Let us consider the system of dispersive wave equations, i.e.
v +uv, +vu, =0, u, +uu, +v, +kv =0 (29)
Working on the same line as did in the last section the following variational fourth order system is obtained from (29)
Vo +U YV +UV, =0, U +UU_ +V, +kV . =0. (30)
The standard Lagrangian for (30) is:

1 [ 2 2 2] @31
L =7 VL -UV,-UV, -V.U;=VI|

Substituting Eq. (31) in Eq. (8) and after some manipulations one gets:

(i):E, =0, (i) :& =0, (i) :E) =0, (iv) 11 =0, (32)
(i):1, =0, (i1) 7, =0, (iii) :n, =0, (v):1y =0, (v):my, =0, (33)
(i) :¢y =0, (ii):¢y =0, (iii):&, — ¢, =0, (34)
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(i):BY =0, (ii): B} = —%m, (iii): B}, = —%% (35)

(i):B) =—Lo.. (i):BE =—L¢, (36)
2 2

where,

Bl +B2=0. (37

The solution of Eqs (32) — (37) will be

T=c¢,E=cy+est, p=c3x+a,n=b, (38)
B =——c¢V +oft,x), B-=—=bU ——a,V + B(t,x),
2 2 2
where a and b are any arbitrary function of # and
o, + B, =0. (40)
After assuming
a=0=p,
the Noether operators for system (30) will be:
Xlzi’ XzZi, X3=ti+xi,X(ab)=ai+bi. (41)
ot ox ox dU ’ ou  av

After doing the routine calculation we have the following components of conserved vectors corresponding to X,
X,, X;and X, ,, for system (29) are given below respectively:

O ko 1y 1, W’

T = —va +5v + Eu v, Ij" =kvyv, — uv.[utdx - (kax +v+ T)J.v’dx - J.utde.v,dx. (42)
(i) Tzl =-uv, Tzz = gvg - lv2 —u?v— kv, (43)
(iii)

T31 =—tuv+ xv— Dx(ﬁ-l.vdx),
2
T32 =—ktvv, +lktv)% —tu2v+xuv—lt\/2 +£Dt(_|.vdx). (44)
2 2 2
(iv)
T(Ia’b) =av+bu—-D, (J.%(av + bu)dx),
u? (45)

2 1 1 a b
T*(a,b)=auv+kbv, . +bv+ b? —EatJ.vdx —EbtJ.udx +E.|.thx +EJ.utdx.
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CONCLUSION

In this paper, Noether approach was applied to the
non-variational third order systems of PDEs. In order to
convert the considered systems into variational problems
the transformation u = U, and v = V, was applied. Then a
standard Lagrangian was reported for each system.
Further conserved quantities for fourth order systems in
U, V variables were found by using Noether approach.
Moreover, an inverse transformation was used to obtain
the conserved quantities for the main problems.
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