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Abstract: Let M be aprime G-ring with characteristic not equal to 2, | anon zeroideal of Mand|: M® M
ageneralized derivation of M, with associated non zero derivationdon M. If f(x)T zZ(M) foralxT I,

then M isacommutative Gring.
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INTRODUCTION

Nobusawa [1] introduced the notion of a G-ring, a notion more general than aring. Barnes [2] slightly weakened
the conditions in the definition of a G-ring in the sense of Nobusawa. After the study of G-rings by Nobusawa[1] and
Barnes [2], many researchers have done a lot of work and have obtained some generalizations of the corresponding
results in ring theory [3, 4]. Barnes [2] and Kyuno [3] studied the structure of G-rings and obtained various
generalizations of the corresponding results of ring theory.

If M and Gare additive abelian groups and there existsamapping M~ G° M ® M which satisfies the following

conditions:
Foral abl Manda,bl G

() (ab,b), denoted by abb, isan element of M
(i) (a+b)bc=abc+bbc, a(a+b) b=aab+abb, ab(b+c)=abb+abc
(iii) (aab)bc=aa(hbc)

then M iscalled aG-ring [2]. It isknown that from (i)-(iii) the following follows:
(*) Obb = aOb=ab0 =0

foral aandbinM and al b inG[2].
Every ringisaGring with M = G However aG-ring need not bearing. Let M be a G-ring, then M iscalled a
prime Gring if aGMGb=0 b a=0 or b=0,a bl M and M is called a semiprime Gring if

aGMGa=0 b a=0, al M. Every prime G-ring is obviously semiprime. If M is a Gring, then M is said to be

2-torsion freeif 2x = 0 impliesx = 0 for al x I M. An additive subgroup | of M is called aleft (right) ideal of M if
MGI T | (1GMI I).Iflisbothleft and right ideal of M, then wesay | isan ideal of M. Moreover, the set

Z(M)={xT M:xby = yox " bl G, yi M}

is called the centre of the Gring M. We shall write [x,y], = xby - ybx foral x,yT M and bi G We shall make

use of the basic commutator identities:
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[xby,z], =[x,z],by + x[b, a], y+xb[y, z], and [x,ybz], =[x,y], bz +y[a,b], z+y b[x, 2],

for al xvy,zZl M and a,bl G If Gring satisfies the assumption (**) aabbc = &lc for all
a,b,cT M, a, bT G then the above identities reduce to [xby, z], =[x,z], by +xb[y,z], and
[x,ybz], =[x,y], bz +yb[x,z],, fordl x,y,z1 M anda, bl G

Derivations have been generalized as generalized derivations by Bresar [5] and Hvala [6] and they have
investigated some properties of such derivation in the context of prime and semiprime rings. Recently the notion of a
generalized derivation is introduced in semiprime G-rings by Dey, Paul and Rakhimov [7]. Yilmaz and Ozturk [8]
have also proved some results in Grings for Jordan generalized derivations.

Let M be a G-ring. An additive mapping D: M ® M is cdled a derivation on M if
d(xgy)=d(x) gy +x gd(y) holdsforall x,yl M and gi G An additive mapping D: M ® M iscalled aright

generalized derivation if there existsaderivation D: M ® M suchthat D(x gy) = D(x)gy+xgd(y) holdsfor all
x,y 1 M and gi G An additive mapping D: M ® M is caled a left generalized derivation if there exists a
derivationD: M ® M suchthat D(x gy) = d(x)gy + xgD(y) holdsforal x, yT M and g1 G Dissaidtobe

a generalized derivation, with associated a derivation d, if it is both a right and a left generalized derivation. A
derivation of theform x ® aa x+xab where a, b are fixed dements of M and al G is called generalized inner

derivation. An additive mapping T: M ® M is called a left (right) centralizer if T(xay)=T(x)ay
(T(xay)=xaT(y)) forall x,yT M, al G Obviously the concept of ageneralized derivation covers concepts of a
derivation and aleft centralizer.

RESULTS
In this section we prove our results.

Lemma 1: Let M be a prime G-ring with characteristic not equal to 2 and | anon zeroideal of M. Let |: M ® M bea
generalized derivation of M, with associated derivation d. If } (x) =0for dl x1 1,then | =0.

Proof: For al x,y T | and bl G f(xby)=0. Thatis, f(x)by+xbd(y)=0, which implies xbd(y)=0. Let
zl M, al G Thelast relation alongwith (*) gives, xazhbd(y)=0. Since M is prime Gring and | is a nonzero
ideal, so d(y) = 0 for al y T I. Hence, by hypothesis, f(rby)=0foraly i I, bl Gand r1 M. Thatis,

f(r)by+ rbd(y)=0, which gives f(r)by=0. Let wi M, gl G The last relation alongwith (*), implies
f(r)bwgy=0. Sincel isnonzero and primenessof M, gives | =0.

Lemma2: Let | beanon zeroideal of aprime GringM,al M and f 1 0 isageneralized derivation of M,
with associated non zero derivation d, then

() Ifabf(x)=0foral xI land b1 G, then a = 0,
(i) If f(x)ba=0fordl xT 1 and b1 G, then a=0.

Pr oof

() For any xT 1, rT M and bl G abf(xar)=0.Thatis, abf(x)ar + & xad(r)=0, which implies,
abxad(r)=0. Since | isanonzeroideal of M and d* 0, weget a = 0.
(i) Proof is similar to (i).
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Theorem 1: Let M be aprime G-ring with characteristic not equal to 2 and | anon zeroideal of M.Let |: M ® M be
ageneralized derivation of M, with associated non zero derivationdon M. If f(x) 1 z(M) for al xi I, then M is

acommutative Gring.

Proof: Using hypothesis, we have  [f(xby),y], =0 for all x,yT1,ab1 G which gives
[f(x)by + xbd(y), y], =0, which implies [f(x)by,y], +[xbd(y),y], =0. Using hypothesis, we get
xb[d(y),y]. + [x,y].bd(y)=0, which gives

xbd(y)ay- xbyad(y) +xay bd(y)- yaxbd(y)=0.

Using (**), fromthe last equation we get

xbd(y)ay- xbyad(y) +xbyad(y)- yaxbd(y)=0,
which gives

(1) xbd(y)ay- yaxbd(y) =0,

foral x,yil, a,bl G Let z1 I|. Replacingx by x b zin (1), we get xbzbd(y)ay - yaxbzbd(y) = 0, which
alongwith (1) and (**) gives xaybzbd(y)- yaxbzbd(y)= 0. That is, [x,y],bzbd(y) = 0, for all
x,yT 1, a,bl G Sincel isanonzeroideal of M and d 0, therefore M isacommutative G-ring.

Theorem 2: Let M be aprime G-ring with characteristic not equal to 2 and | anon zeroideal of M.Let |: M ® M
be a generalized derivation of M, with associated derivationd on M. If a1 M and [f(x),a], = O for all
x1 1, al G theneither al z(M) or d(@ = O.

Proof: Using hypothesis, we have [f(xby),a], =0 for any xI M, yl | and a, bl G which gives
[d(x)by + xbf(y),a], =0.

Thatis,
[d(x)by,a], + [xbf(y),a], = 0.

The last equation gives

d(x)bly.a], + [d(x),a], by + xb[f(y).a], + [x,a],bf(y) = 0.

Using hypothesis, from thelast equation we get

d(x)bly.a], +[d(x),a], by +[x,a],bf(y)=0,
which implies
d(x)byaa- d(x)b aay+d(x)aaby- aad(x)by+xaabf(y)-aaxbf(y)=0.

Using (**), from the last equation we get

d(x)bya a d(x)aab y+d(x)aab y- aad(x)by +x aabf(y)-aax bf(y)=0,
which gives

(2 d(x)byaa-aad(x)by+xaabf(y)- aaxbf(y) = 0.
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Let zT M. Replacingy by ygzin (2), weget

d(x)bygzaa - aad(x)bygz+xaabf(ygz) - aaxbf(ygz) =0.

That is,
d(x)bygzaa-aad(x)bygz+xaabf(y)gz + xaabygd(z) - aa xbf(y)gz- aa xbygd(z) = 0,

which implies
d(x)bygzaa-aad(x)bygz + (xaabf(y)- aaxbf(y))gz+(xa a- aaxp ygd(z) =0.

Using (2), from the last equation we get
d(x)bygzaa-aad(x)bygz+(aad(x)by- d(x)byaa)gz +[x,a] ,bygd(z)=0.

Thisimplies
d(x)bygzaa-aad(x)bygz+aad(x)bygz- d(x)byaagz+[x,a], bygd(z) = O.

Using (**), from thelast equation we get

d(x)bygzaa- d(x)bygaa z+[x,a],bygd(z) = 0,
which gives
d(x)byglz,a], + [x,a], bygd(z) = 0.

Replacing x by afrom the last equation, weget d(a)byg[z,a], =0 foral y11, zT M, and a,b, gl G
Since | isnon zero ideal of prime Gring M, therefore either d(@ = 0 or al Z(M).

Corollary 1. Let M beaprime G-ring with characteristic not equal to 2 and | anon zeroideal of M. Let|: M ® M
be ageneralized derivation of M, with associated derivation d onM. If [f(x),f(y)], =0 for all x,y1 1, bl G,

then M isacommutative Gring.

Proof: Using Theorem 2, wehave f(I1)1 Z(M). Thenusing Theorem 2, we get the corollary 2.

Theorem 3: Let M be aprime G-ring with characteristic not equal to 2 and | anon zeroideal of M. Let}: M ® M
beageneralized derivationof M, withassociated derivation d onM .If f(xby)=f(x)bf(y) for al x,y1 I, bT G

then d = 0.
Proof: Forany x,yl I,bl G, f(xby)=f(x)by + xbd(y), whichimplies
@ f(x)bf(y)=f(x)by + xbd(y).

Let wi I, gl G Thenreplacingx by x gw in (3), we get
f(xgw)bf(y)=f(xgw)by +xgwbd(y),

which gives
f(x)gf (w)bf(y)=f(x)df (w)by + xgwhbd(y).
Thatis,
f(x)of (wby)=f(x)gf (w)by +xgwbd(y),
which implies

f(x)df (w)by +f(x)gwbd(y)=f(x)gf (w)by +xgwbd(y).
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Thatis, f(x)gwbd(y)=xgwbd(y), which gives (f(x) - x)gwbd(y)=0 for al xT | and g bl G Since | is
anon zero ideal of the prime Gring M, thereforeeither f(x)- x=0 for al xT | or d(y) = O for al yT I.
If f(x)-x=0 for al xT 1, then ! (x) = x for al x1 I.For al yl I.Replacing x by xby inthelast equation,
we get f(xby)=xby, which implies d(x)by+xbf(y)=xby, which gives d(x)by+xby=xby. That is
d(x)by=0for al x,yl I, bl G Thusd(x) = Ofor al x1 | forbothcases. So d = 0.

Theorem 4: Let M be aprimeG-ring with characteristic not equal to 2 and | anon zeroideal of M. Let}: M ® M
be a generalized derivation of M, with associated derivationd on M. If f(xby)=f(y)bf(x) foral x,y1 I, bl G,

thend = 0.

Proof: Let x, yT 1, bT G Then f(xby)=d(x)by+ xbf(y), whichimplies
4 f(y)bf(x)=d(x)by + xbf(y).

Let xT 1, gl G Thenreplacing y by x gy in (4), weget

f(xgy)bf(x) = d(x)bxgy + xbf(xgy).
That is,
d(x)gybf(x) + xdf (y)bf (x)=d(x)bxgy +xbf(y)gf(x).

Using (**), from the last equation we get

d(x)gybf(x) +xbf(y)gf(x)=d(x)bx gy +xbf(y)gf(x),
which gives

(5) d(x)gybf(x)=d(x)bxgy.
Let wi I, al G Thenreplacing y by yaw, weget d(x)gyawbf(x) = d(x)bxgyaw, which alongwith (5) gives
d(x)gyawbf(x)=d(x)gybf(x)aw.

Using (**), from thelast equation we get

d(x)gyaf(x)bw - d(x)gyawbf(x)=0.

Thatis, d(x)gya[f(x),w], = 0. Sincel isanon zeroideal of the prime G-ring M, therefore either d(x) =0
for al x 1 |1 or [f(x),w], =0 for al xwil and bl G Let A={xIl:d(x) =0} and
B={x1 I:[f(x), w],= 0, " wi }. Obviously A and B are additive subgroups of I. Moreover | is the set

theoretic union of A and B. But agroup can not be set theoretic union of two proper subgroups. Hence either
A =1 o B =1If A =1 wehave d(R) = 0, which completes the proof. If B = 1, then
0=[f(x),w], = wa[f(x),r], for al x,wil, A M and a, bl G Thus, we obtain f(1)I zZ(M). Using

Theorem 2, we get d = 0.
ACKNOWLEDGEMENT

The authors are thankful to the Bahauddin Zakariya University, Multan and Higher Education Commission of
Pakistan for the support and facilities provided during this research.

63



A WD PR

World Appl. Sci. J., 23 (12): 59-64, 2013
REFERENCES

Nobusawa, N., 1964. On the generalization of the ring theory. Osaka J. Math., 1: 81-89.

Barnes, W. E., 1966. On the G-rings of Nobusawa. Pacific J. Math., 18 (3): 411-422.

Kyuno, S., 1978. On prime gammarings. Pacific J. Math., 75 (1): 185-190.

Khan, A. R., |. Javaid and M. Anwar Chaudhry, 2013. Derivations on semiprime G-rings, Utilitas Mathematica,
90: 171-185.

Bresar, M., 1991. On the distance of the composition of two derivations to the generalized derivations. Glasgow
Math. J.,, 33 (1): 89-93.

Hvala, B., 1998. Generalized derivationsin rings. Comm. Algebra, 26 (4): 1147-1166.

Dey, K. K., A. C. Paul and . S. Rakhimov, 2012. Generalized derivationsin semiprime gammarings. [IMMS.
Yilmaz, C. and M. A. Ozturk, 2004. On Jordan generalized derivationsin gammarings. Hacet. J. Math. Stat.,
33 11-14.

Ozturk, M. A., Y. B. Jun and K. H. Kim, 2002. On derivations of prime gamma rings. Turk. J. Math., 26:
317-327.



