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An Efficient Analytical Algorithm for Wave-type and Time-fractional PDEs
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Abstract: An accurate and efficient Homotopy Analysis Method (HAM) to find the analytical/approximate
solutions for wave-type and fractional wave-type equations arising in biology is proposed. This method
provides the solutions in rapid convergence series with computable terms. To the best of our knowledge,
until now there is no rigorous HAM solutions have been reported for the above mentioned equations.
Finaly, we have given some numerical examples to demonstrate the validity and applicability of the
method. Moreover, the use of HAM is found to be accurate, efficient, simple, low computation costs and

computationally attractive.
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INTRODUCTION

In mathematics a hyperbolic partial differential
equation of order n is a partial differential equation
(PDE) that has a well-posed initial value problem for
the first n-1 derivatives. Many of the equations of
mechanics are hyperbolic and so the study of
hyperbolic equations is of substantial contemporary
interest. In recent years, notable contributions have
been made to the applications of fractional differential
equations (FDEs). These equations are increasingly
applied to efficient model problems in research areas as
diverse as machanical systems, dynamica systems,
control, chaos,continuous time random walks,
anomalous diffusive and subdiffusive systems, wave
propagation and son on. The fractional calculus and its
applications (that is, the theory of integrals and
derivatives of any arbitrary real or complex order) has
gained considerable popularity and importance during
the past three decades or so, mainly due to its
applications in diverse fields of science and
engineering. Mathematical modeling of complex
processes is a major challenge for contemporary
scientist. In contrast to simple classical systems, where
the theory of integer order differentia equations is
sufficient to describe their dynamics, fractional
derivatives provide an excellent and an efficient
instrument for the description of memory and
hereditary properties of various complex materials and
systems. Recently, the nonlinear oscillation of
earthquakes has been modeled with fractional
derivatives [1]. The Homotopy analysis method has

been implemented for nonlinear equations arising in
heat transfer [2], Burgers-Huxley equation [3] and the
convergence analysis of HAM [4].

(i) In one spatial dimension, the wave equation is of

theform
2 2
Ju_ Tu_, )
>
(i) One dimensional hyperbolic-like (wave-like)
equation isof theform
1°u Tu
—- f(x)— =0 2

(iii) The time fractional diffusion equation is of the
form

1Put) _ 1P uea)® | 12 ux.)?
it ™ 12 €)
+u(x,t),t>0,0<afl

These equations have the property that, if u and its
first time derivative are arbitrarily specified initial data
on the initial line t=0 (with sufficient smoothness
properties), then there exists a solution for al time.
Partial differential equations play a crucial role in
applied mathematics and physics. The results of solving
those equations can guide the authors to know the
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described process deeply. Recently, various
approximate methods are applied for getting numerical
and analytical solutions of linear and non linear partial
differential equations [5-7]. Besides some iterative
methods are applied for getting numerical and
analytical solutions of hyperbolic and hyperbolic-like
equations [8-12]. HAM was introduced by Liao
[13, 14]. This proposed method has been used by
many mathematicians and engineers to solve various
equations based on homotopy, which is a basic concept
in topology. In recent years, HAM has been
successfully employed to solve many types of nonlinear
homogeneous or nonhomogeneous equations and
systems of equation as well as problems in science and
engineering [15, 16]. Mustafa [17] solved the Laplace
eqguation with Dirichlet and Neumann boundary
conditions by Homotopy analysis method. Barari et al.
[18] used the variational iteration (VIM) and
parameterized perturbation (PPM) methods have been
used to investigate non-linear vibration of Euler-
Bernoulli beams subjected to the axial loads. Yasir
Nawaz [19] applied the variationa iteration method and
homotopy perturbation method for linear and nonlinear
boundary value problems for fourth-order fractional
integro-differential equations. Kdiji et al. [20, 21] have
investigated the dynamic behavior of two mechanical
structures via analytical Methods and free vibration of
Cantilever beams. Recently, Muhammet Kurulay [22]
established the homotopy analysis method for solving
the fractional nonlinear Klein-Gordon equation.

The validity of the HAM isindependent of whether
or not there exist small parameters in the considered
equation. HAM provides us with a simple way to adjust
and control the convergence of solution series..It
provides us with freedom to use different base functions
to approximate a nonlinear problem. Especidly, it
provides us with freedom of replace a nonlinear partial
differential equation of first order n into an infinite
number of linear Differential equations of order K,
where the order Kk is even unnecessarily to be equal to
order n. When the base functions are introduced the
H(r,t) is properly chosen using the rule of solution
expression, rule of coefficient of ergodicity and rule of
solution existence. By plotting h curves the proper h is
chosen. Thus as long as h, H(r,t), w(r,t) and linear
operator L are properly chosen the solution expression
converges to exact solution in the convergence region.
Homotopy analysis method provides us the great
freedom to choose al of them.

DEFINITIONSOF FRACTIONAL
DERIVATIVESAND INTEGRALS

In this section, we have given some notations,
definitions and preliminary facts that will be used

16

further in this work. The Caputo fractional derivative
allows the utilization of initial and boundary conditions
involving integer order derivatives, which have clear
physically interpretations. Therefore, in this paper we
shall use the Caputo derivative D* proposed by Caputo
in his work on the theory of viscoelasticity. In the
development of theories of fractional derivatives and
integrals, it appears many definitions such as Riemann-
Liouville and Caputo fractional differential-integral
definition asfollows.

(1) Riemann-Liouville definition:

1d"f(1)

=g a=mil N

RMAa _

ath(t)_.:_ dm 1 t‘ f(T)
wTem -——7dT, O£Em-l<a<m
Tat G(m-a)ﬂt-'r)

Fractional integral of order a isasfollows:

t
L §t- Ty H(T)dT, a <o

o

(2) Caputo definition:

d™ (t)

: e a=mi N
c a _‘l.
aD! f(t) __:_ 1 t‘ f(m)(-l-)
o —=70dT, OEm-1<a<m
LG(m-a) {t- T)
APPLICATIONS
Let us consider the homogeneous hyperbolic
equation
T’u_ Tu
F - W +3u=0 (4)
With initial conditions
u(x,0)=0, u;(x,0)=2sinx @)

Now we will apply the Homotopy analysis method
(HAM) to solve Eq. (4) subject to the initial condition
Eq.(5)

Here we choose
Uo(X,t)=2tsinx
We define the nonlinear operator as:

the initial approximation

Tix.ta)  Ffx.tg)
qit? x?

N[f(X,t,q)]: +3f(X,t,q)
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and linear operator

T (x,t;0)

L[fxta)]= T

™

With the property

L(c1(x)) =0 ®

where g(x) is the integration constant. Now by using
Eq.(63) we have

— . TR T (x.t;
ng‘Jm-lHZﬂ (T)fiz q)' ! 1(1):(2 9

+3f (x,t,q)
C)

and the solution of the ni" order deformation Eq.(11)
for m=1 becomes

U1 (X,1) = €U, (6 1) + hH(L L ERL(U,, )
(10)

Since n¥l, c=1, we set h=1 and H(r,t)=1 and we
successively obtain

Uy (X,t)=2tsinx(2t)*/3!sinx
Ux(X,t)=2tsinx(2t)*/3! sinx+(2t)%/5! sinx
............ .Llj.(.X,t) = 2tsinx-(2t)>/3! sinx

+(2)°/5!sinx-(2t) /71 SiNX+..........
Thefinal solutioninaclosed formis
u(x,t) = sinxsin2t (11

Now we consider the inhomogeneous non linear
hyperbolic equation

2 2
ﬂ_g_ﬂ_g_u-u2+x1+x4t+ 2t= 0 12
Tt? Ix
With initial conditions
u(x,0)=0, u;(x,0=%¢ (13)

We apply homotopy analysis method to Eq. (12)
and Eq.(13), asfollows:
1-[2

fit?

Since n¥l, cp=1 set h=-1 and H(rt)=1,
in Eq.(11), then it becomes

U6 D)=Um 1 (6 DL (ReUme1 X))

17

Where
Tu,, Tu
Ro(Up. X, t)=—0L- —L-y
m( m-1 ) ﬂtz ﬂxz m-1 (14)
S XX 2
and solution for ug:
Now we can select
Up =Xt (15)

Using HAM, the successive approximations are
given by

UL (x,)=Ct
U (X,)=Ct
us(x,y=Ct

Thefinal solutionin aclosed formis

u(x,H)=3t (16)
Consi.der the one dimensional hyperbolic-like
equation
With initial conditions
u(x,0)=0, u;(x,0)=x¢ (18)

We apply homotopy analysis method to Eq. (17)
and Eq.(18) asfollows:

2
Since nFl, c=1 set h = -1 and H(r,t)=1, L == %
in Eq.(63). It becomes
Un(X.)=Um1 (DL (Re(Um 1 X,8) (19
Where
— 1.lzum—l _ X2 1-[Zum—l
Rm(um—l’x’t) - ﬂt2 2 ﬂxz (20)
Ru(Um1 %8 = Pum1/Mt2-x /2 FPum o/ PE
and solution for ug:
Now we can select
Uo(X,H)=x @)

Applying Eq.(20) in EQ.(21) we obtain the
following successive approximations

UL (X,H)= XeCt2/2!
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Ux(X,0)= X4t 21-6¢Ct 441

Thefina solutioninaclosed formis

u(x,t)=>~Fcosht (22
Consder the two dimensional hyperboliclike
eguation
u xX*Tu YT _
w7 e onez -0
t= 20" 201y
Uit (%Y =X 20U (YD + Y2 /20Uy () (23)
With initial conditions
u(x,y,0=x Ug(x,y,0)=y> (24)

We apply HAM to Eq. (23) and EQq.(24), as
follows:

2
Since n¥l, c,=1 set h=-1 and H(rt)=1, L= %in

11 then 11 becomes

Unr(%Y,)=Um 1 (%Y, 0L (R X)) (25)

Where

2 2 q2 2 qr2
:ﬂum-l_ X 1Tum-l_ y 1-[um-]. (26)

R._(u
ol w 20 % 20 fy°

X t)

m-1

and solution for ug:
Now we can select
Uo()=X+y°t @7

Applying Eq. (27) in Eq. (26) we get the following
successive approximations

UL (x,H)= X +y P thCt/21+ yO3t33!
Uz (X,0)= X +y St/ 21+ y 5331+t a1+ y5t5/5!
et sotionis
U= (L2 A+ )+ YR (3314 351 +......)
Thefinal solutioninaclosed formis

u(x,t)= x°cosht+ysinht (28)

18

Consider the three dimensional hyperboalic-like
equation
ﬂZU XZ 1-[2u y21-l2u Z2 ﬂZU
—- - - = 29
Mt 6% 6% 617 @)
With initial conditions
u(x,y,z,0)=0, uy(x,y,z0)=0C+y>+2°) (30)
We apply HAM to Eq. (29) and Eq.(30), asfollows:
2
Since n¥l, c,=1 set h=-1 and H(r,t)=1, L== %
in Eq.(63)
um(x,y,z,t):uml(x,y,z,t)—L'l(Rm(uml,x,y,z,t)) (31)
Where
Rm(um»l X,t) = 1Tzum—l _ X2 ﬂzuml - yzﬂzuml_ Zzﬂzuml (32)

> 6 ¥ 6 W 6 17
and solution for ug:
Now we can select
Uo(xD)= (C+y*+20)+ (Cy*+2)t (33)
Now applying Eq.(33) in Eq. (32) we will get the
following successive approximations

() = 0C+y>+2)+ (CHy*+20)t
+OCHy 3220+ (CHy 3+ )3l

Up(x.D) = (C+y+2)+ (CHy>+2)t
+OCH )22+ (CHy 3+ 23l
+OCH 3 A+ (C+y 3+ 2)0/B!

Thefinal solution isgiven by

u(xt) = OC+Y3+Z3) (122143731 +.......)

= (ry*Z)e (39

We consider another three dimensional hyperboalic-
like equation

218 =0 (35)

2 2
£§2M+ Zﬂ_2u+ .
Ty 1z° g

Tu_
it 28 x>

(X2+ yz +Zz)_

With initial condition

u(x,y,2)=0, uy(X,y,2) =(C+y>-A)t (36)
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We apply homotopy analysis method to Eq. (35)
and Eq. (36), asfollows:

2
Since M1, c,=1 set h=1 and H(r)=1, L= %
in Eq.(63).then Eq.(63) becomes
Un(X,Y,Z0)=Um 1 (%,Y,Z L (Re(Uma X,Y,20)) (37)
Where
R, (u xt)—‘nzu"“1 (x2+ 247
m\ Ym-v/ ) TS T y +Z)
ft ()
_ X2 1-[zum—l_ yzﬂzum—l_ 22 1-Izl“lm—l
2 X 2 W 2 97
and solution for ug:
Now we can select
Uo(x.D)= (C+y*-2)t (39)

Applying Eqg. (39) in Eg. (38) we will get the
following successive approximations

UL (X,)= OC+Y2-)t+ (CHY+A+HOC+y 2-2)33l

Uy (X,)= OC+y2-)t+ (CHy*+A)t%/2!
+oC+y 2N + (bC+y )AL +(C+y-2)O/5!

+ (0CH+y?-2) (tH3/31+5/51+.....)
= (C+y%+Z%)cosht+(C+y2-Z)sinht-)-(0C+y>+7%)

u(xt) = (C+y*)e'+Z€"-(C+y*+7) (40)

Consder a nonhomogeneous nonlinear wave

equation.The equation of the form

ﬂzu ﬂ2u
e UF- 2+2t% +2x* =0 (41
With initial conditions
u(x,0) = x?
42

u(o,t) =t>,u, (0,t)=0

We apply HAM to Eq. (41) and Eq.(42), asfollows:
2
Since n¥l, c,=1 set h=-1 and H(r,t)=1,L== ﬂﬂT

2

in Eq.(63), then it becomes

Un6D)=Um 1 (DL (Re(Um . X0) 43
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Where

MUy,
ft?

2
_ s

e 2+ 2% +2x* (44)

-u

m-1

Rm( um-l’X’t)

and solution for ug:
Now we can select

(45)

X4
U, =x>+1%- x%°- 5

Applying Eq. (45) in Eq. (44) we obtain the
following successive approximations:

ugx,t) = x’t? +X LA lxe +£X6t2+ixs
3 90 15 168
4,2
Up(x,t)= = C e 2oy Lol
3 90 15 168
and so on.

The noise terms appear in the various components
will get cancelled themselves.
Then thefinal solutionin aclosed formis

u(x,t)=>+t2 (46)
We consider another time fractional diffusion
equation which is known as biological population

equation asfollows

Truext) _ FPue)? | 12 (uix.n)?

1t " % @
+u(x,t),t>0,0<a £l
with initial condition
u(xy,0= \x +y (48)

Now we will apply the HAM to solve Eq. (47)
subject to theinitial condition Eq.(48)
We define the nonlinear operator as

PrexGy6a) 120 (xy.6a)?

N[fextia)] =—%3 ™"
CFEGYEaN2 gy g (“49)
Ty o
and linear operator
1= Ty ta)
L[f (X,th)] = qt? (50)
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With the property

L(C.(x))=0 (51)
Where C; () is the integration constant. Now by using
Eqg. (63) we have

- TPEy tg) P (xy.tg)?

I:zm éUm'lH qit? ﬂxz
MGG T (52)
Ty

and the solution of the m™ order deformation becomes

Up-o (X, 1) =€ U2 (X, 1) + L gH(r )R (U, ) B 53

since n=l, cp=lwe set h=1, H(rt)=1land also the
equation has sub diffusive behavior we obtain the final
solution as

ta

u(x,t) = «/x +y5_ G(ka +1)

k=0

>4
CONCLUSION

In this paper, the homotopy analysis method
(HAM) has been successfully applied to obtain the
approximate/analytical  solutions of the various
hyperbolic and fractional PDEs arising in various fields.
This work shows that HAM has significant advantages
over the existing techniques. It avoids the need for
calculating the Adomain polynomias which can be
difficult in some cases. The reliability of the method
and reduction in the size of computational domein give
this method wider applicability. The results show that
HAM is a powerful mathematical tool for finding the
exact and approximate solutions of the nonlinear
equations.
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Appendix

Basic idea of Homotopy Analysis method (HAM):

In this section the basic ideas of the homotopy
analysis method are presented. Here a description of the
method is given to handle the general nonlinear
problem.

Nug(9=0, t>0 (39

20

where N is a nonlinear operator and up(t) is unknown
function of the independent variablet.
Zero-order deformation equation
Let up(t) denote the initial guess of the exact
solution of Eq. (1)-Eq.(3), I 0 an auxiliary parameter,
H(t)t 0 an auxiliary function and L is an auxiliary linear
operator with the property.
L(f()=0,f(t)=0 (56)
The auxiliary parameter h, the auxiliary function
H() and the auxiliary linear operator L play an
important role within the HAM to adjust and control the
convergence region of solution series. Liao [15, 16]

constructs, using d [0,1] as an embedding parameter,
the so-called zero-order deformation equation.

(1 —q)L[(®(t;q) — wy(t)] — ghH{IN[(B(t;:4)],(57)

where At;q) is the solution which depends on h, H(t),
L, w(t) and q. When g=0, the zero-order deformation
Eq. (63) becomes

@(;0) —ug(t) (58)
and when g = 1, since ht 0 and H(t)* O, the zero-order
deformation Eq.(1) reducesto,

N[@(e;1)] — 0, (59)
So, At;1) is exactly the solution of the nonlinear

equation. Define the so-called nf' order deformation
derivatives.

1 @™ plt:q)
dg™

u,, (t) = (60)

m!

If the power series Eq. (57) of A(t;q) converges at

g=1, then we gets the following series solution:

u(t) = ug(t) + =, u,, (t) (61)

where the terms y4t) can be determined by the so-
called high order deformation described below.

High-order deformation equation
Define the vector,

...... (62)

e, [ueg (), 20, (€], 00, (2) u, ()

Differentiating Eq. (63) m times with respect to
embedding parameter g, the setting g=0 and dividing
them by m!, we have the so-caled nmi" order
deformation equation.
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Elu,(t) ®,u, ,(t)] =hH{t)R, (u,.2) (63)
where
— @ m=1
ﬂ'"'_[ 1, otherwise ©4)
and
f—o— _ 1 @™ N[o(tq)] 65
Rm urm I-} - l:m—‘.l:lf dq’"_i ( )

For any given nonlinear operator N, the term
R, (i, t) can be easily expressed by Eq.(65). Thus,
we can gain u(t), Ww(t) by means of solving the
linear high-order deformation with one after the other
order in order. The mM-order approximation of u (t) is
given by

o m

ut)=a _,ux(t) (66)

ADM, VIM and HPM are specia cases of HAM
when we set h = -1 and H(r,t) = 1. We will get the same
solutions for all the problems by above methods when
we set h=-1 and H(r,t) = 1. When the base functions are
introduced the H(r,t) = 1 is properly chosen using the
rule of solution expression, rule of coefficient of
ergodicity and rule of solution existence.
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