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Abstract: In this paper new subclasses of p-valent harmonic analytic functions, within a generalization of
integral operator with respect to k-symmetric points are introduced and explained. Coefficient bounds are
estimated. Some properties of distortion, growth and extreme points are presented.
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INTRODUCTION

A continuous complex valued function | = u+iv is
said to be harmonic in a simply connected domain
DI C if both u and v are real harmonic in D. In any
simply connected domain DI C we can write
f =h+g, wherehand g areanalyticin D. We call h the
analytic part and g the co-analytic part of |. A
necessary and sufficient condition for | to be locally
univalent and sensepreserving in D is that
|[h¢z)|>|g€z)| in D [1]. Denote by SH the class of
functions f =h+g that are harmonic univalent and
sense-preserving in the unit disk « ={z:|z|<1} for
which f(0)=f(0)-1=0. Ahuja and Jahangiri [2]
defined the class H,(n)(p,nl N) consisting of all

p-valent harmonic functions f=h+g that are sense
preserving in ¢/ and h and g are of theform

¥ ¥
h(2)=2"+ 82,1 2" 1,0(2)= § by 2™ Ib, [<1(L1)
n=2 n=1

Observe that #,(n) reduces to S, the class of
normalized univalent analytic functions, if the co-
analytic part of | iszero.

A function | is said to be starlike of order a in U
denoted by SH (a) [3] if

ilf(rei“)“
l(argf(re“‘))=A| I/
fla i f(re?) j

I ]

AIZ“’EZ) Zg‘k‘Z)U
i h(2)+9@ p

3a,|z|=r<1

Also, a function | is p-valent harmonic starlike of
order a in ¢/ , denoted by SH (p,a) , if for |z| = r<1.

f(re )
1 I 1
— (argf(re
ﬂq(arg (ré?))= A: Hr e'q)i);

I zh¢z)- Zng)Pg pa (12)
r h(2) +9(2) p

T

Extending the above definitions to include the p-

valent harmonic functions for p31 and Ea<p™, let
SH.(p,a) denote the class of complexvalued, sense

preserving, pvaent harmonic functions | of the form
(1.1), which satisfy the condition

K —f(re )
A en y P?
T b

where K2 is a fixed positive integer, z = re',
0fr<l, Ofqg<2p, al [0p™) and f (2)=h (2)+g, (2)
satisfying:
1%t
h(z)==8 e "h(e"z)
K=o
and

gk(z)——ae "g(e"z),fore = exp( ) (13

n =0

Let j be an integer. Then the following identities
follow directly:
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f €z)=€elf(z)

f, @2)=e'f,(2)

f, €z)=ef,(2)
Theintegral operator I™isdefined in [4] by:
i) 19(2)=f(2)
(i) 1¥(2)=1f(2)= (Dt ct
@iy 1T(z)=1(1™%(z)),ml NandfT A

and for afunction f = h+g the integral operator 1™ of |
isdefined as

1™ (2) =1"h(z) + (- 1)"1 "g(2)

Also, several results have been discussed in [5-17]
by many authers.

Definition 1.1: Let f(z)1 SH (p.a), for Ga<p™ and
z=re'1 U . Then f(2)T ZSHX(m,p,a) if

ALLTTe) B 51 17(2) U

i il
IR e 4o
where
IJ(req) f(réq)(re'q) d(re™)

(integrate with respect to q)
and

1™, (2)=1""h (2) +(- )""1""g, (2)

:Ege'"(l "h(€'7) +(- )™ g, (€'2))

n=0

Itisclear that
I™f, @z)=€ I, (2)
and
ko-l
hk( Z) = Zp + aa'n+p- lyn P -1 Z”*P-l
n=2

k-1
gk(z): é.bnm-ly n+p-1zn+p-1

n=1
where
y :llgle-(nm)n |1 n+p Jk JT Nu
mel ) Gy 10, n+p=jk+1,ji N%

Here we state this Lemmadueto [5].

Lemmal2:[5]Let f =h+7 if

. Then |

harmonic univalent and starlike of order a in I/ .
Next corollary is an immediate result for the
p-vaent Harmonic functionsthat are givenin (1.1).

for |a|=1,0Ea<p™ is sense-preserving,

Corollary 1.3: Let f = h+g begivenin (1.1) if

n+p+a-1

+
|an+p-1| 1_ a

3
a

n=1

an+p- 1-a b Of 5
g 1- | n+p-1 |B

for |a,|=1,0£a<p*. Then | is sense-preserving,

harmonic univalent and starlike of order a in ¢/ .

THE MAIN RESULTS

A meaningful conclusion for the class
ISH (m,p,a) isintroduced asfollows.
Theorem 21: A function f(z)T SH (p,a) where

f=h+g given by (L1), then f =h +g_ given by
(1.3)in ZSH(m,p,a).

Proof: Since f(z)T ZSHX(m,p,a), then replace z = re'
by €'re'd, (v = 0,,... k-1), where & = 1 in (1.3) which is

true such that:
I 'f(2) B _ 41 MIGICORY
|m+lf ( )% ,|f|m+lf (enréq)% (2 1)
A I I™f(e€"2) U _ ]
- i |m+1f @z )[v)> ap,forv=01,...k-1

According to the definition of '¥, & = 1 and

I"f, €z)=€1™,(2), let v = 0,12,...k-1 in (21) and
sum all of them. Then we have
1% 17F(ee) W £, (re”) U
Ai= L = AL
e A B R (re"*)ig
_Al 1™, (z) U
- |m+]_f ( )%

Thus f, 1 ZSH*(m,p,a) .
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The sufficient coefficient bound for the p-valent harmonic functions in the subclass ZSH* (m,p,a) is deduced
and presented.

Theorem 2.2: Let afunction f = h+g begivenin(1.1). If

d n+p-a-1 n+p+a-1 2(1-pa)
LI ) +H———)|b e 22
8 (oo gy s (D) 1D £S5 22)

where |a, |=1,ml N and Ofa<p™. Then f T ZSH¥(m,p,a) and it is sense-preserving in I/ .
Proof: From the definition of I™ (2) and (1.2), since it obvious for a = 0, we try to show that

I™f(z)- apl™f(z) U

m+1. > O
1", (2)

-1
Af
[

For O<a<p™ it follows that
¥
(p)"2°(1- p*a)+ § (n+p- 1) " ((n+p - 1)- a)a,,, 2"

A1 1™(2) - apl™f, (2)U_ 4 A
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: (p) "2+ (- )™z +q (N+p - 1) M[a,,, 2"+ (- )M b1 2]
n=2
¥ _ -
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+ e —}
(p) "2+ (- D"’ + @ (n+p- 1) "V[a,, 2+ (- D) D1 2]
n=2
¥
(1- pa)+ P (n+p- 1) ™V ((n+p - 1)- a)a,,, 2"
:A{ — n:i —
1+(- )™ p"bpzPz P+ §p" (N +p- 1) ™a,,,, 27+ (- 1) ™ bnep.12"P 12 P]
n=2
¥ —_
CD"QM+p-1) M ((n+p - 1) +a)bp 2™ 2P _—
. a " ) = Aglpa+i(e?),
_ — ¥ — B — iq
1+(_ 1)m+]pmprPZ'P + épm(n +p- 1)7(M)[an+p71271+(' l)m+1bn+p_1zn+p—1zrp] 1+X(re )
n=2

where

¥ ¥ - ;
J(ré) =@ (n+p- 1y M (n+p - 1)~ @)a,, § "V H(-1)"G (n+p- 1) VP (N+p - 1)+ @)brpar (e

n=2 n=1
and
¥ ¥ _ »
X(ré?) =@ (n+p- 1) (™ pTa,,r (Me™it +(- YT (n+p- 1) M7 bpupar (M (M
n=2 n=1
Consider
1- pa+j (2 - (1- a)1+W(Z)
1+x(2) 1- W2)
Then

| i@ dpax@ |_

'W(Z)':Ii @)+ (1-pa) x(2) +2(1- pa)|

Thus the harmonic functions

3 1- pa) 1,8 1-pa) —QDm3
f(z :ZD+° n+ _1(m+1) m(—x+ ALY n+ _1(m‘9-) m____ A\ FE) +_z”*‘f’1
(2) am+p-HTp nTpl-a) 1 a(n+p- 177 nTplia) L

where nT N and
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¥ ¥

o o

a |Xn+p-1|+a. |yn+p-1 |=1
n=1

=1

E]

which show that the coefficient bound given by (2.2) is sharp.
Also, the sufficient coefficient condition for afunction SH (p,a) to bein ZSH<(m,p,a) isderived.

Theorem 2.3: Let f =h+g begivenby (1.1)and f, =h, +g_k be given by (1.3) satisfying

g(n+p(l+ayn+p-1)' 1

( l)m+1 n p(l- 2 y”*p'l)- 1\|bn+p-1 I) E’ (p+l)(r:rl1-- pa) (23)
n=1 n+p-

]

a +
)l n+p-1| ( (n+p-l)m+1 p

where mi N, ={0,1,..} and0fa<p™, then! isharmonic, orientation-preservingin & and f 1 ZSH*(m,p,a).

Proof: To show that | isorientation-preserving in U/ , it isenough to show that |h¢z)fg¢z)|in & . Thus
3 $
Ih€z)[5pz" '+ (n+p- Da,,,,2""?| 2 plz"t[-q (n+p- D&, 1277
n=1 n=1

¥ ¥
=prt- §(n+p- Dla,,,, "2 2 p- §+p-1)la,,., |

n=1 n=1

s 4 @+ p-ay y)- D
1 (P+1)(n+p- 1)™(1-pa)

)0y o1 |

3 <¥3 3 g n+p-2
a(p+n-1)|bn+p-1| a.(n+p- 1)|b”+p'1|r
n=1 n=1

¥
dan+p-1)lb,, ., 12" |=|gt2)]|
n=1

To show that f T ZSHX(m,p,a), it sufficesto prove that

ALLI@- 2P @0 o o A1) (1" Te@)- ap0™h @) (- )", @)E
i i _

I"(2) f 1™, (2) + (- D)™™, (2) b
Let
F(2)=1"h(2) - (-)"I"g(2)
and
G(2)=1""h, (@) +(- )" g, (2)
Then
IF(2) +(1- pa)G(2)} IF(2) - (1+pa)G(2)F O
and
IF(2) +(1- pa)G(2)| =[I"h(2) - (-)"I"g(2)- (- pa)(I™*h () +(- )™ g,(2))]

=|(2- pa)z®- (- 1)mé}(p +N-1)""(N+p- 1- (T pay 1)y 2"

A (p+n- 1 "(n+p- 1+ (1-paly .y JBrp i7"

S 2-p)Z - A (P+0- 1 (NP 1+ (1 B 1y ) |27

A E+n- 1M +p- 1+ PA)Y o) IDlgal2]
and
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IF(2) - (1+pa)G(2)| =|1"h(2) - (-D™"g(2)- (I+ pa)(I™hy(2) +(- ™19, (2))]

¥ ¥ — —nap-
- (pa)z’ - (- D"Q (P+n- ) "(N+p+ (I Pa)y )8y, 2" +A (P+N- 1) " (n+p- 1- (1+pa)y ., b1z "

n=1 n=1

¥ ¥
:l(pa)zp + (_ 1)ma. (p+ n- 1) m(n +p - 1 +(1+ pa)y n+p- 1)an+p-1zn+p-:l +a. (p+ n- l) m(n +p - 1 - (l_ pa)y n+p-1) bn+p-1Z et |

n=1 n=1

¥ ¥
£(Pa)+Q (P+n-1)"(n+p- 1+(1+ pa)Y np.0) |8hp o 2™ - (P+0- 1) "(n+p-1- (1 pA)Y yop.0) [Dlppd 2P
n=1

n=1

Thus
[F(2) + (- pa)G(2)|- |[F(2)- (+ pa)G(2)|® O

which completes this proof.

Theorem 2.4: If f = h+gl ZSH‘(m,p,a) for [z] = r<1, then

. (p+1)(1m' pa) EIf(2)|E 1+ (p+1)(1m- pa)
rp

Proof: By taking the absolute value for afunction f = h+gi ISH(m,p,a), it follows that

¥ x ¥
(@)1 + Ra, 27 (DA, 27 £+ A (B 10y, D
n=1 n=1 n=1
! pa), (+p(-ay,, ) D (n+p- )™
ErP+r1A ) £rP+r'1w " +b., p
B0, D £ @REBANE (oo, A e Sy B
| ; 1 (np-ay ) D
QAL P (I D) A )
n=1 - -
¥ _ - - -
eraripd O e P A g )y e s £2D0PR)
n=1 (n+p-1) (n+p-1) rp

and

¥ ¥ ¥ ¥
o - o - o - o

f(2)I=12 + @2, 2" +(D"a b, 277 12 1" @@, [+ Ib, D2 1P - rig (18 o 1+ Py )
n=1 n=1 n=1 n=1

(1_ pa) g m+1
$rP- Ir'1(—(1 pa))(IO DA (Bnp [+ 101 D X
- n=1

3 1P - ri(p+1)(l- pa)5(|an+p.1|+|bn+p.1|)((1'°+1)) X
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(n+p- ™t n+p(l-ay,,,)-1
(n+p(l-ay .,.,)- 1))
(n+p_ 1)m+1
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m+1 ) |bn+p—1 | 3 r m

(n+p-1) rp

ipend (DEPATAY ) -1
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)18y 1+ (

Next corollary of the growth is an immediate result due to the above theorem of distortion.

Corollary 2.5 If f = h+gl ZSH(m,p,a) for |z| = r<1, then

L OADpA) oo, (P pa)

rp

pre?

In the end of this article, the extreme points for these functions f T ZSH(m,p,a) are estimated.

Theorem 2.6: A function f = h+gl ISHY (p,a) if and only if | can be expressed in the form:
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1(2)= & (¢, (2)+ 09, (2) @4
where z1 ¢,0£a<p* and
h(z)=2,h(z)=2 + (+1)A-pa) Zme-s

(n+p- )™ (n+p(l+ay,,,,)-1)

(p+1(1-pa) Sl
(n+p- )™ (n+p(l-ay,,.,)-1)

9.(2)=2" g,(2)=2"+
forn=123,...,. Also,
¥
ace+n)=1, for x?, nm30
n=0
In particular, the extreme pointsof ZSH(p,a) areh, and g,,.

Proof: Assume that

— s p - H paap (p+1)(1' pa) n+p- 19
f(2)= 8 020, @) + nfg(2))= X h(2) +ni g AR e T e paray e 0 D
(p+l)(1_ pa) ﬁo_ n+p-1
*a”féz”mm D+ p ay D L Ak mz
s @ (p+1)(1- pa) (p+1)(1- pa) O——ry
+ P n+p
A D) (nrpray - D ”ﬁé(nﬂo D pd-ayrn)- D%
Since
é¥_0(n+p_1m+1(n+p(l+ayn+p 1) - e m(1c1>+1)(1 pa) g
" (p+1)(1-pa)  §(n+p- D" (n+pl+ay .,.)-1) "5

(n+pl-ay,,,)-1 (p+1)(1- pa) 'Tﬁ— —a(X”+rTﬂ) 1- x*- mf £1

B e e R CRI FETALE A

Conversely, let f T ZSHY(m,p,a). Then (2.3)holds.

Set
o= Zn+pd+ay ) Hn+p- DMOI N
" (p+1)(1- pa) p e
and
_&n+p-1)™(n+p(l-ay,.,,)-1)0 %, .|
(p+1)(1- pa) 5
Then
~ ¥
f(z)= z°+a |3, 12777+ (- 1)r”;aqt¥:llbn+pllzn+pl =2"+ ?o(n+p 1)m(*ll(+np3(;(122)yw L xp2??
(p+)(1-pa)

+-1)" a nfZ ** -zp+a(h -zp)xp+a(g - Z°)ng

m(N+p-1)™(n+pl-ay,.,,)- 1)

=2 Ax- An)+ A (h,x+0,0) =X°h +nfg + & ¢+ .t =4 (hx0+g,m)

n=1 n=1 n=1 n=1 n=1 n=0

Which is completed our proof.
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