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Abstract: In this paper we have introduced the concept of fuzzy soft semigroup which is a generalization
of soft semigroup and studied some basic properties. We have defined the product of two fuzzy soft sets
over a semigroup, fuzzy soft semigroups and fuzzy soft ideals and investigated their basic properties. We
have also discussed the notions of fuzzy soft quasi-ideals, bi-ideals, generalized bi-ideals and interior ideals
defined over a semigroup.
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INTRODUCTION

L.A. Zadeh[1] introduced the notion of a fuzzy set in 1965. What Zadeh proposed is very much a
paradigm shift that first gained acceptance in the Far East and its successful application has ensured the
adoption around the world. Fuzzy set theory was guided by the assumption that classical sets were not
natural, appropriate or useful notions in describing the red life problems, because every object
encountered in this rea physical world carries some degree of fuzziness. Zadeh's ideas marked a new
direction and fuzzy set theoretic approach was adopted by Rosenfeld et al. [2] for groups. Rosenfeld's
paper inspired the development of fuzzy abstract algebras. He also introduced fuzzy graphs, an area
which has been growing actively since then. Later authors like N. Kuroki [3], J. Ahsan [4, 5] and many
others gplied the concept of fuzzy sets for studies in fuzzy semigroups, fuzzy groups, fuzzy rings, fuzzy
idedls, fuzzy semirings and fuzzy near-rings and so on.

In 1999, Molodtsov [6] initiated a novel concept of soft set theory, which was a completely new
gpproach for modeling uncertainty and had a rich potentia for applications in several directions.
Furthermore Mgji et al. [7] worked on soft set theory in 2003. They also presented the definition of fuzzy
soft set [8] in 2001. Feng Feng [9] initiated the study of soft semirings and soft ideals over semirings in
2008. M. I. Ali et al. [10, 11] introduced new operations on soft sets, soft semigroups and soft ideals and
generalized fuzzy ideds of semigroups in 2009. Another paper on fuzzy soft semigroups by Cheng-fu
Yang [12] has been recently published which partialy covers the theory of ideals. In [12] the notions of
union and intersection are used from [8]. Ali et al. have pointed out some basic problems with these
operations and introduced new operations on fuzzy soft setsin [13]. In our present paper, we have used
these new operations on fuzzy soft sets which avoid the limitations of working with the older ones. We
have observed that the choice of fuzzy soft operations can be very significant in certain cases and at some
points, we may have generdizations of analogous results in soft set theory, or, more specificdly in the
theory of semigroups. A number of new results are particularly obtained after the application of newly
defined operations. It istried to give a complete account of ideal theory in fuzzy soft semigroups.
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Firstly, we have presented preliminaries on the theory of fuzzy sets, soft sets, fuzzy soft sets and soft
semigroups. Next, we have developed the theory of fuzzy soft semigroups. We have given the product of
two fuzzy soft sets over a semigroup. There are two different types of products of two fuzzy soft sets; one
is extended while the other is restricted. We have observed that the restricted product coincides with the
extended product, if the parameter set is same for both fuzzy soft sets. After defining the products, we
have studied their properties in fuzzy

soft structures. We see that, the products are not fully distributed over the fuzzy soft operations of union
and intersection. Counter examples are given to show the improperness of expressions. We have
established the respective laws for distributivity of products over the operations. Cartesian product of two
fuzzy soft sets is also defined. Again, there are two types of Cartesian products i.e. Internal Cartesian
product and Externa Cartesian product. Both products can be used according to the requirements of any
given dtuation. Then we have defined fuzzy soft semigroup and fuzzy soft subsemigroup and proved
some basic properties of fuzzy soft semigroups. At the end of this section, an example is given to show
that the fuzzy soft unions of fuzzy soft semigroups may not be a fuzzy soft semigroup. The last section
provides the elaborated notions of fuzzy soft ideals, fuzzy soft quasi-ideds, fuzzy soft bi-idedls, fuzzy soft
generalized bi-ideals and fuzzy soft interior ideals over a semigroup. Many interesting results are derived
through the theory development and a number of examples are constructed.

PRELIMINARIES

Let X be aset. A fuzzy subset of X isafunction from X into the unit closed interval [0,1]. The set of
al fuzzy subsets of X is called the fuzzy power set of X and is denoted by FP(X). Let p and u be two
fuzzy subsets of a semigroup S. Then the product |°u is defined by

):‘wx:yz{n(y)UU(Z)} if$y, 21 S, suchthat x =yz

(me u)(x
1 0 otherwise

for al xXI S. The operation ° is associative.

Definition 1: [3] Let p, ul FP(X). If p(x) = v(x) foral xi X, then p is said to be contained in u and we
write mi u( or uEm) .
Clearly, theinclusion relation | isapartial order on FP(X).

Definition 2: [3] Let p, ul FP(X). Then pUu and plu are fuzzy subsets of X, defined as follows:
Foral X X,

(mUu)(x) =m(x) Uu(x)
(m0u)(x) =) Du(x)

The fuzzy subsets pJu and pUu are called the union and intersection of pand u, respectively.

Definition 3: [3] A fuzzy subset u of Sis called afuzzy subsemigroup of asemigroup Sif
m(ab) 3 m(a)m(b) forallahl S
Definition 4: [3] A fuzzy subset p of a semigroup Sis called afuzzy left (right) ided of Siif
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m(ab) 3 m(b)(m(ab)* m(a)) foralla,bl S
A fuzzy subset p of a semigroup S is caled a fuzzy ided of Sif it is both a fuzzy left and a fuzzy right
ided of S.

Definition 5: [3] A fuzzy subset p of asemigroup Siscaled afuzzy quasi-ideal of Sif
(SemU(MmeS) 1 m

Definition 6: [3] A fuzzy subsemigroup p of asemigroup Sis caled afuzzy bi-ideal of Sif
m(xyz)® m(x)m(z) forallx,y,z1 S.

Definition 7: [3] A fuzzy subset 1 of asemigroup Sis caled afuzzy generdized bi-idea of Sif
m(xyz)2® m(x)m(z) forallx,y,zl S.

Definition 8: [3] A fuzzy subset u of asemigroup Sis caled afuzzy interior ided of Sif
m(xay)® m(a) forallx,ayl S.
We refer to [1-5, 14] for further terms, notions and results on semigroups and fuzzy semigroups
which are used in this paper. In the following, we present preliminaries on the theory of soft sets, fuzzy
soft sets and soft semigroups which are taken from [7-11, 13].

Let U beaninitia universe and E be a set of parameters. Let P(U) denotes the power set of U and A,
B be non-empty subsets of E.

Definition 9: [6] A pair (F,A) iscdled a soft set over U, where Fisamapping givenby F:A ® P) .

In other words, a soft set over U is a parameterized family of subsets of the universe U. For el A, F(e)
may be considered as the set of e-approximate elements of the soft set (F,A). Clearly, a soft set is not a
set.

Definition 10: [9] For two soft sets (F,A) and (G,B) over a common universe U, we say that (FA) isa
soft subset of (G,B) if

1) Ai B and
2) FeI G fordl d A.

We write (F,A)i (G,B). (F,A) is said to be a soft super set of (G,B), if (G,B) is a soft subset of (F,A).
We denoteit by (F,A)E(G,B).

Definition 11: [7] Two soft sets (F,A) and (G,B) over a common universe U are said to be soft equal if
(F,A) isasoft subset of (G,B) and (G,B) is a soft subset of (F,A).
Let FP(U) denotes the set of all fuzzy subsets of U.

Definition 12: [8] A pair (F,A) is called afuzzy soft set over U, where F is a nmapping given by
F:A® FP(U) .

Definition 13: [8] For two fuzzy soft sets (F,A) and (G,B) over acommon universe U, we say that (F,A)
isafuzzy soft subset of (G,B) if

1) Al B;
2) fordl e A, F(e) isafuzzy subset of G(e).
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We write (F,A)I (G,B). (FA) is sad to be a fuzzy soft super set of (G,B), if (G,B) is a fuzzy soft
subset of (F,A). We denoteit by (F,A)E(G,B).

Definition 14: [8] Two fuzzy soft sets (F,A) and (G,B) over a common wiverse U are said to be fuzzy
soft equal if (F,A) isafuzzy soft subset of (G,B) and (G,B) is afuzzy soft subset of (F,A).

Definition 15: [8] If (F,A) and (G,B) are two fuzzy soft sets over the same universe U then "(F,A) AND
(GB) " is a fuzzy soft set denoted by (F,A)(G,B) and is defined by (F,A)(G,B)=(H,A” B)where,
H((a,b)) =F(a)UG(b) fordl (a,b)T A" B. Here Uisthe operation of fuzzy intersection of two fuzzy sets.

Definition 16: [8] If (F,A) and (G,B) are two fuzzy soft sets over the same universe U then "(F,A) OR
(G,B) " is a fuzzy soft set, denoted by (F,A)U(G,B) and is defined by (F,A)U(G,B)=(O,A" B) where,
O((a,b)) =Ka)UG(b) fordl (a,b)i A" B. Here Uisthe operation of fuzzy union of two fuzzy sets.

Definition 17: [8] Union of two fuzzy soft sets (F,A) and (G,B) over the common univers U is the fuzzy
soft set (H,C), where C = AEB and for al el C,

i Fe ifel A-B
He =l G ifel B-A
IFeUGee) ifel ACB
We write (F,A)E(G,B) = (H,C) .
Now we are considering the following definitions from [13].

Definition 18: [13] The extended intersection of two fuzzy soft sets (F,A) and (G,B) over a common
universe U, is the fuzzy soft set (H,C) where C = AEB and for dl € C,

i Fe ifel A-B
H(e):} G(e) ifel B- A
[F(e)UG(e) if el ACB
We write (F,A) G, (G,B)=(H,C) .

Definition 19: [13] If (F,A) and (G,B) are two fuzzy soft sets over a common universe U with ACB® £
then their restricted intersection is a fuzzy soft set (H, ACB) denoted by (F,A)Ck (G,B) =(H,A ¢B) Where,

H is afunction from ACB to FP(U) defined as H(e) =F(e) UG(e) for dl el ACB.

Definition 20: [13] If (F,A) and (G,B) are two fuzzy soft sets over the same universe U such that
ACB* £ then ther restricted union is denoted by (F,A)E (G,B) and is defined as (F,A)E (G,B)=(H,C)

where C = ACB and for dl € C,
H(e) =F(e) UG(e)

Definition 21: [13] Let U be aninitia universe set, E be the set of parameters and A, B be the non-empty
subsets of E. Then (F,A) is called a relative null fuzzy soft set (with respect to the parameter set A),
denoted by F , if F(e)=/4 for dl € A.

(G,A) iscdled ardative whole fuzzy soft set (with respect to the parameter seta A), denoted by U,, if
G(e) = Uforal d A, whereU isthe fuzzy subset of U mapping every eement of U on 1.
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The relative whole fuzzy soft set Ug with respect to the universe set of parameters E is caled the
absolute fuzzy soft set over U. We also writeit as (U,E).

Definition 22: [11] The restricted product (H,C) of two soft sets (F,A) and (G,B) over a semigroup Sis
defined as the soft set (H,C) =(F,A)%(G,B) where C = ACB is non-empty and H is a set valued function
from C to P(S) defined as H(c) =F(c)G(c) for al ¢l C.

Definition 23: [11] A soft set (F,A) over Sis cdled a soft semigroup over Siif
(F.A)S(FA)I (FA)

It is easy to see that a soft set (F,A) over S is a soft semigroup if and only if A&* F@) is a
subsemigroup of S, for al a A. [11].

Definition 24: [11] A soft set (F,A) over asemigroup Sis caled a soft left (right) ided overSiif
(SE)s(FA) (FA)(FA)S(SEN (FA))

A soft set over Sisasoft ided if it is both a soft left and a soft right idedl over S

FUZZY SOFT SEMIGROUPS

In this section, we introduce the fuzzy soft sets which are defined over a semigroup and study some of
their basic properties. First we define the operations of multiplication for two fuzzy soft sets over a
semigroup and then we discuss fuzzy soft semigroups and fuzzy soft subsemigroups. Fuzzy soft idedls are
defined over a semigroup and ideds, quas-idedls, bi-idedls, generdized bi-ideals and interior ideds are
studied with the basic results for fuzzy soft sets.

Throughout this section S and T will denote semigroups unless stated otherwise. Let S be a
semigroup and let A, B, C be non-empty subsets of E, where E is the set of parameters. Now we define
the restricted, extended and Cartesian products of two fuzzy soft sets over a semigroup. We aso establish
the Associative laws for these operations and Didtributive laws of restricted and extended multiplication,
over the operations of union and intersection.

Definition 25: If A¢Bt 4 then the restricted product (H,C) of two fuzzy soft sets (F,A) and (G,B) over a
semigroup S is defined as the fuzzy soft set, (H,ACB) denoted by (F,A)5(G,B) where H isafunction from

ACB to FP(S) defined by, H(e)=F(e)-G(e), for dl el ACB. Here F(e)-G(e) isthe product of two fuzzy
subsets of the semigroup S.

Proposition 1: The operation “d” is associative.

Proof: Straightforward.
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Definition 26: The extended product of two fuzzy soft sets (F,A) and (G,B) over Sis defined as the fuzzy

soft set, (H,C)=(FA)d,(GB) where C=AEB andforal € C.
F(e) if el A2B
G(e) if el B?A

[F(e)oG(e) ifel ACB

H(e) =
Here F(e)-G(e) isthe product of two fuzzy subsets of the semigroup S.
Proposition 2: The operation “5, " is associative.

Proof: Straightforward.
If FSS(S)F denotes the collection of all fuzzy soft sets which are defined over S, where E is the set of
parameters, then (FSS(S)F, 6,) becomes a semigroup. We rote that the operation “5, " is only a partia

operation on FSS(S)".

Theorem 1: Let (F,A) and (G,B) and (H,C) be any fuzzy soft sets over Swhere A, B and C are suitably
chosen subsets of E. Then

(F.A)B((G,B)E(H,C)) = ((F.A)0(G,B))E((F.A)5(H,C));
(F.A)0((G,B) Eg (H,C)) = ((F.A)8(G,B)) Eg ((F.A)S(H,C));

(F.A)B((GB)ER (HO) ((FA)B(G,B))Eg ((FA)DH,C));
(F.A)B((G,B)E(H,C)I ((F.A)B:(G,B)E((F.A)0¢(H.C));

(F,A)E(G,B))o(H,C) =((F,A)6(H,C))E((G,B)6(H,C));
(F.A) Eg (G,B))d(H,C) = ((F,A)3(H,C)) Eg ((G,B)S(H,C));

(F.A)E R (GB))Oe(H.O)N ((FA)3(H,C)) ER ((G.B)Be(H,C));
(F.A)E (GB))3(H.C)T ((F.A)0(H.C))E((G,B)ogH, C)).
Proof: By applying the definitions of operations, we get the proof.

Example 1. Let Sbe asemigroup of four eements{ab,c,d} with the following multiplication table

oleglepla

Qlo|lTc|o|-
olo|lo|®

vlo|o|lo|T

o|lo|o|e|©

b

Let E={ey, &, &, &, &} beaset of parameters. Supposethat A ={e;, e, e3},B={e,,635,6,} andC=
{es, &, &}. Let (F,A) and (G,B) and (H,C) be the fuzzy soft sets over S defined by the following tables

a

Fle, | |es Gle; |es |ey H|eg | |8
al07]06[08 a|06|08[03 a|07]03[06
blo o [02 b|o [02]|09 b|0o [09]0
c|o03]03[07 c|o03]07]01 c|03]01]03
d|lo [04]01 dfo4|01|0 d|o [0 [04
Let
(F.A)0¢((G,B) Er (H,C)) = (R,AE (BC Q)
and

((F.A)0¢(G,B)) E ((F,A)0¢(H.C)) = (G, (AE B)C(AEC)
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Then
e |& |8 |a Gi|e [& | |&
07]06(08(03 a |07(06(08]0.3
0 |0 [07(09, b [0 |04|07]|09
03(03(0 |01 ¢ |03|03(0 (01
0 |04f0 (O d (O |04|(0 |O

QOo|o|o|m

From above tables we see that
R(e))=Gy(e) . R(e2) 1 Gi(er), R(es)=Gy(es) and F(ey)=Gy(ey) . Thus

(F.A)0,((G,B)ER (H,C)) * ((F,A)0¢(G,B)) E ((F,A)0e(H.C))

Let
(F.A)06((GB)E (H,0))= (F, AE (BE C))
and
((F,A)0¢(G,B))E ((F,A)5¢H,C)) =(G2,(A EB) E(AEQ))
Then

Rle |[e |e |a|e Gle |& |& |& |8
a [07]06(08[03|0.6 07106 08]03(0.6
b
C
d

0 [04]07[09(0 |, 0 |04(07]|09]|0
03|0 |0 (01]03 03(03|0 [01]03
0 (0[O |O |04 0O |04(/0 (O |04

o|l0o| %o

From above tables we see that

R(e)=Ga(a), R(e) 1 Ga(e), R(es)=Gy(es) and Fy(ey) =Go(es).
Thus
(F.A)0.((GB)E (H,C))  ((F.A)0(G,B))E ((F.A)3{ H,C))

Proposition 3: Let (F,A) and (G,B) and (H,C) be any fuzzy soft sets over S where A, B and Care
suitably chosen subsets of E. Then

1 (F.A)0((G,B) Gr (H.O)I ((F.A)3(G,B)) Gr ((F.A)S(H.C));
(F.A)G((G,B) Ge (H.ONI ((F.A)B(G,B)) Ce ((F.A)S(H,C));

2.
3 ((F.A)CR (G,B)O(H,O) ((F.A)B(H,C)) Gr ((G.B)G(H.C));
4 ((F.A) G (GB)S(H.C) ((F.A)B(H,0)Ce ((GB)S(H,C)).
Proof: Let
(G,B)Cr (H,C)=(R,BCC)
and
(F,A)O((GB)CR (H,C))=(F, AC(BC Q)
Then
R(e)=G(e)UH(e) forall el BG C
and
F,(e) = F(e) o F(e) =F(e) > (G(e) UH(e)) i (F(e) >G(e)) U(F(e) > G(e))
=Gy(e)foralel AC(BCC)=(ACB)C(ACC)
where

((F,A)0(G,B)) Cr ((F.A)0(H,C)) =(G1,(AC B) C (A C C))
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Thus
(F,A)3((G,B) Gr (HO)T ((F,A)B(G,B)) Cr ((FA)S(H,C))
Similarly, we can prove 2, 3 and 4.

Example 2: Let S be a semigroup of four eements{ab,c,d} with the following multiplication table

SQlo|lTo|o
Ol o|w|®
vl |
olo|o|o|®
clolglegla

Let E={e, &, &, &} beaset of parameters.
Suppose that A = {e, &, &}, B={e,, &} and C ={e;, &, &}. Let (F,A) and (G,B) and (H,C) be the
fuzzy soft sets over S defined by the following tables:

Flee |& |3 Gle |3 Hle |e3 | gy
a|01({04|02 a|[01|06 a|01]03]02
b[07[05({05 b|03|/07 b|02[04(0.9
c|03(06]|07 c|04|/08 c|04]05]|0.7
d|04({09|08 d|[05|/02 d|02]0.7]0.3
Let
(F,A)o((G,B)Cr (H,C))=(R,AC (BCQ))
and
((F,A)0(G,B)) Cg ((F,A)O(H,C)) =(G1,(AE B) G (AE C))
Then

hlex|es Gi|ex|es
a |04]104 a |04]07
b [04]|05 b |04(07
c |0 |O ¢ |O |O
d|0 ([0 d |0 (O

From above tables we seethat F(e,)=Gy(e,) and R(e3)i Gi(es). Thus
(F,A)0((G,B) Cr (H.C)) * ((F,A)O(G,B)) Cr ((F.A)O(H,C))

Now let
(F.A)0((G,B) Ge (H,C)) =(F, AC (BE C))
and
((F.A)0(G,B)) Ge ((F,A)O(H,C)) = (G,,(ACB) E(A CC))
Then
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Rle |& Go|e |es
a |04(04 a (0407
b [04]05 b 0407
c |0 |O c |0 |0
d |0 (O d |0 |O

From above tables we see that F,(e,) =G, (e;)and Ry (es)l G,(es) . Thus
(F,A)O((G,B) Ce (H,C)) * ((F.A)O(G,B)) Ce ((F,A)O(HC))

Lemma 1: Let (F,A) and (G,B) and (H,C) be any fuzzy soft setsover S. If (F,A)l (G,B). Then
(H,C)o(F,A)l (H,C)o(G,B);
(H,C)84F,A)I (H,C)84G,B);
(F,A)o(H,C)l (G,B)o(H,C);
(F,A)80(H,0)I (G,B)8gH,C).

Proof: Let (H,C)o(F,A)=(R,ACC). Then F(e)=H(e)-F(e) i H(e)-G(e) for dl el ACC because Fe)i G(e)
for dl el Al B. Thisimpliestha

(H,C)o(F,A)l (H,C)o(G,B)
Let (H,C)6,(F.A)= (F,AEC), then

iH(e) ifel C- A
R(e) = | F(e ifel A-C
1H(e)oF(e) if el CC A
iH(e if el C-B

1 %G(e) ifel B-C
[H(e)oG(e) if el CCB

because Fe)i G(e) fordl el Al B. Thisimpliesthat (H,C)o4F,A)i (H,C))8{G,B). Similarly we can prove
(3) and (4).

Definition 27: Let E, B be the sets of parameters and A, B be the non-empty subsets of E and Eg
respectively. The External product of two fuzzy soft sets (F,A) and (G,B) over the semigroups Sand T
respectively, is the fuzzy soft st (H,C) over ST denoted by (FA) (GB) and defined as
(H.C)=(FA) (cB) whereC=A"Band

H((a,b)) =F(a)AG(b) for dl (ab)l A" B.

Here' A is defined as follows:
F(AG(b)(e€) = min{ (F(a))(©), (G(b))(€)}

Definition 28: The Interna product of two fuzzy soft sets (F,A) and (G,B) over the semigroup Sisthe
fuzzy soft set (H,C) over S, denoted by (FA)o (G,B) and defined as (H,C)=(FA)o (G,B) whereC=A"B
and

H((ab)) = F(a) «G(b) for all (ab)i A" B
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The Cartesian product is not associative because (A" B)” ct A " (B~ ¢) but if wetake

(A°"BY C=A"B'C=A "(B"'C)
Then
((F,A)0 (G,B))o (H,C) =(F,A)o ((G,B)o (H,C))

Remark: We observe, from above definitions, that the internal product is defined for semigroup structure
only, while the external product is defined for fuzzy soft sets in generd and it has nothing to do with
semigroup structure. Moreover, these notions are new and different from the notions of AND and OR

operations of fuzzy soft sets given by Mgi et al.

Definition 29: A fuzzy soft set (F,A) over asemigroup Sis caled a fuzzy soft semigroup ove S, if F(€) is
afuzzy subsemigroup of Sfor al e A.

Proposition 4: A non-empty fuzzy soft set (F,A) over Sis afuzzy soft semigroup over Sif and only if
(FA)B(FA)T (FA).

Proof: Let (FA) be a fuzzy soft semigroup over S and let (FA)o(FA)=(HA). Then
H(e) =F(e)oF(e)i F(e) for all d A, because F(e) is a fuzzy subsemigroup of S. Thus (F.A)a(FA)T (FA).
Conversely assume that (F,A)a(FA)T (FA). Then F(e)oF(e)i F(e) for al e A. Thisimpliesthat F(e) isa
fuzzy subsemigroup of S. Thus (F,A) is afuzzy soft semigroup over S.

Definition 30: Let (F,A) and (G,B) be two fuzzy soft semigroups over S. Then (G,B) is said to be afuzzy
soft subsemigroup of (F,A) over S, if (G,B) is afuzzy soft subset of (F,A) over S.

Remark 2: Note that, if (F,A) is afuzzy soft semigroup over S then For every non-empty subset B of A,
(F,B) isafuzzy soft subsemigroup of (F,A) over S.

If (G,B) is afuzzy soft subsemigroup of (F,A) over Sand (H,C) is afuzzy soft subsemigroup of (G,B)
over Sthen (H,C) is afuzzy soft subsemigroup of (F,A) over S.

Let (G,A) be a fuzzy soft semigroup over Ssuch that G(e)i F(e) for al d A, then (G,B) is a fuzzy
soft subsemigroup of (F,A) over S.
(F,A) isafuzzy soft subsemigroup of the absolute fuzzy soft semigroup (S,E) over S.

Proposition 5: Let {S: 1 I} be a non-empty family of semigroups and {(F; A;):iT 1} be a non-empty
family of fuzzy soft sets, such that (FA;) is a fuzzy soft semigroup over S for each i 1. Then Direct
product (External) C)(F,,Ai) isafuzzy soft semigroupover O S .

Proof: By definition, for all

@)1 OA; (gﬁ(&))(x) = Up 1 ((F(e)) () where x = (x;)1 ﬁélﬁ

and F(e) is a fuzzy subsemigroup of S for al il 1. Let & (F.A;)=(H,OA;) where, H((g)) =OF(¢) for al

)1 O A;. Thenforany (x), (w)T Os
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{HW(e)}((x)yi) =(i§|:.(%))((>€yi)) = Up ((F(8) (x)
¢ Up ({ (F(€)) (%) U(R(e)) ()} - F(e) isafuzzy subsemigroup of §
= [Ur { (F(e))(xi)H ULUz { (R(€))(yi)}] =(ﬁ6|':.(ﬂ))((>ﬁ)) U(EE(Q))((YO)
={H((€))} ((x;)) U{H((§))} ()

This implies that H((e)) is a fuzzy subsemigroup of OS for dl (g)i oA Thus o(F A;) isafuzzy

soft semigroup over O S
il

Corollary 1: Let {(F,A;):iT 1} be a non-empty family of fuzzy soft subsemigroups of fuzzy soft
semigroup (F,A) over S. Then Direct product (Externa) C)(FI,Ai) is a fuzzy soft subsemigroup of

il
O(F.A) over 0S.

Proof: Follows directly from Proposition 7.

Theorem 2: Let {(F,A;):iT 1} beanon-empty family of fuzzy soft sesmigroups over S. Then _TEI(F,,Ai) isa

fuzzy soft semigroup over S, provided A CA;=4& for dl i, il and tj, Ne(R.A;) is a fuzzy soft

i1
semigroup over S, Ng(F.A;) isafuzzy soft semigroup over S provided CA A, _H(E,Ai) is afuzzy soft
it | : !

semigroup over S.
Proof: Since A; 's are non-empty, SO 'iE|A‘ is non-empty. Let _?I(E,Ai):(H,_ITEIAi). Then for any
el nE|Ai b el A; for some il I and H(e) = F(€). Thisimplies that H(e) is a fuzzy subsemigroup of Sfor all
el _ITEIAi . Thus _TEI(F,,Ai) is afuzzy soft semigroup over S.

Let ﬂe(E,Ai):(H,_ITEIAi) where H(e)= U()F( e), for dl el _|T‘£|Ai . We define the set L(e)={j:el A}.

i1 i iLe i

Thenforx, yi S

{H ()}(xy)—:J U R %(Xy)_ U {(F( Dxy)}

3 ItJ( {(F( D(x) U(F( ))(y)} F(e) isafuzzy subsemigroup of S

=g U ()0} 20 U (FeDmi =gl v
={(H(€)00} BL(H(e) o)

(FlEM 00 ug u e )}(y)_

TL(e)

This implies that H(e) is a fuzzy subsemigroup of Sfor al . Thus N(F.A;) isafuzzy soft subsemigroup
it

over S.

Let ﬂR(FI,Ai):(H,_T(;IAi) where H(e):_iUlF,(e) foral el '|Q|A‘ .Thenforany x,yi S
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UR(8)09) = BFED0 * YR DR UEEN)  Fe) isafuzy sisemigroupol S

—

{H(e)}(xy) =

=E0U(R () 00y 20EVL R E)w) 2= V(R (D) 0 20F U R D) (3= (H()00} U H(Ehw))

Hence H(e) is a fuzzy subsemigroup of S for dl el CA;. Thus Ng(R.A;) isafuzzy soft semigroup over
! il

S
Let _TUI(F,,Ai)z(H,()Ai) where, H((e)):_iillﬁ(e)fordl @) OA;. Thenforany x,yl S

i i
{H(@} W)= {ﬁq F.(e)} O)= B{(R (& )0y} VIR (& )00} UT(R (& D)} R(e) isafuzzy subsemigroup of S
=LOL( (& D00} ULOL(R (@)1 =LUGR (& ) 0 ULOGR (& D} ) =CH(@ D0} LH@) )}

Which implies that H((e)) is a fuzzy subsemigroup of Sfor dl (e)i O A;. Thus TUl(FI,Ai) is afuzzy

i
soft semigroup over S.

Theorem 3: Let {(F,A):iT I} be a non-empty family of fuzzy soft subsemigroups of the fuzzy soft

semigroup (F,A) over S. Then Tﬁl(ﬁ,Ai) is a fuzzy soft subsemigroup of (F,A) over S, provided
AiCA;=£ fordl i, i 1, where it j No(R,A;) isa fuzzy soft subsemigroup of (F,A) over S Ng(F,A) isa
i il

fuzzy soft subsemigroup of (F,A) over S, provided CA L A, .TL‘JI(FI,Ai) is a fuzzy soft subsemigroup of

IuI (FA) over S,

Proof: Straightforward.

Remark 3: For any two fuzzy soft semigroups (F,A) and (G,B) over S, (FA)Eg(GB) and (FA)U(G,B)
may not be fuzzy soft semigroups over S.

Example 3: Let S be a semigroup of four eements{ab,c,d} with the following multiplication table

alb|c|d
alalb|c|d
b(bfb|[b]|b
clclclc|c
d{d|c|b|d

Let E={ey, &, &, &} be aset of parameters.
Suppose that A = {e;, &, &} and B ={e,, &, &}. Let (F,A) and (G,B) be the fuzzy soft semigroups
over Sdefined by the following tables:

Fle |es |es G|le [e3 |ey4
afl]|1 (1 a|l |1 |1
b|1 (0102 DbjJ01(02(1
c|0|02(1 c|01|1 (O
d|0|01f{02 dj|1 [02|0
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Let
(FA)ER (GB)=(R,ACB),(FA)E(GB) =(F, AEB) and (FA)U(G,B)= (, A" B)
Then
hlex |8 Rla|e |& &
a|l 1 a |l |1 1 1
b [01]02 b [1]o1]02]1
c [02]1 c |o|o2[1 |o
d [1 [02 d [o[1 [o2]0
F; | @ .60 @ .65 @ .6, @U@0 @,,0 @60 @, @;,6,0
a |1 1 1 1 1 1 1 1 1
b |1 1 1 0.1 0.2 1 02 |02 |1
c |01 1 0 0.2 1 0.2 1 1 1
d |1 0.2 0 1 0.2 0.1 1 0.2 |02

There is one equation which is not
We see that
(R(e2))(©) = 0.2, (R(ep)(d) =1 and (F(e,))(dc) = (R(e,))(b) =0.1
S0
(R(e2))(de) < (R(e))(c) U (R(ep))(d)

Thus, (F,A)ER (G,B)=(F.ACB) iSnot afuzzy soft semigroup over S. Since (R{e))(c)=0.2, (F{e))(d)=1
and (Ffe})(dc) =(Ffe})(b) = 0.1 SO (F(ep))(do) < (F2(e))(c) U(Re(e,))(d) and hence (F,A)E(G,B) =(R, AEB) is
not afuzzy soft semigroup over S. AlSO {F;((g.e,))}(b) =1, {R((g.&,))} (d) =1 and

{R((g,€2))}(db) ={F3((.€))}(c) =0.1
{R((g.€2))} (db) <{ R((g,€2))} (d) U{Rs((g.€,))} (b)
Thus (FA)U(GB)= (R A" B) isnot afuzzy soft semigroup over S.

Definition 31: A fuzzy soft set (F,A) over asemigroup Sis said to be a fuzzy soft left (right) ideal over S
if F(e) isafuzzy left (right) ided of Sforal e A.

A fuzzy soft set (F,A) over S is said to be a fuzzy soft two-sided ideal or smply a fuzzy soft idedl
over S if it isboth afuzzy soft left and a fuzzy soft right ideal over S.

Proposition 6: A fuzzy soft set (F,A) over Sisafuzzy soft left (right) ideal over Sif and only if

(S B)3(FA)T (FA)((FAB(SE)T (FA))
Proof: Suppose (FA) is a fuzzy soft left ided over S. Let (S E)o(FA)=(HA). Then H(e) = S
(e)oF(e)=S-F(e)i F(e) for al el A, because F(e) is a fuzzy left ideal of S. This implies that
(S, E)3(FA)T (FA) . Conversdy, if (s, E)a(FA)T (FA) then s(e)oF(e)i F(e) for al d A.So SoF(e)i F(e)
foral el A, impliesthat F(e) isafuzzy |eft ided of S.
Similarly we can prove for the fuzzy soft right ideals.

74



World Appl. Sci. J., 22 (Specail Issue of Applied Math): 62-83, 2013

Theorem 4: Let {(F,A;):il 1} be a non-empty family of fuzzy soft left (right, two-sided) ideals over S.
Then
1. Nr(R.A) isafuzzy soft left (right, two-sided) ideal over S, provided CA LA,

Oe(FI,Ai) is afuzzy soft left (right, two-sided) ided over S;
IL_!;(F,,Ai) is afuzzy soft left (right, two-sided) idedl over S, provided CA* A
ﬂléll(F,,Ai) is afuzzy soft left (right, two-sided) ideal over S,
iTL‘JI(I:,,Ai) is afuzzy soft left (right, two-sided) idedl over S;

U (R.A;) isafuzzy soft left (right, two-sided) idedl over S.

o g~ w N

Proof: Let ﬂR(E,Ai):(H,_TC‘,lAi) where H(e):_TL‘JIFI(e) fordl el CA;. Thenforany x,yl S

{H(e)}(xy) ={ﬁq F.(e)}(xy) = iiUl{(Fi(e))(xy)} 3 iTUI{(F. (€)))} - K(e) isafuzzy leftidea of S
:{ﬁUI(Fi €)Y (y) ={H(e)} )

Hence H(e) isafuzzy left ideal of Sfor dAl el _IglAi . Thus Ng (F.A) isafuzzy soft left ideal over S,
! i
Let Ne(R.A;) :(H,_ITEIAi) where H(e)=_ U()Fj(e),for al el _|T‘5|Ai . Wedefinethe set L(e)={j:el A}.
it | ! IO !
Thenfor x,yi S
(HED o =1, U F(9509)

{(F )y}
{(F )y} - F(e) isafuzzy leftidea of S

3

L
= U
i L(e
v
i L(e)

=§ A %(H(e))(y)

iTL(e)
impliesthat H(e) is afuzzy left ided of Sfor al el 'TEIAi . Thus N¢(F.A;) isafuzzy soft |eft ideal over S.

Let UR(E,Ai):(G,n(;IAi) where G(e):nt’JlF,(e) foral el CA;. Thenforany x, yi S

il
{G(e}(xy) ={nU| R (e)} (xy)
=ﬂU|{(F. e)(xy)}
3 iiUl{(F, €))} - F(e) isafuzzy leftidea of S
={”U|(F. EMm={GE}y
Hence G(€) isafuzzy Ieft idea of Sfor all el CA;. Thus Ug (R.A;) isafuzzy soft |eft idedl over S.

Let _iﬁl(E,Ai)=(G,.IT‘E|Ai) where G(e):T EJ()F](e),fordl el 'TE|Ai . We define the set L(e)={j:el A;}. Then
i i jTL(e i

forx,yl S
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{G(e )}(XY)—l U F (xy)
|J| k,)
(F(e)(xy)}
(F (€)M} - Fe) isafuzzy leftideal of S

(FEDry) ={G(e} )

IL()‘

||-()

impliesthat G(€) is afuzzy left ided of Sfor al el EA-.Thus E(F,A-) is afuzzy soft left ided over S.
Let _H(F,,A) 1,0 A) where i((g)) = UF(e)fordl @) OA,. Thenforany x,yl S

il il
{l((e))}(><y)={nUI Fi(e)} (xy) = iTUl{(Fi (8 Dxy)} 2 nU|{(Fi (& )} - F(e) isafuzzy leftided of S
={! U (R (e D) ={1((eN} ()
implies that 1((g)) |safuzzy left idedl of Sfor dl (e)1 oA Thus U(F A;) isafuzzy soft |eft ided over

S
Let _TUI(F,,A) (1,06 A) where I((¢))—UF(¢;) fordl (e)i OA,. Thenforany x,yi S

il il
{I((t=f))}(><y)={nUI Fi(q)} (xy) = iTUI{(Fi (8 Doy} 2 nUf{(Fi (& )} - F(e) isafuzzy leftideal of S
={! U (R (e D) ={1((eN}(¥)
implies that 1((e)) |safuzzy left ideal of Sfor adl (e)1 oA Thus U(F A;) isafuzzy soft |eft ided over

S. Similarly we can prove for fuzzy soft right ideals and hence for fuzzy soft two-sided idedls over S.

Proposition 7: Let (F,A) and (G,B) be two fuzzy soft left (right, two-sided) idedls over S and T
respectively. Then their Cartesian product (F,A)" (G,B) is a fuzzy soft left (right, two-sided) ideal over
ST.

Proof: Let (F.A)" (G,B)= (HA" B) where F@AG(b) = H((a,b)) foral (ab)i A" B.
Then for any (x,y), ) ST
{H((@b)} (x.y)(z.1) ={H((@b)} ((xz yt)) ={F@AG(b)} (xz, y1)) ={ (F(8))(x2)} U{ (G(b)) (Y1)}
3 {(F@)(@)} Y (G0) (1)} ={F@AG(0)} (2, y)) ={ H((ab))} (z.1))

implies that H((ab)) is a fuzzy left ided of S for al (ab)l A" B. Thus (F,A) (G,B) is a fuzzy soft left
ideal over S T.
Similarly we can prove for fuzzy soft right ideals and hence for fuzzy soft two-sided idealsover S T.

Proposition 8: Let {S: i I} be a non-empty family of semigroups and {(F,A;):iT 1} be a non-empty
family of fuzzy soft sets, such that (F;,A)) is a fuzzy soft |eft (right, two-sided) idedl over S for eachiil |.
Then O (R, A;) isafuzzy soft left (right, two-sided) idedl over Os;.

i i
Proof: For dl il 1, F(e) isafuzzy |eft ided of S. By definition, for dl ()i O A;,
i 1
(OF(e))(x) = Ui (@) (x)) where x=(x)T O,
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Let O (R.A)=HOA) where, H((g) =BOF (g) foral ()7 O A;. Thenfor any (%), (v)I OS5

{H{(&)} (i) (W) =(?IF|(Q))((W)) = Ui 1 ((F(e)) (rw) 2 Ui ((R(€))(yi)) ~ (e} isafuzzy leftideal of §
= (?IE(Q))((M)) ={H(@)}((N)

implies that H((e)) is a fuzzy left ideal of the product semigroup O's; for dl (e)1 O A;. Thus O (F.A)) is

afuzzy soft |eft ideal over s,

Similarly we can prove for fuzzy soft right ideals and hence for fuzzy soft two-sided ideals.

Lemma 2: If (FA) is a non-empty fuzzy soft set over S, then (s, E)3(F.A)((F.A)3(SE)) isafuzzy soft Ieft
(right) idedl over S.

Proof: Straightforward.

Lemma 3: If (FA) is afuzzy soft right (left) ideal over S, then (F,A)E(S, E)3(F.A)) ((F.A)E(F,A)d(S, E))
isafuzzy soft ideal over S.

Proof: Suppose (F,A) isafuzzy soft right ideal over S. Then

(SE)B((FA)E((SE)S(F.A)) =((SE)GS(F.A)E (SE)S(F.A)E(SE)S(F,A))
=((SE)6(F.A)EWSE)S(F, A)E(S.E)S(F.A) (6. EB(FA)E (S.EDB(FA)
=(SEB(FA)I (FA)E(SE)S(F,A)

So, (F.A)E(S, E)5(F.A)) isafuzzy soft left ideal over S. Now,

(F.A)E((SE)8(F,A))6(SE) =((F.A)B(SE)E (S E)d(F,A)S(S,E))
i (FA)E((SE)S((F.A)BS EN (FA)E(SE)S(F,A)  becauseisafuzzy soft right ideal over S
Thus (F,A)E(S, B)8(F.A)) isafuzzy soft ided over S.

Definition 32: A fuzzy soft set (F,A) over Sis said to be afuzzy soft quasi-ided over Sif F(€) isafuzzy
quasi-ideal of S, for dl & A.

Proposition 9: A non-empty fuzzy soft set (F,A) over Sis afuzzy soft quas-idea over Sif and only if
((F,A)B(S,E)) Gr (SE)S(FANT (FA)

Proof. Suppose that ((F,A)8(S, E)) Cr ((SE)A(F,A)I (FA)
Then (F(e)>S(e)) U(S(e) o F(e) i F(e) P (F(e)o9 U(SeF(e) i F(e)
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for dl el A. This shows that F(e) is afuzzy quas-ideal of S. Conversaly assume that (F,A) is afuzzy soft
quasi-idedl over S. Let ((F,A)6(S, E)) Cr (S,E)o(F,A)) = (G,A) , then

G(e) = (F(e) - S(e)) U(S(e) c F(e)) = (F(e) e S) U Go F(e)) | F(e) foral el A
Thus
((F.A)0(S, E)) Cr (SE)S(FA) (FA)

Remark 4: A fuzzy soft |eft or right ideal over Sis afuzzy soft quas-ided over S, but the
converseis not true in general.

Example 4: Let S be a semigroup of four dements {0,a,b,c} with the following multiplication table:

.]0]al|bl|c
o|jofo|ofo
alOfa|b|oO
bjoj0|0|O
c({0fc|0O0]0

Suppose that E = {e,, &, &, e;} be aset of parameters.
Let A ={e), &, &} and (F,A) be afuzzy soft set over S, defined by the following table

e |e |es
07(0.1]|0.2
07(0.1]|0.2
0 |0 |0

0 |0 |03

O|lo|Y|O| T

Then (F,A) is afuzzy soft quas-ided over S, but not afuzzy soft left (right, two-sided) idedl over S.

Proposition 10: Let {(F,A;):iT I} be anon-empty family of fuzzy soft quasi-ideals over S. Then
1. Ngr(F.A) isafuzzy soft quas-ided over S, provided CA A
iM 1 !
. Ne(F.A;) isafuzzy soft quas-ided over S;
i
TL‘JI(F,,Ai) is afuzzy soft quasi-ided over S,

E (F.A;) isafuzzy soft quasi-ideal over S, provided A; CA,; =4 for dl il landit]j.

2
3.
4

Proof: Let ﬂe(FI,Ai):(H,TEIAi) where H(e):.TEJ()FJ(e), for al el ‘ITélAi' We define the set
i i e i

L(e)={j:el A}. Now H(e) is a fuzzy quasi-ided of S being the intersection of fuzzy quas-ideals of S.

Thus Ne(F.A;) isafuzzy soft quasi-ided over S.
i
Similarly we can prove 2, 3 and 4.

Definition 33: A fuzzy soft semigroup (F,A) over a semigroup Sis said to be a fuzzy soft bi-ideal over S
if F(e) isafuzzy bi-ideal of Sfor every e A.
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Proposition 11: A fuzzy soft semigroup (F,A) over S is a fuzzy soft bi-ided over S if and only if

—

(F.A)a(s, E)o(F.A)T (F.A).

Proof: Supposethat (F,A) isafuzzy soft bi-ideal over S.
Let (F.A)o(S, E)o(FA)=(H,A). Then

H(e) =F(e)oS(e) o F(e) =F(€)o So F(e) I F(e) fordl el A
Thus (F,A)a(S, E)a(F.A)T (F.A) . Conversely, suppose that (F,A)a(S, E)o(F.A)T (F.A). Then
F(e)oS(e)oF(e) T F(e)p F(e)oSoF(e)i F(e)
Thus F(e) is afuzzy bi-ided of Sfor al el A. Hence (F,A) is afuzzy soft bi-ided over S.

Proposition 12: Let (F,A) be a non-empty fuzzy soft set over S and (G,B) be afuzzy soft bi-ideal over S.
Then the products (F,A)6(G,B) and (G,B)o(F,A) are fuzzy soft bi-ideals over S, provided ACB* £.

Proof: First we note that if (F,A)5(G,B)=(H,A ¢ B) where H(e) =F(e)-G(e), fordl el ACB then

(H,A GCB)o(H,AGB)i (H,AGB)
Thus (F,A)0(G,B) isafuzzy soft semigroup over S. Now we suppose that

(H,A GCB)d(S,E)d(H,A GB)=(I,AC B) where 1(e) =H(g) > S(e) o H(e)
Then
1(e) =H(e)>S(e)o H(e)

=(F(e)°G(€)) oS- (F(e)G(e)

=F(e)o(G(€)>S-F(e)oG(e)

[ F(e)°(G(€)°S-G(e))

I F(e)-G(e)

=H(e) foralel ACB.

Thisimplies that (H,A CB)a(S,E)o(H,A CB)i (H,ACB). Thus (FA)5(G,B) isafuzzy soft bi-idea over S.

Smilaly (G,B)6(F.A) isafuzzy soft bi-idea over S.

Proposition 1: Let {(F, A;):iT 1} be anon-empty family of fuzzy soft bi-ideals over S. Then
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Nr(F.A) isafuzzy soft bi-ided over S, provided CA A

i I

Ne(F.A;) isafuzzy soft bi-idedl over S;

i

_TUl(FI,Ai) is afuzzy soft bi-ided over S;

E (F.A;) isafuzzy soft bi-ideal over S provided A, cA = fordli,jl 1 andi].

A W N

Proof: We have aready proved in Theorem 4, that the intersections of such family of fuzzy soft
semigroups is a fuzzy soft semigroup over S, so we only need to show the following:

Let Nk (FR.A)) =(H.CA) where H(e) :TL‘JlF,(e) for dl el CA;. Thenforany x,y, 2 S
ii | I 1 1
{H(e)} (xy2) :{i H = (e)} (xyz) = iTUI{(Fi (e)xy2)} 2 iH{(E €)) U(F(e))(@)} - F(e) isafuzzy bi-ideal of S
=E0U(R ()00} SUEDL(R (D@} 2=F U (e} (0 20F U(R(eD} @I=((H(€)00} U H(e)(@)
Hence H(e) is afuzzy bi-ided of Sfor dl el _IglAi . Thus Nk (F.A;) isafuzzy soft bi-idea over S.

il
Similarly we can prove 2, 3 and 4.

Remark 5: A fuzzy soft quas-ided over S is a fuzzy soft bi-idedl over S, but the converse of this
statement is not true. Thisis shown in next example:

Example 5: Let S be asemigroup of four eements {0,ab,c} with the following multiplication table:

O|lal|b]c
o|j0l0]0OfO
al0|0|0]|O
b[0o[0]|0]a
c|0fO0]|alb

Suppose that E = {ey, &, &} be aset of parameters.
Let A ={e;, &5} and (F,A) be afuzzy soft set over S, defined by the following table

e |es
0.7105
0 |01
07105
c|0 |01

Then (F,A) is afuzzy soft bi-ided over S, but not a fuzzy soft quasi-ideal over S.

oT|Q O

Definition 34: A fuzzy soft set (F,A) over a semigroup S is said to be a fuzzy soft generalized bi-idedl
over S, if F(e) isafuzzy generalized bi-ideal of Sfor every el A.

Proposition 14: A fuzzy soft set (F,A) over S is a fuzzy soft generalized bi-ided over Sif and only if
(FLA)O(SE)O(F,A)I (FA) .

Proof: Straightforward.
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Proposition 15: Let (F,A) and (G,B) be two fuzzy soft generdized bi-ideals over S. Then their restricted
product (F,A)5(G,B) is afuzzy soft generdized bi-idedl over S.

Proof: Let (F,A)3(G,B))=(H.ACB) where H(e)=F(€)-G(e) for dl el ACB. Since F(e) and G(€) are fuzzy
generalized bi-ideals of S, so their product F(€)-G(e) is aso a fuzzy generdized bi-ided of S for dl
el AGB. Thus (F,A)o(G,B) isafuzzy soft generdized bi-idedl over S.

Proposition 16: Let (F,A) and (G,B) be two fuzzy soft generalized bi-ideals over S. Then their extended
product (F,A)o.(G,B) isafuzzy soft generalized bi-idedl over S.

Proof: Let (F,A)o.(G,B)=(H,A EB) where
i Fle ifelA-B
H(e)=f G(e) ifel B-A
[F(e)oG(e) ifel ACB
for dl el AEB. Since F(e) and G(e) are fuzzy generalized bi-idedls of S, so their product F(e)-G(e) isaso
a fuzzy generdized bi-ided of S for dl el ACB. Therefore in any of the above three cases, H(e) is a
fuzzy generdized bi-ided of S for dl el AEB. Thus (F,A)8,(G,B) is a fuzzy soft generalized bi-ideal

over S

Proposition 17: Let (F,A) and (G,B) be two fuzzy soft generdlized bi-ideals over S. Then their Cartesian
product (internal) i.e. (F,A)6 (G,B)isafuzzy soft generalized bi-idedl over S.

Proof: Let (F,A)o (G,B)=(H,A" B) whereH((ab)) =F(@-G(b) fordl (a,b)l A" B.

Since F(@ and G(b) are fuzzy generalized bi-ideals of S, so their poduct F(@)-G(b) is dso a fuzzy
generalized bi-idedl of Sfor dl (ab)l A B. Thus (F.A)o (G,B) isafuzzy soft generaized bi-idedl over S.

A fuzzy soft bi-ided over S is a fuzzy soft generalized bi-ided over S, but the converse is not true.
Thisis shown in following example:

Example 6: Let Sbe asemigroup of four elements{ab,c,d} with the following multiplication table:

SQlo|lTo|o
Do |o|w|®
vl ||
Clo|lo|o|®
clolglepla

Suppose that E = {e,, &, &, e;} be aset of parameters.
Let A ={e), &, &} and (F,A) be afuzzy soft set over S, defined by the following table

& | &
05107
0 |0
02107
0 |0

OO0 |o|| M
[l Nl Wl )
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Then (F,A) isafuzzy soft generalized bi-ideal over S, but not afuzzy soft bi-ided over S.

Definition 35: Let (F,A) be afuzzy soft set over Sthen it is said to be a fuzzy soft interior ided over Sif
F(e) isafuzzy interior ideal of S, for dl € A.

Proposition 18: A fuzzy soft set (F,A) over S is a fuzzy <oft interior ided over S if and only if
(S,E)o(F,A)0(S,E)l (FA).

Proof: Let (F,A) be a fuzzy soft interior ided over S and (SE)A(F.A)6(SE)=(HA) where
H(e) =S(e) - F(e)-S(e), for dl el A. Then H(e)=S(e)-F(e)oS(e)=S-F(e)-Si F(e) because F(e) is a
fuzzy interior ided of S. Thus (S,E)o(F,A)o(S,E)i (F.A) .

Conversely, assume that (S,E)o(F,A)OSE)i (FA). Then S(e)oF(e)oS(e)1 Fe)p SoFeoSi Fe) for dl
el A. So F(e) is a fuzzy interior ideal of S. Thus (F,A) isafuzzy soft interior ideal over S.

Proposition 19: Let{(r,A;):iT 1} be anon-empty family of fuzzy soft interior ideals over S. Then
1. Nr(R.A;) isafuzzy soft interior ideal over S, provided CA A

. Ne(F.A;) isafuzzy soft interior idedl over S;

2
3. U(R.A;) isafuzzy soft interior ideal over S;
4

: TEI(F,,Ai) isafuzzy soft interior ideal over S, provided A; CA; =4 for dl il landit]j.

Proof: Let ﬂR(F,,Ai)=(H,_IQ|Ai) where H(e):_Hﬁ(e) fordl el CA;. Thenforany x,y,d S
i i ! !
(H(e))(xay) ={}J|:i (e)} (xay) = U{(F,(e))(xay)}* U{(F(e))(@)} - F(e) isafuzzy interior ideal of S
il il i

={ U(R(EN @ =(H(eh@

Hence H(e) is a fuzzy interior ided of Sfor al el CA;. Thus Nk (R.A;) isafuzzy soft interior ideal over

i
S.
Similarly we can prove 2, 3 and 4.

Remark 6: Note that every fuzzy soft ided is a fuzzy soft interior ideal over S, but the converse is not
true.

Example 7: Let S be asemigroup of four eements {ab,c,d} with the following multiplication table

Qlo|lo|o
Ol ||| ®
ol
T|o|lo|e|®
clolglpla
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Lt E={ey, &, 6, &, &} beaset of parametersand A ={ey, &}. Let (F,A) beafuzzy soft set over S,
given by the following multiplication table

€ | €3
0.7]0.6

03]0.2

QIO |o|| M
o
o

Then (F,A) isafuzzy soft interior ideal over Swhich is not afuzzy soft two-sided idedl.

REFERENCES

Zadeh, L.A., 1965. Fuzzy sets. Inform. and Control, 8: 338-353.

Mordeson, JN., K.R. Bhutani and A. Rosenfeld, 2005. Fuzzy group theory, Springer.

Mordeson, JN., D.S. Maik and N. Kuroki, 2003. Fuzzy semigroups, Springer.

Ahsan, J, R.M. Latif and M. Shabir, 2001. Fuzzy quasi-idedls in semigroups. The J. Fuzzy Math., 9

(2): 259-270.

Ahsan, J, K.Y. Li and M. Shabir, 2002. Semigroups characterized by their fuzzy bi-ideals. The J.

Fuzzy Math., 10 (2): 441-449.

Molodtsov, D., 1999. Soft set theory first results. Comput. Math. Appl., 37: 19-31.

Mgji, PK., R. Biswas and R. Roy, 2003. Soft set theory. Comput. Math. Appl., 45: 555-562.

Maji, P.K., R. Biswas and R. Roy, 2001. Fuzzy soft sets. The J. Fuzzy Math., 9 (3): 589-602.

Feng, F., Y.B. Jun and X.Z. Zhao, 2008. Soft semirings. Comput. Math. Appl., 56: 2621-2628.

0. Ali, M.I., F. Feng, X.Y. Liu, W.K. Min and M. Shabir, 2009. On some new operations in soft set

theory. Comput. Math. Appl., 57: 1547-1553.

11. Ali, M.l. and M. Shabir, 2009. Soft ideals and generalized fuzzy ideals in semigroups. New Math.
Nat. Comp., 5: 599-615.

12. Cheng-Fu Yang, 2011. Fuzzy soft semigroups and fuzzy soft ideals. Comput. Math. Appl., 61: 255-
561.

13. Ali, M.1. and M. Shabir, 2010. Comments on De Morgan's law in fuzzy soft sets. The J. Fuzzy Math.,
18: 679-686.

14. Howie, JM., 1976. An introduction to semigroup theory. Academic Press.

AWDNPE

o

© 0N

=



