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Abstract: In this paper, we have studied the algebraic operations of fuzzy soft sets to establish their basic
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INTRODUCTION

While modeling most of the real world problems, vagueness or fuzziness of data creates difficulties
and we do not get the required results. This inaccuracy and imprecision cause problems in the successful
implementation of a mathematical moddl. To handle these uncertainties, different theories and approaches
have been adapted so far. L.A. Zadeh [1] introduced his revolutionary concept of a fuzzy set in 1965.
Fuzzy set theory is applied in dmost dl the branches of mathematics. After that, many theories like
Theory of Rough Sets [2], Intuitionistic Fuzzy Sets [3] and Vague Set Theory [4] were introduced. All
these theories have their own difficulties and limitations.

One problem was the inadequacy of the parameterization tool, which had been shown quite evidently
by Molodtsov in his paper [5] in 1999. He proposed the new approach of soft set theory for dealing with
the uncertainties of data. Molodtsov showed the applications o soft sets in various fields like stability and
regularization, game theory, operations research and anaysis. Mgi and Roy presented a theoretical study
[6] and defined severd operations on soft sets. In 2001, they proposed the concept of "Fuzzy Soft Sets'
[7] and later on applied the theories in decision making problem [8, 9]. Different algebraic structures and
their gpplications have also been studied in soft and fuzzy soft context [10-16].

Irfan et al. pointed out some basic problems in the results related to the operations defined on fuzzy
soft sets. The incorrectness of assertions comes before us while the operations are performed on more
than two fuzzy soft sets. In their paper [17], some new operations are defined for fuzzy soft sets and
modified results and laws are established. In this paper, we step forward in the same direction and define
the associativity and distributivity of these operations. The paper is organized in five sections. First we
have given preliminaries on the theories of fuzzy soft sets. We have used new and modified definitions
and operations from [17] to discuss the properties of associativity and distributivity of these operations for
fuzzy soft sets. Counter examples are provided to show that the converse of proper inclusionsis not true
in generd. After accomplishing an account of agebraic properties of fuzzy soft sets, we study the overall
algebraic structures of collections of fuzzy soft sets. Basically there are two types of collections of soft
Sets; one consists of those fuzzy soft sets with afixed set of parameters while the other contains fuzzy soft
sets defined over the same universe with different set of parameters. Both collections have some common
and some different algebraic properties and therefore the algebraic structures also differ. We see four
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commutative monoid and eight semirings of fuzzy soft sets with respect to the extended or restricted
operations. The lattice structure of these collections is discussed and we find that the collection of dll
fuzzy soft sets is a bounded distributive lattice and the collection of fuzzy soft sets with a fixed set of
parameters becomes a Kleene algebra. At the end we define pseudo-complement of afuzzy soft set and
with these pseudo-complements; this collection becomes a stone algebra.

FUZZY SOFT SETS

In this section we present the theory of fuzzy sets and fuzzy soft sets, taken from [2, 9, 17]. Let
U beaninitial universe set, E be a set of parameters and A,B be the subsets of E. Let FP(U)
denotes the set of al fuzzy subsets of U.

Definition 1: A fuzzy subset of U is afunction from U into the unit closed interva | [0,1]. The set of dl
fuzzy subsets of U is called the fuzzy power set of U and is denoted by FP(U).

Definition 2: Letp, ul FPU). If m(x) Eu(X) (m(x)2u(x))for al ¥ U. Then p is said to be
contained in u and we write mi u( or u E .
Clearly, theinclusion rdlation | is apartial order on FP(U).

Definition 3: Let g, ul FP(U). Then plu and plu are fuzzy subsets of U, defined as follows:
Foral X U,

(mUu)(x)=m(x)0u(x), (mUu)(x)=m(x)0u(x).
The fuzzy subsets pUu and pUu are caled the union and intersection of fuzzy subsets p and u,
respectively.

Definition 4: [9] A pair (FA) is caled a fuzzy soft set over U, where F is a mapping given by
F:A® FPU).

Definition 5: [9] For two fuzzy soft sets (F,A) and (G,B) over acommon universe U, we say that (F,A) is
afuzzy soft subset of (G,B) if

1) Al Band

2) Fordld A, F(e)isafuzzy subset of G(e).

We write(F, A)I” (G,B) . (FA) is said to be a fuzzy soft super set of (G,B), if (G,B) is a fuzzy soft
subset of (F,A). We denoteit by (F, A) E (G,B).

Definition 6: [9] Two fuzzy soft sets (F,A) and (G,B) over acommon universe U are said to be fuzzy soft
equal if (F,A) isafuzzy soft subset of (G,B) and (G,B) is afuzzy soft subset of (F,A).

Definition 7: [11] Let E ={ey, &,..., &} be a set of parameters. The NOT set of E denoted by @E is
defined by OE ={Je,, De, ,..., De.} where, De =not e for dl i.

Definition 8: [9] The complement of a fuzzy soft set (F,A) is denoted by (F,A)° and is defined by

(F,A)CZ (F¢,A), where F° :@A® FP(U) is a mapping given by F°@)=1- F(@a), for al

al OA.
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Let us call F to be the fuzzy soft complement function of F. Clearly (F)° is the same as F and

(F,A°) =(F,A.

Definition 9: [9] If (F,A) and (G,B) are two fuzzy soft sets over the same universe U then "
(F,A)AND G B)" is a fuzzy soft st denoted by (F,A)U(G,B) and is defined by
(F,A)U(G,B)=(H, A B) where, H((a,b))=F(a) UG(b)forai(a,b)] A" B. Here Uisthe
operation of intersection of two fuzzy sets.

Definition 10: [9] If (F,A) and (G,B) are two fuzzy soft sets over the same universe U then "
(F,AJORG,B)" is a fuzzy soft set denoted by (F,A)U(G,B) and is defined by
(F,A)U(G,B)=(0, A" B) where, O((a,b))=F(a)UG(b)fordI(a,b)T A’ B. Here Uisthe
operation of union of two fuzzy sets.

The following De Morgan's types of results are true.
Proposition 1: [9]

1) ((F,A)U(G,B)° =(F,A" U(G,BY),

2 ((F,A)U(G,B))" =(F,A° U(G,B)".

Definition 11: [9] Union of two fuzzy soft sets (F,A) and (G,B) over the common universe U is the fuzzy
soft set (H,C), where C = AEB and for dl el C,

i F(e if el A-B
He)={ G() ifel B-A
{F(eUG(e if el ACB
We write (F,A)E (G,B)=(H, C)

Definition 12: [2] The extended intersection of two fuzzy soft sets (F,A) and (G,B) over a common
universe U, is the fuzzy soft set (H,C) where C = AEB and for dl & C,

F(e) if el A-B
G(e) if el B- A
F(e)UG(e) if el ACB

H(@)=
i

We write (F,A)C(G,B)=(H,C)

Definition 13: [2] If (F,A) and (G,B) are two fuzzy soft sets over a common universe U such
that AC Bt A, then their redtricted intersection is a fuzzy soft st (H,ACB) denoted by

(F,A)n(G,B)=(H,ACB) where H is a function from AGCB to FP(U) defined as
H(e) = F(e)UG(e) fordl el ACB.
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Definition 14: [2] If (F,A) and (G,B) are two fuzzy soft sets over a common universe U such that
AC B! £, then their redricted union is a fuzzy soft st (H,ACB) denoted by

(F,A)Ju(G,B)=(H,ACB) where H is a function from AGB to FPU) defined as
H(e)=F(e)UG(e)fordl e ACB.

Definition 15: [2] Let U be aninitia universe set, E be the set of parameters and A be anon-empty subset

of E. Then

1) (FA)iscdled ardative null fuzzy soft set (with respect to the parameter set A), denoted by F 4, if
F(e) = Afordl el A, where £ is the fuzzy subset of U mapping every eement of U on O.

2) (G,B) iscdled a reative whole fuzzy soft set (with respect to the parameter set A), denoted by U, if
G(e) = 1for al el A, where 1 isthe fuzzy subset of U mapping every eement of U onto 1.

The relative whole fuzzy soft set Ug with respect to the set of parameters E is called the absolute
fuzzy soft set over U.

Definition 16: [2] The relative complement of a fuzzy soft set (F,A) is denoted by (F,A)¢and is defined
by (F,A)¢= (FGA) where F': A® FP(U) isamappinggivenby F(@)=1- F(a),fordl al A.

Theorem 1. [2] Let (F,A) and (G,B) be two fuzzy soft sets over a common universe U, such that
AC B! &£.Then

) ((F,A)m(G,B)) =(F,A u(G,B)
2 ((F,A)u(G,B)) =(F,A m(G,B).

Theorem 2: [2] Let (F,A) and (G,B) be two fuzzy soft sets over a common universe U. Then the
following are true

1) ((F,A)E (G,B))"=(F,A°C(G,B)
2 ((F,A)C(G,B)*=(F,AE(G,B)".
The Algebraic Structures of Fuzzy Soft Sets

For this section, U isan initid universe, E is a non-empty set of parameters and A, B, C are subsets of
E. A fuzzy soft set (F,A) over U is said to be non-empty if (F, A)* F ,. We denote the collections as
follows:

1) FSSU)F : The collection of al fuzzy soft sets defined over U
2) FSS(U),: Thecollection of al fuzzy soft sets defined over U with afixed set of parameters A.

We note that the collections are partially ordered by relation of soft inclusion " T ". In this section we
discuss associative and distributive laws with respect to different operations of union and intersection
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which  ae defined for fuzzy soft sets.  Conventiondly, we assume that

(F,A)n (G,B)=(F,A)u(G,B)=F . whenever AG B = 4.

Proposition 2: "Associative Laws' Let (F,4),(G, B)and (H,C) be any fuzzy soft sets over U. Then

) ((F.A)m(G,B))m(H,C)=(F,A)a((G B)m(H,C)),
2 ((F,A)u(G,B))u(H.C)=(F,A)u((GB)u(H,C)),
3 ((F,A)E(G,B)E(H O=(F,AE((G,B)E(H,C)),
4 ((F.A)C(G,B)C(H O =(F, A T((G,B)G(H,C)).

Proof: Straightforward.

Remark 1: In general the operations U and U are not associative because
(A"B) CtA(B'C)

but if we take
(A BPC=A"B"C=A"B C)
then
((F.A)U(G,B))U(H.C) =(F.A) U((G,B)U(H,C))
And

((F,A)U(G,B))U(H,C)=(F,A) Y(G B)U(H,C)).

Proposition 3: "Didtributive Laws' Let (F,A) and (G,B) and (H,C) be any fuzzy soft sets over U. Then
D (F,A)n((GB)E(H.C))=((F.A)n(G.B))E(F.A)a(H.C),

2 (F.A)n((GB)u(H,.C)=((F.A)n(c.B))u(F.A)n(H.C)
3 (F.A)n((G B)C(H,C)) =((F. A)n (G.B))C (F. A)m (H.C))
4 (F,Au((GB)E(H,C))=((F,Au(G,B))E(F,Au(H,C)),
5 (F,A)u((GB)a(H,C))=((F,Au(G,B))m(F,Au(H,C)),
6 (F.AU((GB)C(H.C))=((F.A)u(G.B))C(F. Ay (H.C)
7 (F.A)E (G B)G(H.C)E ((F. AE (G.B))C (F.A)E (H.C)).
8 (F,A)E((GB)u(H,C))T ((F,A)E(G,B))u(F,AE(H,C)),
9 (F,AE((GB)m(H,C))=((F,AE(G,B))m((F,AE(H,C)),
10) (F. A)C((G B)E(H,C))I" ((F.AC (G.B))E (F.A)C(H.0),
11) (F. )G (G B) u(H.C)) =((F.A)C (.B)) u(F. A C(H.C)).
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1) (F,A)C((G B)m(H,C))E((F,A) C(G,B))m(F,A) C(H,C)).

Proof: We just prove (1), the other parts can be proved in asimilar way.

1) Forany el AC(BEC)=(AC B)E (ACC),

1G(e) if el B-C
(GEH)(e)={H(e) ifel C- B
IG(e)UH(e) ifel BGC
and
iF(e)UG(e) if el AC(B- C)
(F M(GE H))(e)= | F(e) UH (e) if el AC(C- B)
LF(e)UG(e)UH ()  if el AG(BGC)
Consdering the other side, we have
|(F nG)(e) if el (ACB)-(ACC)
((FnG)E(FmH))(e)-.(FmH)() if el (ACC)- (ACB)
L(FmG)(e) U(F mH)(e) if el (ACB)C(ACC)
1 F(e)UG(e) if el AC(B- C)
=t F(e UH (e) if el AC(C- B)
L(F(e)UG(e) U(F (e)UH (e))  if el AC(BGC)
i F(e) UG(e) if el AC(B-C)
=1 F(eUH (¢) if el AC(C- B)

LE@©U(GE)UH(e) if el AC(BCC)
=(FA(GE H))(e
Thus

(F,A)m((G B)E(H,C))=((F, A)m(G,B))E ((F, A)m (H,C)).

Similarly right digtributive laws are defined. Next example shows that generdly equality does not
holdin 7, 8, 10 and 12.

Example 1: Let U be the set of houses under consideration and E be the set of parameters,

U :{h11 r}Z! k}jl h41 h5}
E={e, &, &, &, &} ={beautiful, wooden, cheap, in good repair, furnished}

Supposethat A = {ey, &, &}, B ={e;, &, &} and C ={es, &, &}
Let (F,A) and (G,B) and (H,C) be the fuzzy soft sets over U defined by the Table 1-3:

Table 1: (FA)

F €1 ) €3
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hy 0.1 0.7 0.3
h, 0.2 0.9 0.7
he 0.3 0.2 05
he 0.7 0.4 0.2
he 0.4 0.1 0.6
Table 2: (G,B)
G e e e
P 0.3 06 0.4
h, 0.7 1.0 0.2
he 0.6 0.3 0.7
he 0.9 0.2 0.8
he 0.1 05 0.7
Table 3: (H,C)
H e & €
P 0.7 05 0.7
h, 0.8 05 0.8
he 05 0.3 0.2
he 0.4 0.1 0.3
he 0.4 0.4 0.9
Then
FEGUH)| & | & | & |8 (FEG)U(FEH) | g | & | & | g

h 01]/07]07]05 h 01]/07]0705

h, 02]09]10]03] h, 02091003

h, 03]/02]05]07 h, 03]/06]05]07

h, 07]04]04]08 h, 07090408

h o4|o01|06]07 h o4|o01lo06]07

From these tables, we see that
(FE(GUH))e)I (FEG)U(FEH))e).

Thus

Now

((F,A)E(G,B)) Yy(H,C).= (F,AE (G,B) W ((F,AE(H,C)).
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FCGnH)| g | e |8 |8 (FCOM(FCH) | & | & | & | 8§
h 01({07(03|04 h 01(03|03|04
h, 02(09]07]0.2 and h, 02(0.7]07]0.2 .
h, 03]02[03]0.2 h, 03[02]03]02
h, 07(04|02|01 h, 0704|0201
h 0401|0404 h 04(01|04|04

From the above tables we see that
(FC@GmH))(Ee) (FCG)A(FCH)(E)
Thus
((F,A)G(G,B)m(H,C) = ((F,A)G(G,B) m((F,A) C(H, O).
Similarly, it can be shown by computations that
(F,AE ((G,B)C(H, C)* ((F,AE (G,B)C ((F,AE(H,C))

(F,AC(G,B)E(H,C)* ((F,AC(G,B)E ((F,AC(H,Q))
In the next propositions, we give a necessary and sufficient condition that will ensure the equality.
Proposition 4: Let (F,A) and (G,B) and (H,C) are three fuzzy soft sets over U. Then

) (F,AE(G,B)C(H,C)= ((F,AE (G,B)C ((F,AE (H,C)) ad
(F,AC((G,B)M(H,C))=((F,A)C(G, B)m((F,A C(H,C)) if and only if F(e)l G(e)
fordl el (ACB)- Cand F(e)i H(e) fordl el (ACC)- B.

2 (F,AC(G,B)E(H,C)= ((F,AC (G,B)E ((F,AX (H,C)) and
(F,AE((G,B)u(H,C))=((F,A)E(G,B) U((F,A E(H,C))if and only if F(€) E G(e)

for
dl el (ACB)- Cand F(e) E H(e) foral el (ACC)- B.

Proof: Forany el AE (BEC)=(AC B)E (ACC)

1F(e) if el A- BEC)
+G(e) if el B- (AEC)
TH(e) if el C- (AEB)
(FE(GCH))©)={F(e)UG(e) if el (ACB)- C
LF(e)UH () if el (ACC)- B
iG(e)UH (e) if el BCO)- A
1F(e)U(G(e)UH(e))  if el AG(BGC)
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1F(e) if el A-(BEC)
+G(e) if el B- (AEC)
TH(e) if el C- (AEB)
=:'F(e) if el (ACB)-C
LF(e) if el (ACC)- B
i G(e)UH (e) if el (BCC)- A
{F(e)UG(e)UH (e)  if el AG(BGC)
| F(e) if el A- (BCC)
' G(e) if el B- (AEC)
=! H (e) if el C- (AEB)
! G(e)UH (¢) if el (BCO- A
§F(e) U(G(e)UH (e)) if el AC(BCC)
Considering the other side, we have

1F(e)UF(e) if el A- BEC)

+G(e) if el B- (AE C)

TH(e) if el C- (AEB)

(FEG)C(FEH))(e= l( F(e)UG(e)) UF(e) if el (ACB)-C

LF(e) U(F(e)UH (e)) if el (ACC)-B

 G(e) UH (e) if el (BCO- A

l(F(e) G(e)U(F(@UH(e)  if el AC(BGO)

F(e) if el A- BEC)

: (e) if el B- (AEC)

H (e) if el C- (AEB)

—: F(e) if el (ACB)-C

: F(e) if el (ACC)- B

iG(e)UH (e) if el BCO)- A

{(F(e)UG(e))U(F(e)UH ()  if el AC(BCO)

=(FE(GCH))(®

Thus
Conversdly if

then for any

(F.AE ((G,B) G(H, O)= ((F,AE (G,B))C ((F,A)E (H,C))

(F,AE ((G,B) G(H, O)= ((F,AE (G,B)C ((F,AE (H,C))

el (ACB)- C,F(e)UG(e) =(F(e) UG(e)) UF(e)p
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F(e)UG(e)i F(e)i F(e)UG(e)p F(e)=F(e)UG(e)p G(e)i F(e)

Similarly we can provethat F(€) I H(e) fordl el (ACC)- B.
Remaining parts can be proved in asimilar way.

Coroallary 1: Let (F,A) and (G,B) and (H,C) are three fuzzy soft sets over U. Then

) (F,AE(G,B)C(H,C)= ((F.AE (G.B)C ((F,AE (H,C))
2 (F.,AC(G.B)E(H,C)= ((F,AC (G,B)E ((F.AX (H,C))

if and only if F(e) = G(e) for dl el (AC B)- C and F(e) = H(e) for dl el (ACC)- B.

Corollary 2. Let (FA) and (GB) and (H,C) are three fuzzy soft sets over U, such that
(AC B)- C=(AGC)- B=/ (Empty Set) then

1) (F,AE(G,B)G(H,C)= ((F.AE (G.B)C ((F,AE (H,C)),
2 (F,AC(G,B)E(H,C)= ((F.AC (GB)E (F.AC(H,C)).

Corollary 3: Let (F,A) and (G,A) and (H,A) are three fuzzy soft setsover U. Then

(F, Aa((G,A)b H,A) =((F,ANa(G,A)b ((F,Aa H,A)
for diginct a ,b 1 {E,u,C, @} .

Proposition 5: Let (F,A) be afuzzy soft set over the universe set U. Then

1) "ldempotent Law" (FA) a(FA) = (FA), fordl al {E,u,C, A}
2 (F,AaF ,=F , fordl al {C,A}

3 (F,AaF ,=(F,A),fordl al {E,u}

4) (FA)aUg=(FA) fordl al {C,m}

5 (FA)aUg=Ugfordl al {E,U}.

Proof: Straightforward.

Proposition 6: "Least upper and greatest lower bounds' Let (F,A) and (G,B) be two fuzzy soft setsover a
common universe U. Then the following are true:

1) (F,AE (G,B) isthe smallest fuzzy soft set over U which contains both (F,A) and (G,B),
2 (F,A)n (G,B)isthelargest fuzzy soft set over U which is contained in both (F,A) and (G,B).

Pr oof
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1) (F,Af (F,A)E(G,B) and (G,B)I" (F,AE(G,B), because Al AEB, Bi AEB and
F(e) 1 F(eUG(e), G(e)i F(eUG(e). Let (H,C) be any fuzzy soft set over U, such that
(F,AF (H,C)and (G,B)I" (H,C). Then AEBI C and F(e)I H(e), for dl €l A,
G(e) | H(e)for dl el B implies tha (FEG)e) H(e) for adl el AEB. Thus
(F,AE (G,B)I"(H,OC).

2 (F,A)m(G,B)T (F,A) and (F,A)n(G,B)I (G,B), because AG Bi A, AC Bi B and
F(eUG(e) 1 F(e), F(eUG(e)i G(e) foral el ACB. Let (H,C) beany fuzzy soft set over
U, suchthat and (H,C) [ (G,B).Then Ci ACB and H(e)i F(e), H(e)I G(e) fordlel C
impliesthat H(e) I F(e) UG(e) =(F mG)(e) fordl & C. Thus (H,C) [ (F,A) m(G,B).

Proposition 7: Let (F,A) and (G,B) be two fuzzy soft sets over acommon universe U. Then,
(F,Am(G,A)=(F,AC(GA,(F,AU(G,A =(F, AE (G,A).
Proof: Straightforward.

Proposition 8: "Commutative Laws' Let (F,A) and (G,B) be two fuzzy soft sets over U. Then

(F,Aa (G,B)=(G Ba(F,A),fordl al{E,u,C,m}
Proof: Straightforward.

Proposition 9: "Absorption Laws' If (F,A) and (G,B) are two fuzzy soft sets over U. Then

(F,AC(F,AUG,B)=(FA

(F,AU ((F,A)Q(G,B)) =(F, A

(F,Am((F,AE (G,B) =(F, A

(F,AE ((F,A)m (G,B)) =(F, A
Proof: Forany el A,

i F(e) if el A- (ACB)
(FG(FUG)@E = (FuG)e ifel (AC B- A
IF@U(FuG)e ifel AC(ACB)
_1 F(e) ifel A- (ACB)
"1 F(e) U(F(e) UG(e)) ifel ACB
_iF@ ifel A-(ACB)
“1F@ ifel ACB

=F(e)
The remaining parts can also be proved smilarly.
Definition 17: A Semigroup (S,*) is a non-empty set with an associative binary operation *. Usually we

write xy instead of x*y. If there exists an lement el S such that ex = xe = x for dl x in S then we say that
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S is a monoid with identity dement e. An dement X Sis caled idempotent if xx = x. We say that Sis
idempotent, if every element of Sisidempotent.

Definition 18: A Semiring (R,+,% is an algebra consigting of a non-empty set R together with two binary
operations called addition and multiplication (denoted in usua manner) such that the following conditions
hold:

1) (R+% isacommutative monoid with additive identity O
2 (RJisamonoid with additive identity 1
3) Multiplication is digtributive over addition from either side,

axb+c)=a*b+a>x and (b+c) xa= bxa+ cxa fordl a,b,cl R
4) Oa=a0=0fordld R.

We summarize the above results by giving the following observations about the agebraic structures
of fuzzy soft sets:

1) (FSS(U)F,u) isacommutative monoid with identity F ¢, (FSSU),,V) is its subsemigroup with
identity

F A
2 (FSS(U)F,m)is a commutative monoid with identity Ug, (FSSU),,M)) isits subsemigroup with
identity

Ua,
3 (FSS(U)F,QC) is acommutaive monoid with identity F,, (FSS(U),,C) isits subsemigroup with
identity

Ua,
4) (FSS(U)F,C) is a commutative monoid with identity F ,, (FSS(U),,E) isits subsemigroup with
identity

F A
We see the following semiring structures:

1) (FSS(U)®,C,u) is a commutative, idempotent semiring with identity element F ¢ because
(F,AUF _=(F, A, for every (F,A) in FSS(U)%,

2 (FSS(U)F,E,m) is a commutaive, idempotent semiring with identity element Ug because
(F,AmU. =(F, A, for every (F,A) in FSS(U)",

3 (FSS(U),M,E) is a commutative, idempotent semiring with identity element F, because
(F,AEF, =(F,A), for every (F,A) in FSS(U)",

4) (FSS(U)E,m,u) is a commutative, idempotent semiring with identity dement F ¢ because
(F,AUF _=(F, A, for every (F,A) in FSS(U)%,
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5 (FSS(U)%,m,C) is a commutative, idempotent semiring with identity dement F, because

(F,ACF, =(F,A), for every (F,A) in FSS(U)",

6) (FSS(U)F,uU,E) is a commutative, idempotent semiring with identity dement F, because
(F,AE F, =(F,A), for every (F,A) in FSS(U)",

7) (FSS(U)F,u,C) is a commutative, idempotent semiring with identity dement F, because
(F,ACF, =(F,A), for every (F,A) in FSS(U)",

8 (FSS(U)F,u,m) is a commutative, idempotent semiring with identity eement Ug because
(F,A MU, =(F, A, for every (F,A) in FSS(U)".

Proposition 10: (FSS(U)E,C,u), (FSS(U)E,u,C), (FSS(U)E,E, @) and (FSSU)E,m,E) are
distributive lattices.

Proof: Straightforward.

Proposition 11: (FSS(U)E,m,E) is abounded distributive lattice, with least element F , and greatest
element Ug while (FSS(U)© E,m,U.,F, ) isitsdua.

Proof: Straightforward.

Proposition 12: (FSS(U),,m,E)=(FSS(U),,C, V) is a bounded distributive latice, with least
element F , and greatest element U,.

Proposition 13: "Involution” Let (F,A) and (G,B) be two fuzzy soft sets over U. Then

) (F.A))=(F,A
2 (F,AT (G,A) implies (G,A I ((F, A’

Pr oof
1) ((FA)9C= ((FEA))L= ((FAGA) = ((FOGA)

Now,
(FYE)(X) =(1- F(e)(x) =1- (F'(e))(x) =1- (1- F(€))(x) =1- 1+ (F(€))(X)
=1- 1+(F(e)(x) =(F(e)(x)

fordl e A, xI U. Thus ((FA)9¢= (FA)

2 1f (F,A)T (G,A) then
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(F(€)(X) £(G(€))(x) and sol- (G(e)(x) £1- (F(€))(X)

which gives (G (€))(X) £(F'(e))(x) for al el A x1 U.

Hence (G, A I ((F, A .
Thus ¢is an involution on FSS(U),.

Proposition 14: "De Morgan's Laws' Let (F,A) and (G,B) be two fuzzy soft sets over U. Then te
following are true

D ((F,A)U(G,B)) =(F,Aym(G,B),
2) ((F,A)M(G,B)) =(F, Ay u(G,B),
3 ((F.A)E(G,B) =(F,A C(G,B),
4 ((F,A)C(G,B)y =(F, Ay E(G,BY,
5 ((F,AU(G,B)) =(F, A" U(G,BYy,
6) ((F,A)U(G,B)) =(F,Ay U(G,BY.
Proof: Straightforward.

Definition 19: If De Morgan's laws hold for a bounded digtributive lattice having an involution, then it is
caled aDe Morgan agebra.

Proposition 15: (FSS(U) ,,u,m," ,F ,,U,) isaDeMorgan agebra
Proof: Straightforward.

Definition 20: A De Morgan's algebra (L,U,U,",0,1) that satisfies XU X£ yUy for dl x, \i L, is
caled aKleene agebra.

Proposition 16: (FSS(U) ,,u,m," ,F ,,U,) isaKleeneagebra
Proof: We have aready seen that (FSS(U) ,,u,m,",F ,,U,) isa De Morgan algebra. Now, for any
(FA), (G,AT FSSU),, if we have
(F,Am(F, A E (G,AU G,A
where (F,A m (F', At (G,A)U(G, A).

Then there exists some d A such that (F MF ")(€) E (GUG")(e) and so there exists some Xi U such
that

(FAF)E)(X >(GUG)&)(X) or (F(e) UF(€)(X) >(G(e) UG ()(X)
(F(€)(X) U(F (©)(x) >(G(E)(X) V(G ()().

But (F (8))(x) U(F"(€))(x) £0.5 and (G(€))(X) U(G(€))(X) * 0.5 which gives
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(F(€)(¥) UF @)X £(G(E)(X) UG (&)(X.
A contradiction, thus our supposition is wrong. Hence
(F,AM(F,AT (GAUG,A).
Therefore (FSS(U) ,,u,m,",F ,,U,) isaKleene agebra

Definition 21: Let (L,U,U0,1) be a bounded lattice and X L. Then an element X is called a pseudo-

complement of x, if XUx and y2x whenever XUy = 0. If every element has a pseudo-complement then L

is pseudo-complemented. The equation X Ux ™ = 1 is called Stone's identity. A Stone algebra is a pseudo-
complemented, distributive lattice satisfying Stone's identity.

Definition 22: For afuzzy soft set (F,A) over U, we define a fuzzy soft set over U, which is denoted by
(F,A) andisgivenby (F, A) = (F, A) where
. 10 if(FENMX*O0
(F(9)(¥ =i . _
il if (F(e)(x)=0
foradl xi U, el A.

Theorem 3: Let (F,A) be afuzzy soft set over U. Then the following are true:

) (F,Am(F,A =F,,

2 (G,AT (F,A) whenever (F,A) m(G,A)=F,,
3 (F,A) U(F,A" =U,.

Thus (FSS(U),,u,m " ,F ,,U,) isaStone algebra
Proof:

1) Straightforward.
2 If (F,Am(G,A)=F ,.Thenforany xi U, € A,
if (G(e))(x) = 0 then (G(e))(x) £ (F"(8)(X)
If (G(€))(x) * 0 then (F(€))(X) U(G(€)(x) =0
Impliesthat (F (€))(X) =0, so (F" (8)(x) =1
and hence (G(e))(X) £1= F (8)(X)
Thus, (G(€)(X) £ (F'(e))(X) foral xT U, el Aie (G AT (F,A) .

3) Foranyxi U, € A,
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(F"UF™)@)(¥) = (F'(e) UF " €))(x)
=max{(F" (e))(x), (F " €)(x)}
_ 1 max{1,0} if (F(e))(x)* 0 _
“imex{01}  if (F(©)(x) =0

Thus (F,A) U (F,A)” =U, andso, (FSS(U),,u,m " ,F ,,U,) isaStone agebra

CONCLUSION

We see that different agebraic structures of fuzzy soft sets have their own properties which are

different from those of fuzzy sets. Further research may be done to explore the applications of these
properties in the models developed by using fuzzy soft sets. Fuzzy sets and soft sets are studied
theoretically in a combined way and therefore, we can use fuzzy soft sets to solve the problems involving
particular sets of parameters and fuzziness in data.
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