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Abstract: In this paper we study strongest paths in a fuzzy graph. A necessary and sufficient condition for
an arc in a fuzzy graph to be a strongest path and a sufficient condition for a path in a fuzzy graph to be a
strongest path are obtained. A characterization ofδ−arcs and the relationship between fuzzy cutnodes and
δ−arcs are also obtained. Also a characterization of blocks isobtained using strongest paths.
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INTRODUCTION AND PRELIMINARIES

Fuzzy graphs were introduced by Rosenfeld [1]
in 1975. Rosenfeld has obtained the fuzzy analogues
of several basic graph-theoretic concepts like bridges,
paths,cycles,trees and connectedness and established
some of their properties. Recently, Akramet al. intro-
duced the concepts of bipolar fuzzy graphs and interval-
valued fuzzy line graphs [2, 11-15]. Further he has de-
fined length, distance, eccentricity, radius and diameter
of a bipolar fuzzy graph and has introduced the concept
of self centered bipolar fuzzy graphs[3].The author has
also introduced the concept of an antipodal intuitionistic
fuzzy graph and self median intuitionistic fuzzy graph
of the given intuitionistic fuzzy graph[4]. Fuzzy graph
theory is now finding numerous applications in modern
science and technology especially in the fields of infor-
mation theory, neural networks, expert systems,cluster
analysis,medical diagnosis,control theory etc.

A fuzzy graph(f-graph) [5] is a tripletG : (V ,σ,µ)
whereV the vertex set,σ is a fuzzy subset ofV andµ
is a fuzzy relation onσ such thatµ(u, v) ≤ σ(u) ∧ σ(v)

∀u,v ∈ V . We assume thatV is finite and non empty,µ
is reflexive and symmetric. In all the examplesσ is cho-
sen suitably. Also we denote the underlying crisp graph
[6] by G∗ :(σ∗, µ∗) whereσ∗ = {u ∈ V : σ(u) > 0 }

andµ∗ = {(u, v) ∈ V x V : µ(u, v) >0}. Here we as-
sumeσ∗ = V . A fuzzy graphH : (V ,τ ,ν) is called a
partial fuzzy subgraph ofG : (V ,σ,µ) if τ(u) ≤ σ(u) ∀u
∈ τ∗ andν(u, v) ≤ µ(u, v) ∀(u, v) ∈ ν∗. In particular
we callH : (V ,τ ,ν) a fuzzy subgraph ofG : (V ,σ,µ) if
τ(u) = σ(u) ∀u∈ τ∗ andν(u, v) = µ(u, v) ∀(u, v) ∈ ν∗

and if in additionτ∗ = σ∗, thenH is called a spanning
fuzzy subgraph ofG. A weakest arc ofG : (V, σ,µ) is
an arc with least membership value. A pathP of length
n is a sequence of distinct nodesu0,u1,.....un such that
µ(ui−1, ui) > 0, i = 1,2,3 ...n and the degree of member-
ship of a weakest arc in the path is defined as its strength.
If u0 = un andn ≥ 3, thenP is called a cycle and a cy-
cleP is called a fuzzy cycle(f-cycle) if it contains more
than one weakest arc. The strength of connectedness be-
tween two nodesu andv is defined as the maximum of
the strengths of all paths betweenu andv and is denoted
byCONNG(u, v) . A u− v pathP is called a strongest
u − v path if its strength equals CONNG(u, v). A fuzzy
graphG : (V, σ,µ) is connected if for everyu,v in σ∗,
CONNG(u, v) > 0. Throughout this , we assume that
G is connected. An arc of a fuzzy graph is called strong
if its weight is at least as great as the strength of connect-
edness of its end nodes when it is deleted and au − v

path is called a strong path if it contains only strong arcs
[7]. In a fuzzy graph a strongest path need not be a strong
path and a strong path need not be a strongest path [8].

An arc(u, v) is a fuzzy bridge(f-bridge) ofG if dele-
tion of (u, v) reduces the strength of connectedness be-
tween some pair of nodes [5]. Equivalently,(u, v) is
a fuzzy bridge if and only if there existx, y such that
(u, v) is an arc on every strongestx − y path. A node
is a fuzzy cutnode (f-cutnode) ofG if removal of it re-
duces the strength of connectedness between some other
pair of nodes [5]. Equivalently,w is a fuzzy cutnode if
and only if there existu, v distinct fromw such thatw is
on every strongestu − v path. A connected fuzzy graph
G : (V ,σ,µ) is a block ifG has no fuzzy cutnodes.
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A connected fuzzy graphG : (V ,σ,µ) is a fuzzy tree
(f-tree) if it has a spanning fuzzy subgraphF : (V ,σ,ν),
which is a tree, where for all arcs(x, y) not in F there
exists a path fromx to y in F whose strength is more
thanµ(x, y). Thus for all arcs(x, y) which are not inF ,
µ(x, y) < CONNF (x, y).

Depending on theCONNG(u, v) of an arc(u, v)
in a fuzzy graphG, strong arcs are further classified
as α−strong & β−strong and the remaining arcs are
termed asδ−arcs [8] as follows. Note thatG − (u, v)

denotes the fuzzy subgraph ofG obtained by deleting
the arc(u, v) fromG.

Definition 1 An arc (u, v) in G is called α−strong if
µ(u, v) > CONNG−(u,v)(u, v).

Definition 2 An arc (u, v) in G is called β−strong if
µ(u, v) = CONNG−(u,v)(u, v).

Definition 3 An arc (u, v) in G is called a δ−arc if
µ(u, v) < CONNG−(u,v)(u, v).

Definition 4 A δ−arc (u, v) is called a δ∗− arc if
µ(u, v) > µ(x, y) where (x, y) is a weakest arc of G.
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Figure 1. Fuzzy graph with different
types of arcs.

Example 5 In Figure 1, arcs (v, x) and (v, w) are
α−strong arcs, (u, v) and (u, x) are β−strong arcs, and
(w, u) and (w, x) are δ−arcs . Arc (w, x) is a δ∗−arc.
The path u− x− v−w is a strongest as well as a strong
path. The path u − x − w is a strongest path but not a
strong path since the arc (x,w) is a δ∗−arc.
In Figure 1, if µ(w, x) = 0.4 then arc (w, x) will become
a β−strong arc and the path v − x − w will become a
strong path which is not strongest since CONNG(v, w)

= 0.6 .

Remark 6 Theorem 2.3.1 of [8] states that an arc (x, y)
of a fuzzy graph G : (V, σ,µ) is an f-bridge if and only if

it is α−strong. Henceforth, an arc is α−strong means it
is an f-bridge and vice versa.

STRONGEST PATH IN A FUZZY GRAPH

Remark 7 If (u, v) is a fuzzy bridge then the arc (u, v)
is the strongest u − v path [9]. The following theorem
generalizes this concept.

Theorem 8 An arc (u, v) in a fuzzy graph G : (V, σ,µ)
is a strongest u − v path if and only if (u, v) is either
α−strong or β−strong.

Proof. Let G : (V, σ,µ) be a fuzzy graph. Let(u, v) be
an arc inG. Consider the pathP : u − v in G. Then by
definition of strength of a path,
Strength ofP = µ(u, v) ...(1).
SupposeP is a strongest path, then Strength ofP =
CONNG(u, v). From (1), µ(u, v) = CONNG(u, v)
...(2).
Strength ofP ≥ Strength of all otheru − v paths. In
particular, Strength ofP ≥ CONNG−(u,v)(u, v).Thus
CONNG(u, v)≥CONNG−(u,v)(u, v)...(3).
Now from (2) & (3),µ(u, v) ≥ CONNG−(u,v)(u, v) ⇒

Arc (u, v) is eitherα−strong orβ−strong.
Conversely assume that arc(u, v) is eitherα−strong
or β−strong. Thenµ(u, v) ≥ CONNG−(u,v)(u, v)

⇒ CONNG(u, v) = µ(u, v) . i.e ; CONNG(u, v) =
Strength ofP .
∴ P is a strongest path inG.

Theorem 9 Let G : (V, σ,µ) be a fuzzy graph and let
(u, v) be any arc in a u0 − un path P such that strength
of P = µ(u,v). Then P is a strongest u0 − un path if
(u, v) is a strong arc and it is the unique weakest arc of
P.

Proof. Let G : (V, σ,µ) be a fuzzy graph. LetP :

u0−u1−u2−u3− ...−un be au0−un path inG where
Strength ofP = µ(ui−1, ui) for somei = 1, 2, 3...n . Let
(ui−1, ui) be a strong arc and let it be the unique weak-
est arc inP . To proveP is a strongestu0 − un path. If
possible supposeP is not a strongestu0 − un path. Let
P1 : u0 − v1 − v2 − v3 − ...− vn−1 − un be a strongest
u0 − un path inG, where all ofui, i = 1, 2, 3...n − 1

andvj , j = 1, 2, 3...n − 1 need not be distinct. Since
Strength ofP1 is greater than Strength ofP , we have
strength of each arc ofP1 > µ(ui−1, ui). Also note that
arc (ui−1, ui) is not a common arc forP andP1. Then
P ∪ P1 will contain at least one cycle and letC be one
such cycle in which the only weakest arc is(ui−1, ui).
Consider aui−1 − ui pathP ′ in C not containing the
arc (ui−1, ui) . Clearlyµ(ui−1, ui) < Strength ofP ′
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and Strength ofP ′ ≤ CONNG−(ui−1,ui)(ui−1, ui).
∴ µ(ui−1, ui) < CONNG−(ui−1,ui)(ui−1, ui) , which
implies (ui−1, ui) is a δ − arc, which contradicts that
(ui−1, ui) is a strong arc . HenceP must be a strongest
u0 − un path inG.
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Figure 2. Strongest path containing
δ∗− arc.

Remark 10 The condition in the above theorem is not
necessary. ie. If P is a strongest u0 − un path in G

and (u, v) is an arc in P such that strength of P =
µ(u,v), need not imply that (u, v) is the unique weakest
arc in the path P and all arcs in P having strength
equal to µ(u,v) need not be strong. In Figure 2, path
P : u0−u4−u3−u2 is a strongest path where strength
of P = 0.3. The weakest arcs in the path are (u0, u4)

and (u4, u3) where (u4, u3) is a δ∗−arc.

Remark 11 A strongest path in G may contain δ∗− arc.
In Figure 2, u0 − u4 − u3 − u2 is a strongest u0 − u2

path in which (u4, u3) is a δ∗− arc.

Remark 12 A δ− arc in a strongest path in G need not
be a δ∗− arc. In Figure 3, u − x − y − v is a strongest
u − v path having the δ− arc(x, y) , which is not a δ∗−

arc.
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Figure 3. Strongest path containing
δ− arc.

δ− ARCS IN A FUZZY GRAPH

Note that in a fuzzy graphG, a δ−arc need not be a
weakest arc ofG. In Figure 2, the arc(u3 − u4) is a
δ−arc which is not the weakest arc ofG. In the follow-
ing theorem a necessary and sufficient condition for an
arc in a fuzzy graph to be aδ−arc is discussed.
Theorem 13An arc (u, v) in a fuzzy graph G : (V, σ,µ)
is a δ− arc if and only if (u, v) is the unique weakest arc
of at least one cycle in G.

Proof. Let G : (V, σ,µ) be a fuzzy graph. Let(u, v)
be δ− arc in G. Then by Definition 3,µ(u, v) <

CONNG−(u,v)(u, v). i.e ; There exists at least one path
P joining u andv and not containing the arc(u, v) such
that Strength ofP > µ(u, v). This pathP together with
the arc(u, v) forms a cycle in which(u, v) is the unique
weakest arc.
Conversely, let(u, v) be the unique weakest arc of a cy-
cleC in G. LetP be theu − v path inC not containing
the arc(u, v). Then,
µ(u, v) < Strength ofP ...(1)
Suppose(u, v) is not aδ− arc inG. Then we have by
Definition 3,
µ(u, v) ≥ CONNG−(u,v)(u, v) ...(2)
Also note that Strength ofP ≤ CONNG−(u,v)(u, v)

...(3)
From (2) and (3) we getµ(u, v) ≥ Strength ofP , which
contradicts (1).
∴ (u, v) is aδ− arc inG.
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Figure 4.δ− arc as unique weakest
arc of a cycle.

Example 14
In Figure 4, (u0, u3) is a δ− arc since it is the unique

weakest arc in the cycle u0 - u4 - u3 - u0.
Lemma 15Let G : (V, σ,µ) be a fuzzy graph. Any fuzzy
cutnode w of G reduces strength of connectedness only
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between u, v (u, v 6= w) where (u, v) is either δ− arc or
µ(u, v) = 0.

Proof. Let G : (V, σ,µ) be a fuzzy graph. Letw be a
fuzzy cutnode ofG. Let u, v (u, v 6= w) be any pair of
nodes such that strength of connectedness betweenu and
v is reduced by removal ofw. To prove(u, v) is either
δ− arc orµ(u, v) = 0 it is enough to prove that arc(u, v)
is neitherα−strong norβ−strong. Suppose arc(u, v) is
eitherα−strong orβ−strong. Then by Theorem 8, we
haveCONNG(u, v) = µ(u, v) and note that arc(u, v)
∈ G − w. ∴ Removal ofw will not reduce strength of
connectedness betweenu andv. So the only possibility
is that either(u, v) is δ− arc orµ(u, v) = 0.
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Figure 5. Effect of f-cutnode onδ− arc.

Example 16In Figure 5, u5 is a fuzzy cut node and re-
moval of u5 reduces strength of connectedness between
the nodes u0 and u4 and between the nodes u0 and u6 ,
where (u0 ,u4) is a δ− arc and µ(u0, u6) = 0.

Remark 17 Note that from Lemma 15, it follows that
existence of an f-cutnode in G implies existence of at
least one δ− arc provided G∗ is a complete graph but
the converse does not hold in general. In Figure 6, (u, v)
and (x,w) are δ− arcs but there is no fuzzy cutnode.

0.3
β

x

u u

u

u 0.2δ

0.4
α

0.3

0.2δ w

0.5
α

β

v

@
@

@
@

@
@

@
@

@
@@

u

Figure 6. Fuzzy graph withδ−arc
but no f-cutnodes.

Proposition 18 An arc (u, v) in G : (V, σ,µ) is β−

strong iff G has atleast one cycle C containing (u,v) and
no δ− arcs.

Proof. Let G : (V, σ,µ) be a fuzzy graph. Let(u, v)
be a β− strong arc inG. Then by Definition 2,
CONNG−(u,v)(u, v) = µ(u, v). ie. There exist a
strongestu− v pathP not containing the arc(u, v) such
that Strength ofP = µ(u, v). ie. All arcs inP have
strength atleastµ(u, v) with atleast one arc inP having
strengthµ(u, v). This pathP together with the arc(u, v)
forms a cycleC. If all arcs inC are eitherα− strong or
β− strong the result follows.

Suppose there is aδ− arc say(x, y) in the cycleC.
Then by Theorem 13, there exists at least one cycle say
C′ in which (x, y) is the weakest arc. If all arcs inC′ −

(x, y) are eitherα− strong orβ− strong, considering the
cycleC ∪ C′ − (x, y) the result follows. IfC′ − (x, y)

has aδ− arc, considering the cycle containing thisδ−
arc and proceeding similarly as above the result follows.
The process is terminated sinceV is finite.

Conversely letC be a cycle inG having noδ−
arc. For all arcs(x, y) in C we haveµ(x, y) ≥
CONNG−(x,y)(x, y)...(1)

Also the weakest arc inC is not unique for, other-
wise it will be a δ− arc . Let(u, v) be a weakest arc
in C. Consider theu − v pathP in C not containing
the arc(u, v). Since the weakest arc is not unique inC
, we have Strength ofP = µ(u, v) From (1),µ(u, v) =
CONNG−(u,v)(u, v).
∴ (u, v) is aβ− strong arc.

FUZZY CUTNODES AND FUZZY BONDS IN A
FUZZY GRAPH

In a connected fuzzy graphG : (V, σ,µ), a set
of strong arcsE = e1, e2, ...en with ei = (ui, vi)

,i = 1, 2, 3, ...n is said to be a fuzzy arc cut(FAC) if
either CONNG−E(x, y) < CONNG(x, y) for some
pair of nodesx, y ∈ σ∗ with at least one ofx or y

is different from bothui and vi, i = 1, 2, 3, ...n, or
G − E is disconnected. If there aren arcs inE then it
is called ann − FAC and a1 − FAC is called a fuzzy
bond(f-bond)[8].

Note that every f-bond is an f-bridge and not the con-
verse. Also at least one of the end nodes of an f-bond is
an f-cutnode (Remark 6.4.3 and Proposition 6.4.6 of [8]).

Example 19In Figure 7 there are two f-bonds (1−FAC)
namely arcs (v, w) and (x,w). Removal of (v, w) and
(x,w) reduces strength of connectedness between v and
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z. Note that arc (x, y) is an f-bridge which is not an
f-bond.
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Figure 7. Fuzzy graph with f-bonds.

Theorem 20 Let G : (V, σ,µ) be an f-graph. An arc
(x, y) is an f-bond if and only if there exist a pair of nodes
u and v with at least one of them different from both x

and y such that (x, y) is on every strongest u − v path
where (u, v) is a δ− arc or µ(u, v) = 0.

Proof. Let G : (V, σ,µ) be a fuzzy graph and let(x, y)
be an f-bond. Then by definition ,there exist a pair of
nodesu andv with at least one of them different from
bothx andy such that(x, y) is on every strongestu− v

path. Also note that eitherx or y is an f-cutnode. Then
by Lemma 15, the result follows.
Conversly, suppose that there exist a pair of nodesu and
v with at least one of them different from bothx andy
such that the arc(x, y) is on every strongestu − v path
where(u, v) is a δ− arc orµ(u, v) = 0. Then(x, y)
is an f-bridge and removal of(x, y) reduces strength of
connectedness betweeenu andv, with at least one ofu
or v different from bothx andy and hence(x, y) is an
f-bond.

Remark 21 An f-bond is an f-bridge with at least one
of its end node as an f-cutnode but an f-bridge with one
of its end node as an f-cutnode need not be an f-bond
whereas an f-bridge with both its end node as f-cutnode
is an f-bond. In Figure 7, x and w are f-cutnodes
and arcs (x, y), (x,w) and (w, v) are f-bridges. Arc
(x, y) having x as f-cutnode is not an f-bond where as
arcs (x,w) and (w, v) are f-bonds. Arc (x,w) is an
f-bond with both end nodes as f-cutnodes and arc (w, v)
is an f-bond with only one end node (say) w as f-cutnode.

Theorem 22Let G : (V, σ,µ) be an f-graph with at least
one f-cutnode. If G∗ is either K3 or K4 then G contains
at least one α− strong arc.

Proof. Let G : (V, σ,µ) be a fuzzy graph with at least
one f-cutnode. Assume thatG∗ is K3. Theorem 2 of [9]
states that in a fuzzy graphG : (V, σ,µ) such thatG∗

:(σ∗, µ∗) is a cycle, a node is a fuzzy cut node if and only
of it is a common of two fuzzy bridges. Hence the result.
Now assume thatG∗ is K4 and letV = {u, v, w, x} be
the vertex set ofG.
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u

u

u

u v

w x
Figure 8. A Fuzzy graph where

G∗ isK4 .

Let w be an f-cutnode ofG. Then by Lemma 15,
since G∗ is complete,∃ a δ−arc say (u, v) in G,
such thatw is on every strongestu − v path. The
possible strongestu − v paths are of length 2 and 3 say
P1 : u−w−v ,P2 : u−w−x−v andP3 : u−x−w−v.

Claim 1 All the 3 paths P1,P2 and P3 cannot be
strongest u− v paths simultaneously.

Case 1 :P1 andP2 are strongestu− v paths andP3

is not a strongestu− v path.
SupposeP3 is also a strongestu− v path. Since(u, x) is
an arc ofP3 , µ(u, x) ≥ CONNG(u, v) ...(1) Similarly
since(x, v) is an arc ofP2, µ(x, v) ≥ CONNG(u, v)
...(2) (1) and (2) implies that the pathP : u − x − v

has strength at leastCONNG(u, v), which means that
P is a strongestu − v path not containingw , which
contradicts thatw is an f-cutnode.

Case 2 :P1 andP3 are strongestu− v paths andP2

is not a strongestu− v path.
Proof similar as in Case 1.

Claim 2 The pathsP2 andP3 cannot be strongest
u− v paths simultaneously.
Suppose not,letP2 and P3 be strongestu − v paths
andP1 is not a strongestu − v path. SinceP1 is not a
strongestu − v path , eitherµ(u,w) < CONNG(u, v)
or µ(w, v) < CONNG(u, v)...(1) But (u,w) is an
arc in P2 and (w, v) is an arc inP3. Hence by (1)
Strength ofP2 < CONNG(u, v) and Strength ofP3 <

CONNG(u, v). ThereforeP2 andP3 are not strongest
u − v paths, contradiction. From the above two claims
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the only possible cases of strongestu − v paths are as
follows.

Case 1 : P1 andP2 are the only strongestu − v

paths and(u,w) is an arc common in bothP1 andP2

and hence(u,w) is an f-bridge.

Case 2 : P1 andP3 are the only strongestu − v

paths and(w, v) is an arc common in bothP1 andP3

and hence(w, v) is an f-bridge.

Case 3: Pi is the only strongestu − v path for
i = 1, 2 or 3.

SincePi is the unique strongestu − v path, all arcs
in Pi are f-bridges, by definition of f-bridge. Hence the
result.
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Figure 9. Fuzzy graph with f-cutnodes.

Example 23 In Figure 9 nodes w and x are f-cutnodes.
Removal of w reduces strength of connectedness be-
tween the nodes u and v and between the nodes v

and x.Removal of x reduces strength of connectedness
between the nodes u and v and between the nodes u and
w.

Remark 24 If G∗ is neither K3 nor K4 existence of
f-cutnode need not imply α− strong arc.
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Figure 10. Fuzzy graph with f-cutnode
but noα− strong arc.

In Figure 10G∗ is K5 and there are noα− strong arcs.
x is an f-cutnode , reduces strength of connectedness
betweenu andv.
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Figure 11. Fuzzy graph with no
α−strong arc andG∗ not complete.

In Figure 11x is an f-cutnode , reduces strength of
connectedness betweenv andz.

CHARACTERIZATION OF BLOCKS

In [10] M.S. Sunitha and A. Vijayakumar proved that
in a block, there exist two internally disjoint strongest
paths joining every pair of nodesu and v such that
(u, v) is not a fuzzy bridge and in [8] Sunil Mathew and
M.S. Sunitha established that in a block, there exist two
internally disjoint strongest strong paths joining every
pair of nodesu and v such that(u, v) is not a fuzzy
bridge . The following theorem gives a necessary and
sufficient condition for a fuzzy graphG to be a block in
general.

Theorem 25 A fuzzy graph G : (V, σ,µ) is a block if
and only if for every pair of nodes u, v, such that either
(u, v) is a δ− arc or µ(u, v) = 0, there exists at least two
internally disjoint strongest u− v paths.

Proof. Let G : (V, σ,µ) be a block. Theorem 11 of [10]
states that for every pair of nodesu andv of G, such that
(u, v) is not a fuzzy bridge there exists two internally
disjoint strongestu − v paths. Also note that(u, v) is
not a fuzzy bridge means that(u, v) is aβ− strong arc
or (u, v) is a δ− arc orµ(u, v) = 0. Hence the result
follows.
Conversely assume that for every pair of nodesu, v such
that either(u, v) is a δ− arc orµ(u, v) = 0, then there
exists at least two internally disjoint strongestu−v paths.
On the contrary assume thatG is not a block. Letw be a
fuzzy cut node ofG. Then by lemma 15, there exists at
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least one pair of nodesx, y (x, y 6= w)where(x, y) is ei-
therδ− arc orµ(x, y) = 0 such thatw is on all strongest
paths joiningx andy, which contradicts the assumption.
Hence the Theorem.

Theorem 26A fuzzy graph G : (V, σ,µ) without δ− arc
is a block provided G∗ is a complete graph.

Proof. LetG : (V, σ,µ) be a fuzzy graph such thatG∗ is
a complete graph andG has noδ− arcs. By Lemma 15
and Remark 17G has no f-cutnodes.
Hence the Theorem.

Remark 27 Converse of Theorem 26 is not true. The
fuzzy graph in Figure 6 is a block containing δ− arcs.

Remark 28 A fuzzy graph G without β− strong arcs is
an f-tree by Theorem 2.4.3 of [8] and hence not a block.
Note that the converse of this statement need not be true.
ie.A fuzzy graph G which is not a block may contain
β− strong arcs. The f-graph in Figure 7 is not a block
since x is an f-cutnode. But G contains β− strong arcs
namely (x, v)and (x,w).
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Figure 12. Fuzzy graph which is not
a block containingβ− strong arcs.

Remark 29 A strongest path in a block may contain
δ− arc or δ∗− arc. The fuzzy graph in Figure 3 is a
block, in which(x, y) is a δ− arc in the strongest path
u−x− y− v. Note that if we putµ(x, y) = 0.4 then still
it is a block, but(x, y) becomesδ∗− arc in the strongest
u− x− y − v path.

ARCS INCIDENT ON A NODE OF A FUZZY
GRAPH

In this section the types of arcs incident on a node is
studied.
Theorem 30Let G : (V, σ,µ) be an f-graph. Let u0 be
a node in G such that for any path P with initial node

u0 , the arc incident on u0 is the unique weakest arc of
the path P and for any two nodes ui,uj , in G there exist
at least one cycle in G containing the nodes ui and uj

.Then we have
(1) If all arcs incident on u0 have same strength, then

all these arcs are β−strong arcs.
(2) Among the arcs incident onu0, if (u0, un) is the

unique arc with maximum strength, then arc(uo, un) is
α−strong and all remaining arcs areδ− arcs).

3) Among the arcs incident on u0 if there exist more
than one arc with maximum strength, then all arcs with
maximum strength arc are β−strong arcs and all the re-
maining arcs are δ− arcs.

Proof. 1) Let C : u0 − ui − ... − uj − u0 be any
cycle in G. Now by hypothesis all the arcs incident
on u0 have strength less than all other arcs ofG. By
assumption(u0, ui) and (u0, uj) have same strength
and they are the weakest arcs of the cycleC. HenceC
is an f-cycle and(u0, ui) and(u0, uj) areβ−strong arcs.

2) Letu1, u2, u3, ..., un be the nodes adjacent tou0

and let(u0, un) be the only arc with maximum strength.
Then we have,µ(u0, u1) ≤ µ(u0, u2) ≤ µ(u0, u3) ≤

...≤µ(u0, un−1) < µ(u0, un) .
Consider a cycleC : u0−ui...−un−u0 ,i = 1, 2, ...n−1.
Now by hypothesis all the arcs incident onu0 have
strength less than all other arcs ofG, we have all
arcs in C except (u0, ui) have strength greater than
µ(u0, un). Also sinceµ(u0, ui) < µ(u0, un),(u0, ui)
is the unique weakest arc inC and hence(u0, ui) is
a δ− arc, by Theorem 13. Also we haveµ(u0, un) >

CONNG−(u0,un)(u0, un). Hence(u0, un) is α−strong
arc.

3) If all arcs incident onu0 have same strength, then
by case (1) all arcs areβ−strong.
Let m be the maximum of strength of arcs incident on
u0. Now suppose there exist at least one arc say(u0, ui)

such thatµ(u0, ui) < m , i = 1, 2..., n.
Consider the cycleC : u0−ui−...−uj−u0, i 6= j. Now
by hypothesis all the arcs incident onu0 have strength
less than all other arcs ofG, then as in case(2)(u0, ui) is
the unique weakest arc inC and hence(u0, ui) is a δ−
arc, by Theorem 13. Now consider a cycleC throughu0

containing the arcs with maximum strength. Then as in
case( 1), arcs incident onu0 areβ−strong arcs.

CONCLUSION

The concept of strongest paths is studied using strong
arcs. The relationship between f-cutnode andδ− arcs
is explored using which blocks are characterized. Some
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properties of fuzzy bonds is analyzed and a characteri-
zation for an arc to be a fuzzy bond is obtained. Also
an observation is made on the types of arcs incident on a
node of a fuzzy graph.
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