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Abstract: In this paper, we initiate the study of prime bi-ideals (fuzzy bi-ideals) in semirings. We define strongly
prime, prime, semiprime, irreducible and strongly irreducible bi-ideals in semirings. We also define strongly prime,
semiprime, irreducible, strongly irreducible fuzzy bi-ideals of semirings. We characterize those semirings in which
each bi-ideal (fuzzy bi-ideal) is prime (strongly prime).
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1. Introduction and historical background
Algebraic dructures play very important role in mathematics with the concurrent gpplications in
many knowledges for example, theoretical physcs, computer sciences, control  engineering,
information sciences, coding theory, topologicad Spaces eic. Semirings which are common
generdizaion of associdive ring and didributive latice are found in abundance around us.
Various samirings aise erupt in a naturd manner in such variegaied areas of mathematics as
functiond anayds, topology, graph theory, Euclidean geometry, probability theory, optimization
theory, discrete event dynamica system, automaa theory, forma language theory, and the
mathematicd desgning of quantum physcs and padld computation sysems. In 1934,
Vandiver [1] introduced an adgebraic system, which conssted of a non empty set S with two

binary operations addition (+) and multiplication (¥ such that S was a semigroup under both

operations. The sysem (S,+,) sdtified both distributive laws but did not satisfy the

cancdlaion lav of addition. The sysem he condructed was ring-like but not exactly a ring.
Vandiver caled this sysem a “semiring'.

In 1965, Zadeh [2] introduced the concept of fuzzy set. Many researchers used this concept to
generdize some notions of mathematics Ahsan e d. [3] initiated the Study of fuzzy semirings.
Many authors worked on the fuzzy ided theory of semirings. In Ahsan & d. [4] dudied prime
fuzzy ided's and prime fuzzy subsemimodules of a semimodule over asemiring.

In [5] Shabir and Kanwa introduced prime bi-ideds, strongly prime bi-ideals and irreducible bi-
ideds in semigroups and in [6] Shabir et d. studied prime fuzzy bi-ideds, strongly prime fuzzy
bi-idedls and irreducible fuzzy bi-ideds in semigroups. In this paper we sketch out the concept of
prime and semiprime bi-ideds of a semiring and prime and drongly prime fuzzy bi-ideds of a
semiring.
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2. Preliminaries definitions and lemmas

Asemiring is a non-empty set R together with two binary operations addition "+" and multiplication
"." such that (R, +) is acommutative semigroup and (R,.) is a semigroup, where

the two operations are connected by ring like distributive laws, that is a(b+c) =ab +ac and
(a+b)c=ac+bc for dl a,b,cl R. An dement Ol R is cdled an absorbing element if

O+a=a=a+0 and 0.a=0=a0 for dl al R. We shal adways assume that (R, +,.) hasan

absorbing zero © 0’. A smiring R is cdled a commutaive semiring if multipliction is
commutative. A nornrempty subset B of a semiring R is caled a subsemiring of R if for dl
a,bl B, we have a+bl B and abl B. A Ieft (right) idedd L of asemiring R is a non-empty

subset of R suchthat a+bl L fordl a,bl L and xal L (axi L )fordl al L and xI R.
An ided of asamiring R isasubset of R which is both a left ided and aright ided of R. By a
quas-ided of R we mean a subsemigroup Q of (R,+) such tha RQNQRI Q. A non-empty
subset B of asamiring R is caled a bi-ided of R if B isasubsemiringof R and BRBi B. A
samiring R is cdled von Neumann regular or smply regular if for eech al R there exists x R
such that a=axa. A smiring R is cdled an intraregular semiring if for eech al R there
exists x,y 1 R suchthat a=4 xa’y.
i=1
It iswell known that every quas-ided of asemiring isabi-ideal but the converseis not true.

2.1. Theorem.

Let X be an arbitrary subset of a semiring R and B a bi-ided of R. Then BX and XB are hi-
idedsof R.

Proof. Straightforward.
2.2. Corollary.
The product of two bi-ideds of asemiring R isabi-ided of R.

2.3. Theorem. [7]

A samiring R isregular if and only if A B= AB for every rightided A andleftided B of
R

2.4. Theorem. [7]

The following conditions are equivaent for asemiring R:
(1) R isregular andintra-regular

(2) BA=ANBI AB foreveyleftided A andrightided B of R.
(3) Every quas-ided of R isidempotent.
A function f from a nonempty set R to the unit dosed intervd [0,1] of real numbers is called

afuzzy subst of R. A fuzzy subsst f of R is nonempty if f is not the constant map which
assumes the vaue 0. For fuzzy substs f and g of R, f £g means that for dl al R,

f(a)£g(a). Thesymbols f Ug and f Ug will mean the following fuzzy subsetsof R
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(fUg)(a)="f(a)Ug(a)
and (fUg)(a)=f(a)Ug(a) fordlal R

Let X be a non-empty subset of R. Then the characteridtic function of R denoted and defined
by

31 ifal X
_%0 otherwise

fx (a)

If f and g ae fuzzy subsats of a semiring R, then their product f og andsum f +g aea
fuzzy subssts of R defined by

0 U1 (v)ue(z)]

u P
. U if x is expressible as x = é y z
a e o

1
EDIONE
f

0 otherwise

fordl xI R. Theoperation‘o * isassocidive.
2.5. Lemma.

Let f,g,h befuzzy subsatsof asemiring R.If f £g then f ch£g och and ho f £hog.
2.6. Definitions.

A fuzzy subset f of asamiring R isafuzzy subsamiring of R if

(i) f(a+b)s f(a)Uf(b) ad

(ii) f(ab)3 f(a)Uf (b) fordl a,bl R.

A fuzzy subset f of asamiring R isafuzzy |eft (right) ided of R if

(i) f(a+b)® f(a)uf(b)ad

(i) f(ab)3 f(b) (f(ab)? f(a))foral a,bl R.

If f isbothafuzzy left and afuzzy rightided of R, thenitiscdled afuzzy ided of R.
2.7. Lemma.

For any non-empty subsets X and Y of asamiring R, we have

D fyofi ="y

(2) fx UfY = fch

@ f+f=fy.
2.8. Lemma.

(1) Afuzzy subset f of asemiring R isafuzzy subsemiring of R if andonlyif f + f £ f
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ad fof £f.

(2) Afuzzy subset f of asemiring R isafuzzy left (right) idedl of R if and only if
f+fEf and foof £F (fof £ ).
(3) If f and g arefuzzy Ieft (right) idedls of asemiring R, then f Ug isafuzzy left (right)
ided of R.
(4) If f and g arefuzzy idedsof asemiring R, then f og isafuzzy ided of R.
2.9. Definition.
A fuzzy subset f of asemiring R iscdled afuzzy bi-ided of R if
@ f(a+b)s f(a)Uf(b)
2 f(ab) f(a)Uf(b)
3 f(abc)3 f(a)Uf(c)foral ab.cl R.
The proof of the following Lemmais straightforward.
2.10. Lemma.
(1) A fuzzy subset f of a semiring R is a fuzzy bi-idedl of R if and only if f+f£f,
fof £Ef and fofgof £F.
(2) A non-empty subset B of asemiring R isabi-idedl of R if and only if the characteridtic
function f; of B isafuzzy bi-ided of R.
(3) Let f and g betwo fuzzy bi-idedlsof asemiring R. Then f Ug isafuzzy bi-idedl of R.
(4) The product of two fuzzy bi-idedls of asemiring R isafuzzy bi-ided of R.
3. Prime, strongly prime and semiprime bi-ideals in
semirings
3.1. Definition.
A bi-ided B of a samiring R is cdled a prime bi-ided of R if BB, B implies B/l B or
B, | B forany bi-ideds B, B, of R.
A bi-ided B of asamiring R is cdled a strongly prime bi-ided of R if BB,NB,B, I B implies
B i BorB,i B foranybi-ideds B, B, of R.
A bi-ided B of asamiring R is cdled a semiprime bi-ided of R if B> B implies B/ B for
any bi-idedl B, of R.
Obvioudy every drongly prime bi-ided of a semiring is prime bi-ideal and every prime bi-ided

is semiprime bi-ideadl but the converse is not true. The intersection of any family of prime bi-
idedls of asemiring is semiprime bi-idedl.

3.2. Example.
Consider the semiring R={0,a,b} with binary operations addition and multiplication defined
below:
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+|0fal|b .10lal|b
O([O|a|b 0|0(0]|O0
alalalb al0Ojlala
b|b|b|b b|O|b|b

The bi-idedlsof R are {0}, {0,a}, {O,b} and {0,ab}. The bi-ided {G} is a prime bi-idedl of
R but not astrongly prime bi-idedl of R, because
{o.a}{o,b}N{o,b}{0a} ={0,a}N{0b} ={0} i {q}.

But neither {0,a} nor {0, b} iscontainedin {C} .
3.3. Example.
Le R={F{a}{b}.{ab}}. Deire aidtion ad mutipicion on R as

X+Y=XDY =(XUY)- (XNY) and XY =XNY fordl X,YT R. The Cayley tables for the
defined operations are given by

r | F 1 {a | {8 [{ab F{a |{B} [{ab)
F F | {a | {0 |{ab F |[F|F|F | F
{af |{ad | F [{abp| (B} || {8} [F{a|F | {a
{b} | {b} [{ab}| F |{a || {0} |F|F |{b}| {H}
{ab}[{ab} | {0} | {a} | F | [{ab} |F |{q} |{B} [{ab}

Then bi-idedls of R are {F},{F {a}} {F.{0}} and {F.,{a}.{b} {ab}}. All these bi-ideds are
smiprime. In paticular {F} is a semiprime bi-ided of R but not a prime bi-idedl of R,
because { F {a}}{F ,{b}} ={F} I {F}.Butneither {F ,{a}} nor {F {b}} iscontainedin {F} .
3.4. Definition.
A bi-idedd B of asamiring R is cdled an irreducible bi-ided of R if B (1B, = B implies either
B, =B or B, =B for any bi-ideds B,,B, of R.
A bi-idedd B of a semiring R is cdled a srongly irreducible bi-idedd of R if BB, B
implieseither B, i B or B, | B for any bi-ideds B, B, of R.
Every strongly irreducible bi-ided isirreducible but the converseis not true.
3.5. Proposition.
Every strongly irreducible semiprime bi-idedl of asemiring R isastrongly prime bi-ided of R.
Proof. Let B be a strongly irreducible semiprime bi-ided of a semiring R. Let B1,B2 be two
bi-idels of R such that BB,NB,B I B. As BNB,i B, and BNB,i B, we have
(B.NB,)*I BB, and (BNB,)’ i B,B,. This implies (B.NB,)’ i BB,NB,B I B. Since
BNB, is a bi-idedl and B is a semiprime bi-idedl of R, we have (B,NB,)i B. Since B is
srongly irreducible, we have B i B or B, [ B. This showsthat B is a strongly prime bi-ideal
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of R.

3.6. Proposition.
Let B be a bi-ided of a semiring R and al R be such that al B. Then there exids an
irreducible bi-idedl | of R suchthat Bi | and al |.

Proof. Let X be the collection of dl bi-idelsof R which contains B but does not contain 4,
that is X ={Y :Y isabi-ided of R, BI Y andal Y}. Then X is nonempty as Bl X . The
colection X is a patiadly ordered set under incluson. If {Y, : il 1} is any totaly ordered
subsat (chain) of X ,then UY =Y is dso a bi-ided of R containing B and al Y. So Y isan

i
upper bound of {Yi il I} . Thus evary chanin X has an upper bound in X . Hence by Zorn's

lemma, there exists a maximd dement | (say) in X suchtha Bi | and al | . Now we show
that | is an irreducible bi-ided of R. For this lee C,D be two bi-ideds of R such that

| =CND. If both C and D properly contain | ,then al C and al D.Thus al CND=1.
Which is a contradiction to thefact that al | . Soether | =C or | =D.

3.7. Theorem.
For asemiring R, the following assertions are equivalent:
(D R isbothregular and intra-regular.

(2) B?=B forevery bi-ided B of R.

(3 BB,(NB,B =B,NB, for any bi-ideds B,B, of R.

(4) Eachbi-ided of R issemiprime.

(5) Eachproper bi-ided of R istheintersection of irreducible semiprime bi-idedsof R

which contain it.
Proof. )P (2) Let R be both regular and intrarregular and B be a bi-ided of R. Then

B’I B. Let al B. Then there exist x, ¥,z 1 R such that a=axa and azgy@azi. Now,
i=1

a = axa = ax(axa) = ax(4 yaaz )xa =4 a(xy)aa(@zx)al BRBBRB | BB=B*. This implies
i=1 i=1

Bi B?.Hence B> =B for every bi-ided B of R.

(2)b (1) Lt Q be a quas-ided of R. Then Q is a bi-ided of R. By hypothess Q*=Q.
Thus by Theorem 2.4, R is both regular and intra- regular semiring.

(2P (3 Let B,B, beany two bi-idedlsof R.Then B (1B, isds0 abi-idedlsof R. Thus by
hypothess B, NB,=(B,NB,)>=(BNB,)(BNB,)I BB,. Smilaly BNB,i B,B,. Hence
BNB,i BB,NB,B.Snce BB, and B,B, are bi-idedsof R , we have BB, B,B isdso a
bi-idedl of R. Then by hypothess
BB,NB,B =(BB,NB,B)(BB,NB,B)I BBBB =BBBI BBB I BRI B. Smialy
BB,NB,B I B,.Thus BB,NB,B, i B,NB,.Hence BB,NB,B, =B,NB,.

(3)P (4 Let B be a bi-ided of R suchthat B>i B for any bi-idedd B, of R. Then by
hypothesis, we have B, =B, NB =BBNBB =B B. Which shows that B is a semiprime
bi-ided of R.

(4P (5 Let B be a proper bi-ided of R. Then B is contained into the intersection of dl
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ireducible bi-ided of R which contains B. For the reverse incdlusion, let al B. Then by
Propostion 3.6, there exisds an irreducible bi-ided which contains B but does not contan a.
Thus intersection of al irreducible bi-ideds which contan B does not contain a. This shows
that B istheintersection of dl irreducible sesmiprime bi-idedlsof R which containit.

(5 b (2) Let B be a bi-ided of R. Then B® is dso a bi-ided of R. Thus by hypothesis
Bzzﬂ{ B, : B, isanirreducible semiprime bi-ideal of R such that B’ B, for all a}. Since

each B, is semiprime, we have Bi B, . Thus BI NB, =B?, but B?’i B aways holds. Hence
B* =B for each bi-idedl B of R.
3.8. Theorem.

Let R be a regular and intra-regular semiring. Then the following assartions are equivaent for a
bi-ided B of R.

(D B isgrongly irreducible.

(2) B isgrongly prime.

Proof. () b (2) Let B,B,B, be bi-ideds of R suchtha BB,NB,B I B.As R is both
reguar  and  intraregular  semiring, therefore by Theorem 37, we have
BN B =BB,NB,B I B.Thusby hypothess wehave B i B or B,i B.

(2 b (1) Let B,B,B, be bi-idedlsof R suchtha BN B, B.As R isboth regular and intra-
regular semiring, therefore by Theorem 37, we have BB, B,B,=B,NB,i B. Thus by
hypothesis, wehave B,i B or B, B.

3.9. Theorem.
Each bi-ided of a samiring R is drongly prime if and only if R is regular, intraregular and the
set of bi-idedls of R istotaly ordered by inclusion.
Proof. Suppose each bi-ided of R is drongly prime. This implies that each bi-ided of R is
semiprime. Then by Theorem 3.7, R isboth regular and intra-regular.

Now we show that the set of bi-idedsof R is totaly ordered by incluson. For this, let B,,B, be
two bi-idedlsof R. Then by Theorem 3.7, we have
BlBZO BZBl = Blﬂ BZ

Since each bi-idedl is strongly prime, so B, B, is strongly prime bi-ided. Thus B i B, NB, or
B,I BNB,, thatis B i B, or B,I B,. Hence the st of bi-ideds of R is totaly ordered by
indusion.
Conversdly, assume that R is both regular and intraregular and the set of bi-ideds of R is
totaly ordered by incluson. We show that each bi-ided of R is drongly prime. For this let
B,B1,B> beany bi-idedsof R such that

BB,NB,B, i B

As R isboth regular and intra-regular, we have BB, B,B, =B, B,. Thus
BNB,I B

As the sat of bi-ideds of R is totaly ordered, we have B i B, or B, B, tha is either
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BNB,=B,or BNB =B.Thusether B i B or B,i B,.Thus B issrongly prime.

3.10. Theorem.
If the set of bi-ideds of a semiring R is totally ordered, then R is both regular and intra-regular

if and only if each bi-ided of R isprime.

Proof. Let R be both regular and intra-regular. Let B,B,, B, be any bi-idedsof R such that
BB, B. As the sat of bi-idedsof R is totaly ordered, we have eéither B i B, or B, B.If
B i B,,then B?i BB,i B.As R isboth regular and intra-regular, so by Theorem 3.7, B isa
semiprime bi-idedd of R. Thus B?i B implies B i B. Smilaly, if B, B, , then B, i B.
Thus B isaprimebi-ided of R.

Conversdly, suppose that each bi-ided of R is prime, so semiprime. Thus by Theorem 3.7, R is
both regular and intra-regular.

3.11. Proposition.
If the set of bi-ideds of a semiring R is totaly ordered, then the concepts of primeness and
strongly primeness coincide.
Proof. Let B be a prime bi-ided of R. We show that B is a strongly prime bi-idedl of R. Let

B, , B, be bi-idedlsof R suchtha BB,NB,B I B. Since the st of bi-idedlsof R istotaly
ordered, we have ether BIi B, o BIiB. If BiB, then
BB, =B =B:NB:i BB,NB,B I B. Thisimplies B I B, because B is a prime bi-ided of
R. Smilaly, if B, 1 B, then B, B. Thisshowstha B is a strongly prime bi-idedl of R. The
converseis obvious.

3.12. Theorem.

For asemiring R, the following assertions are equivaent:
(D Thesetof bi-idedsof R istotaly ordered by set inclusion.

(2) Eachbi-ided of R isstrongly irreducible.

(3) Eachbi-ided of R isirreducible.

Proof. (1) P (2) Let B,B,, B, be ay bi-idedsof R suchthat BB, B. By hypothesis, we
have either B I B, or B,i B. If Bi B, then B=BN B B. Smilaly, if B,i B then
B,=BN BI B.So B isgrongly irreducible.

(2) P (3) Obvious.

(3P (1) Let B,B, be any bi-ideds of R. Then B/(1B, is dso a bi-ided of R such tha
B,NB,=B,NB,. Thus by hypothess B =B,NB, or B,=B,B,, thais B I B, or B,i B,.
Hence the set of bi-idedsof R istotaly ordered by set inclusion.

3.13. Definition.

Let R beasemiring, B be the set of dl bi-ideslsof R and P be the st of dl strongly prime
proper bi-idedsof R. Definefor eech Bl B

gz ={J1T P : Biy J}
t (P)={qa, : BT B}

3.14. Theorem.
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Let R bearegular and intra-regular semiring. Then t (P) forms atopology.

Proof. Since {0} is a bi-idel of R and O belongs to every bi-ided of R, therefore
Qo ={3TP: {0/ 3}=]  (theemptyset)it(P). Also R is a bi-ided of R, then
gz ={JT P: Ri/ 3} =PI t (P).Thusj ,PTt (P).

Now we show that the intersection of finite number of members of t (P) belongsto t (P). For
this let g5, g, I t (P). Then we haveto show that g, Mo, Tt (P).

For this we show that g, N0y =0g e, - Let JT g5 NQg, . Thisimplies JT g, and JT g . So
JiPad Bi/J and B,y J. Now suppose that BB, J.Snce A is both regular and
intra-regular, then by Theorem 3.7, we have BB, B,B, =B, B, J. Thisimplies B 1 J or
B,I J, which is a contradiction. Hence BB, J. This implies JT ggcp - SO
U, N g, | Oy, - Now, let JT gy .- Thisimplies BB, |/ J,s0 B/ J and B, | J. Thus
IT g, N, , thatis gy s | 0 NG, . Hence g, Nag, =0gcq 1 t (P).

Now we show that union of any number of members of t (P) belong to t (P). For this, let
{qBa al I}i t (P). Then we have to show that L;JqBaT t(r)

As Ugg ={JT r : B, | Jforsomeal I}

:{JT r - UB, Iy J}: —Tt(P).

Where UB, isthebi-idedl of R generated by UB, . Thust (P) isatopology on P.

4. Prime, strongly prime and semiprime fuzzy bi-ideals in
semiring

In this section we study prime, semiprime, irreducible and strongly irreducible fuzzy bi-idedls in
samiring.

4.1. Definition.
A fuzzy bi-ided f of a semiring R is cdled a prime fuzzy bi-ided of R if for any fuzzy bi-
idedls g, hof R, goh£ f impliesgf£ f or hE f.
A fuzzy bi-ided f of a samiring R is cdled a grongly prime fuzzy bi-ided of R if for ay
fuzzy bi-idedls g,h of R, gohUhog£ f impliessg£ f or hE f .
A fuzzy bi-ided g of asemiring R issaid to beidempotentif g=gog=g°.
A fuzzy b-ided f of a smiring R is sad to be a semiprime fuzzy bi-ided of R if
goeg=g°£ f implies g £ f for every fuzzy bi-ided g of R.

4.2. Proposition.
(1) Every strongly prime fuzzy bi-idesl of asemiring R isaprime fuzzy bi-idedl of R.
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(2) Every primefuzzy bi-ided of asemiring R isasemiprime fuzzy bi-ided of R.
(3) The intersection of any family of prime fuzzy bi-ideds of a semiring R is a semiprime
fuzzy bi-idedl of R.
Proof. Straightforward.

4.3. Definition.
A fuzzy bi-ided f of a samiring R is sad to be an irreducible fuzzy bi-ided of R if for any
fuzzy bi-idedls g and h of R, gUh= f implieseither g=f or h=f.
A fuzzy bi-ided f of a semiring R is sad to be srongly irreducible fuzzy bi-ided of R if for
any fuzzy bi-idedls g and h of R, gUhE£E f implieseither g£ f or h£ f .

4.4. Proposition.

Every drongly irreducible semiprime fuzzy bi-ided of a samiring R is a strongly prime fuzzy
bi-ided of R.

Proof. Let f be a drongly irreducible semiprime fuzzy bi-ided of a semiring R. Let 9, h be
ay fuzzy bi-idedls of R such that gohUhog£ f. Since (gUh)o(gUh)=(gUh) £goh
and (g Uh)o(gUh) =(gUh)’ £hog, we have (gUh)* £(goh)U(hog) £ f . Thus gUhE f,
because f is a samiprime fuzzy bi-ided of R. Thisimpliesether g£ f or h£ f , because f
isagrongly irreducible fuzzy bi-ided of R. Hence f isadrongly primefuzzy bi-ided of R.
4.5. Theorem.

Let f be a fuzzy bi-idedl of a semiring R with f (a)=a,where al R and aT (01] . Then
there exists anirreducible fuzzy bi-idedl g of R suchthat f £9 and g(a)=a.

Proof. Let X ={h: hisafuzzy bi-ideal of R h(a)=a andf £h}. Then X1 , because
fT X. The ocoletion X is a patdly ordeed st under incuson. If

Y ={h, : h isafuzzy bi-idedl of R, h(a)=a andf £h foralil I} is ay totly ordered
subset of X , then Hh isafuzzy bi-ided of R suchthat f E-Hh . Indeed, if a,b,xT R then

115



World Appl. Sci. J., 22 (Specail 1ssue of Applied Math): 106-121, 2013

(Qh)(a+b):ig(h(a+b))

3 H(h (a)Uh (b)) becauseeach h isafuzzy bi-ideal of R
(@)l o)
=(n J@ofgn)e

and - (h (2b)= g0 (a0
3 H(h (a)Uh (b)) because each hy isafuzzy bi-idea of R
“(on @)olgn )
=(gn )@ olon)e

Ao (gh)(@x0) = O (h (ax0)
3 H(h (2)Uh (b)) because each h isafuzzy bi-ideal of R
=(uh (2)]u{uh )
~(on)@o{un)e)

Hence Uh is a fuzzy bi-ided of R. As f£h for d iT1, we have f£Uh. Also

il 1
(Hh)(a):ig(h(a)):a . Thus iiL'thi X and Uh isan upper bound of Y. Hence by Zomn's
lemma, there exids a fuzzy bi-ided g of R which is maxima with respect to the property
f£g and g(a)=a. Now we show that 9 is an irreducible fuzzy bi-idedl of R. For this,
suppose 91,92 are fuzzy bi-idesof R suchthat g,Ug, =g. Thisimplies g£g, ad g£g,.
Wedamtha g=g, or g=g,. On the contrary, assume that g* g, and g?* g,. Thisimplies
g<g, and g<g,.So g,(a)ta ad g,(a)*a.Hence (g,Ug,)(a)=g,(a)Vg,(a)*a.
Which is a contradiction to the fact that g,(a)Ug,(a)=g(a)=a. Hence ether g=g, or
9=0,.
4.6. Theorem.,

For asemiring R the following assertions are equivaent:

(D R isbothregular and intra-regular.

(2) fof =" forevayfuzzybi-ided f of R.

(3) gUh=gohUhog foral fuzzy bi-idedls 9 and h of R.
(4) Eachfuzzy bi-ided of R isfuzzy ssmiprime.
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(5) Each proper fuzzy bi-ided of R isintersection of irreducible semiprime fuzzy bi-idedls
of R which containit.
Proof. 1) b (2) Let f beafuzzy bi-ided of R and al R. Thenthere exist dements X.Yi and
Z of R suchthat a=axa and a=4y,&z. Then

a=axa=axaxa= ax(éyiazzi)xa: a (axya)(azxa). Thuswe have

(f<f)a)= 0 gu{r(x)uf(x)
a=§1wi
3y {f(axya)Uf (azxa)}

1EiEn

s f(a)uf(a)="f(a).

Thus fof3 f . But fof £f isdwaystrue Hence fof =f .

(2)P (1) Let B be abi-ided of R. Then by Lemma 2.10, f, isafuzzy bi-ided of R. Thusby
Lemma 2.7, and hypothesis f_, = f o f; = f,. Hence B*>=B. Then by Theorem 3.7, R isboth
regular and intra-regular. .

(2)p (3 Let g and h be two fuzzy bi-idedlsof R.Then gUh is ds afuzzy bi-ided of R.
Thus by hypothess, we have gUh=(gUh)o(gUh)£ goh. Smilaly gUh£hog. This
implies gUh£ gohUhog.

Now, goh and heog, ae fuzzy bi-ideds of R, s0 gohUhog is dso a fuzzy bi-ided of R.
Thus by hypothes's, we have
gohUhog=(gohUhog)o(gohUhog)
£(goh)o(hog)
=gohog because ho h =h (by hypothesis)
£gofiog Dbecauseh£ fg
£g because g isafuzzy bi-ideal of R.

Smilaly go hUho gf h. Thus ge hUhog £g Uh. Hence go hUhog =g Uh.

)P (4 Le g,h be fuzzy bi-ideds of R such tha f?£g. Then by hypothess,
f=fUf=fofUfof =fof=Ff2£¢g. Thus g is a ssmiprime fuzzy bi-ided of R. Hence
evay fuzzy bi-ided of R issemiprime.

(9b (5 Let f be a proper fuzzy bi-ided of R and {f : il I} be the collection of all

irreducible fuzzy bi-idedsof R which contains f . Then f EHL‘JI f.Let al Rand al (0] be
such that f(a)=a . Then by Theorem 45, there exists an irreducible fuzzy bi-ided f, of R
such that f£f, and f(a)=f,(a). This implies f, T {f :il 1}. Thus Uf£f,. So
IIUI f (a) £f, (a) = f(a). This implies H f £ f.Hence IIUI f = f . By hypothesis, each fuzzy bi-
idedd of R is semiprime Thus esch fuzzy bi-ided of R is the intersection of al irreducible
semiprime fuzzy bi-idedsof R which containit.
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BG)P (2) Let f be afuzzy bi-ided of R.Then f?=fof isafuzzy bi-ided of R. Thus by
hypothesis f * :nl‘JI f. , where each f, is an irreducible semiprime fuzzy bi-ided of R such thet
f2£f . Thisimplies f £f for dl il I, because each f, is a samiptime fuzzy bi-ided of R.
Thus f £U f = f2.But f?£f isawaystrue Hence f2=f .

4.7. Proposition.
Let R bearegular and intra-regular semiring. Then the following assertions for afuzzy bi-ided
f of R areequivdent:
(O f isgrongly irreducible.
(2) f issgrongly prime.
Proof. The proof follows from the fact that in a regular and intra-regular semiring
gUh=gohUhog for any fuzzy bi-ideds g,h of R.
Next we characterize those semirings in which each fuzzy bi-ided is drongly prime and aso
those semirings in which each fuzzy bi-ided is strongly irreducible.

4.8. Theorem.
Each fuzzy bi-ided of a semiring R is drongly prime if and only if R is regular and intra-
regular and the st of fuzzy bi-idedlsof R istotaly ordered by incluson.
Proof. Suppose that each fuzzy bi-ided of R is srongly prime. Then each fuzzy bi-ided of R
is semiprime. Thus by Theorem 4.6, R is both regular and intra-regular. We show that the set of
fuzzy bi-ideds of R is totaly ordered by incluson. For this, let g,h be any two fuzzy bi-ideds
of R. Then by Theorem 4.6, gohUhog =g Uh. Snce each fuzzy bi-ided of R is strongly
prime, we have eéther g £gUh or hEgUh.If g£gUh,then g£h andif h£gUh, then
hfg.
Conversely, assume that R is regular and intrarregular and the set of fuzzy bi-ideds of R is
totdly ordered by incluson. Let f,g,h be fuzzy bi-idedsof R suchthat goehUhog£ f . By

Theorem 4.6,
gUh=gohUhog£ f.

Since the st of fuzzy bi-ideds of R is totdly ordered by incluson, so either g£h or h£g.
Thisimplieseither gUh=g or gUh=h.Thusg£f or h£ f .

4.9. Theorem.
If the st of fuzzy bi-ideds of a samiring R is totaly ordered by incluson, then R is both
regular and intra-regular if and only if each fuzzy bi-ided of R isprime.
Proof. Suppose R is both regular and intrarregular. Let f,g,h be fuzzy bi-idedsof R such
that goh£ f. Since the s&t of fuzzy bi-ideds of R is totdly ordered by incluson, so ether
gfhorhf£g.lf gEh,then g=gogf gech£ f.If h£g,thenh=hoh£goh£f.
Conversdly, suppose that every fuzzy bi-ided of R is prime. Thus every prime fuzzy bi-ided of
R issemiprime, so by Theorem 4.6, R is both regular and intra-regular.

4.10. Proposition.
If the st of fuzzy bi-idedls of a semiring R is totdly ordered, then the concept of primeness and
strongly primeness coincides.
Proof. Let f be a prime fuzzy bi-ided of R.Let f,, f, be any two fuzzy bi-idedsof R such
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that f,of,Uf,o £ f. As the st of fuzzy bi-ideds of R is totally ordered, therefore either
f,Ef, or f,Ef.1f f £f,, then fof =f*=f°Uf’Efof,Uf,o f£ f.Thus f £f.
Smilaly, if f,£ f, then f,£f. This impliesthat f is a srongly prime fuzzy bi-ided of R.
Every srongly prime fuzzy bi-ided is obvioudy prime bi-idedl.
4.11. Theorem.

For asemiring R the following assartions are equivaent:
(D Setof fuzzy bi-idedsof R istotaly ordered by inclusion.

(2) Eachfuzzy bi-ided of R issrongly irreducible.

(3) Eachfuzzy bi-ided of R isirreducible.

Proof. ()P (2) Let f,g,h be any fuzzy bi-idedls of R such that gUh£ f. By hypothess
gither g £h or h£ g, thusdther gUh=g or gUh=h. Thisimplieseither g£ f or h£ f .

(2P (3) Straghtforward.

)b () Let 9h be two fuzzy bi-ideds of R. Then gUh is a fuzzy bi-ided of R. Also
gUh=gUh. Thisimplieseither g=g Uh or h=gUh.Thusg£h or h£g.

4.12. Example.
Consider the semiring R={0,a, b} .

+|0fal|b Ola|b
O([O|a|b 0|0(0]|O0
alalalb al0Ojlala
b|b|b|b b|O|b|b

Itisevident that R isboth regular and intra-regular.
Remark (1) Afuzzy subset f of the semiring R isafuzzy bi-ideal of R if and only if
f(0)2 f(x) forall xI R.
Proof. Let f beafuzzy bi-ided of R. Then
f(0)=f(x0x)3 f(Xx)Uf(x)=1f(x) foralxl R

Conversdly, supposethat f satisfies f (0)3 f (x) foral xT R.Thenweshow that f isa
fuzzy bi-ided of R. Let x,yl R. Then
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f(x+y)=f(x)Uf(y) ifx=y oroneofx,y iszero

f(x+y)® f(x)Uf(y) ifx,yl {a b} andx? y
Thus f(x+y)® f(x)Uf(y) foralxyl R

Now as Xy = X if x, yT {a, b}
and xy=0 if one of X,y iszero.
Thus f(xy)3 f(x)Uf(y) foralxyl R
Nowas  xyz=Xx if x,y, zT {a, b}
and xyz=0 if oneof x,y, zis zero.

Thus f(xyz)3 f(x)Uf(z) foralxy,zl R

Remark (2) By Theorem, every fuzzy bi-ideal of R is semiprime.
Consider the fuzzy biidedis f , g and h of R givenby

f(0)=.7 f(a)=.6 f (b) =.4

g(0)=1 g(a)=5 g(b) =3

h(0)=.7 h(a)=.65 h(b)=.3
Then goh(0)=.7 goh(a)=.5 goh(b)=.3

Then goh£ f butnether g£ f nor h£ f . Hence f isnot aprimefuzzy bi-ided of R.

4.13. Example.
Consider the semiring R={0,x,1} .

+10|x|1 .10 x| 1
O[0|x|1 0(0|0|O
X[ x|x|1 X[0] x| X
111(1]|1 110|x|1

It is evident that R is commutative, regular and intra-regular. Bi-idelsof R are {0}, {0,x} and

R. All bi-ideds are strongly prime.
Remark. A fuzzy subset f of the semiring R is a fuzzy bi-ideal of R if and only if

£(0)3 (x)3 f(1).
Proof. Let f beafuzzy bi-ided of R. Then
f(0)=f(a0a)® f(a)Uf(a)="f(a) foradlal R
Also f(x)=f(1x1)3 f(HUf
Hence f(0)3 f(x)3 f(1).

Conversdly, assume that f satisfies f (0)2 f(x)3 f(1). Then smple calculdions show that f

isafuzzy bi-ided of R.

Now we show tha every fuzzy bi-ided of R is not srongly prime fuzzy bi-ided of R. Consider
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the fuzzy bi-idedls f , g and h of R given by

Thisimplies goh(0)Uho g(0)=.7
goh(x)Uhog(x)=.5
and goh(1)Uhog(1)=.3
Thus gohUhog£ f but neither g£ f nor h£ f. Hence f is not a srongly prime fuzzy bi-
ided of R.
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