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Abstract: Recently we defined pseudo-valuation maps and by using these maps we

reproduced and

discussed pseudo-valuation domains. In this article we mtroduce P-Krull domains, while construction of
these domains pseudo-valuation maps play an important role. Finally by using pseudo-valuation maps as a

length function wecharacterize newly created structures as half factorial and bounded factorial domams.
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INTRODUCTION

Let R be an mtegral domain with quotient field K. A
prime ideal P of R is called strongly prime if xycP; where
x, yeK; then xeP or yeP. An integral domain R 1s said to
be a pseudo-valuation domain (PVD) if every prime ideal
of R1s a strongly prime [1, Definition page 2]. An integral
domain R 18 a PVD 1f and only 1if for each nonzero xeKX'\R
and for each nomunitacR; we have ax'cR [1, Theorem
1.5(3)]. Every valuation domain 1s a PVD [1, Proposition
1.1] but converse is not true. A quasi-local domain (R, M)
is a PVD if and only if x'Mc M whenever xeK\R
[1, Theorem 1.4]. A Noetherian domain R with quotient
field K is a PVD if and only if x €K (integral closure of R
m K) whenever xcK'\R[1, Theorem 3.1]. Let R be an
integrally closed domain with quotient field K and
F=1{V, },., be a family of valuation overrings of R. Then
R is said to be a Krull domain if R = n{l] },., each V} isa
DVR; the family F has finite character (that 1s, if 0#xeKk,
then x 1s a non-unit in only finitely many of the valuation
rings in the family 7) and each V) is essential for R (A
valuation over ring of integral domain R 1s said to be
essential for R if ¥ is fraction ring of R).

Recently much literature has been presented on the
factorization properties weaker than UFD are HFDs and
BFDs. An integral domain R is a bounded factorization
domain (BFD) if it 1s atomic and for each nonzero nonunit
of R, there is a bound on the length of factorization into
products of irreducible elements. Examples of BFDs are

UFDs and a Noetherian domains or a Krull domain. We
define R to be half-factorial domain (HFD) if R is atomic
and whenever x, x, =y, y, wherex, x, x,y, ¥, ¥, are
irreducible in R, then m = #n. A UFD is obviously an HFD,
but the converse fails, since any Krull domain R with
divisor class group, CI(R) =2, is an HFD [2] but not a
UFD. Moreover a polynomial extension of an HFD 1s not
respond affirmatively, for example by [3, Theorem 2.2], Z
[/-3] [X] is not an HFD, as Z [v-3] is an HFD which is not
integrally closed. Since every Krull domam 1z BFD,
therefore it is not necessary that a BFD is an HFD.

In [4] author’has been discussed the stability of
some domains mncluding the pseudo-valuation domain for
a domains extension relative to a condition’. In [5] it has
been proved that a Krullmonoid domam R[S] 1s an HFD
ifShas trivial class group while CI(R) =Z,. Further in [6]
have been discussed the
properties, particularly the half-factorial and bounded
factorization of Krullmonoid domam R[S] through the
length functions and class groups of monoidS and
domain R respectively.

authors™’ factorization

We (authors"”) gave brief introduction of generalized
form of valuation maps (i.e. pseudo-valuation map) in [6]
and have been discussed pseudo-valuation domamn and
its characteristics with the help of pseudo-valuation map.

In this study we establish new structures and
generalized the work contained m [6] for newly
established structures by characterizing newly born
domains as HFD and BFD.
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P-Krull Domains: Tet K be a field and R be a subring of
K with identity, K'= K\{0}, the multiplicative group and
U(R) or Urepresent the units of R, which 1s the subgroup
of K. G= K"/ L{R), the factor group with binary operation
addition, xU7 + yU = xyl, where xUyUc G and partial
ordering on G is defined as; xU<yUifand only if x | yin R.
The positive subset G, = {xU xU2U} = {xU: xR} 1s a
cone with respect to relation < contamming ¢ and closed
under addition.

*  Hereafter we add a property . in G as follows:

Property.: A partially ordered group G in which each
g€, either g=0 or g<h for all keG with A>0. A partially
ordered group G with property . will be dencted by G,

Let G be a partially ordered group and X be a field
and K'= K\{0}, the multiplicative group. We initiate the
following definition.

Definition 1: By [6], let » : K"~ be an onto map, which
has the following properties. Forx, yek,

s ey = o) o).

+ (@) <w(y) mpliesw(x + y) = w(x).

¢ w(x)=gx0o0r wx) <w(y)=h, where g, hcG and k>
0.

In Definition 1, the map w is the extension of
semi-valuation map. No doubt Definition 1(b) implies that
it is a quasi-local domain as discussed in [7, page 180].
Moreover condition (¢) plays an important role and it
induce property in G. Hereafter we w the
pseudo-valuation map.

call

Now we construct a close but wealeer structure to a
Krull domain, 1.e. a P-Krull domain, with the help of
pseudo-value map w. Before we start the discussion
about P-Krull domain we feel necessary to define few
terminologies.

Remark 1: Let G be a partially ordered group and X be a
set of bounded elements of G, then X i1s convex
subsemigroup of G. The subgroup B(G) of G generated
by X 18 a convex subgroup of G. If G 1s lattice ordered,
then B(G) is a sublattice subgroup of G [7, Proposition
19.10].

Remark 2: [6, Remark?] Let P be a strongly prime 1deal in
D and G be a group of divisibility of D, then there 1s one
to one correspondence between strongly prime ideals and
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a convex subsetsX in G which generate the convex
subgroup B(G) as in remark 1. By the definition of a
strongly prime 1deal (1.e. P 1s a strongly prime if and only
if x7'P, whenever x=K\R), we have a convex set C and for
xeGWC such that -x + C=C. We call such C a strongly
convex set.

Definition 2:

+ A family of pseudo-valuations of the field X is said
to be of finite P-character if for every x€K, x= 0, the
set fwe Q: w(x) = 0} 1s finite.

s Corresponding to we €, the PVD R, with a
maximal ideal (which is strongly prime) P, the
ring 4 = M. .R, 18 said to be defined byw and P4
15 a (strongly) prime ideal in A, called centre
of w on A and we denote it by Z(w). If R,= A4,
then @ is said to be essential pseudo-valuation
for 4.

» Rank of a PVD D i1s the rank of pseudo-value group
of D, i.e. G Rank of pseudo-value group G depend
upon the existence of ordinal type of set of proper
strongly convex sets which are described in remark?2
under mnclusion.

Definition 3: Rank of a PVD R is the rank of the pseudo-
value group of R, i.e. G. Rank of pseudo-value group G
depend upon the existence of ordmal type of set of proper
strongly convex sets which are described in remark]
under inclusion. Tf pseudo-value group G is isomorphic to
ZaZ, then it 1s P-rank one P-discrete.

Remark 3: The family of pseudo-valuations V.,
satisfying the conditions of definition 3, will call now
P-rank one P-discrete pseudo-valuation overrings.

We define P-Krull domain as:

Definition 4: Let I'= {I} },_, be the family of P-discrete
pseudo-valuation overrings of mtegral domain R such
that each V; is a root closed and;

+ R=nl,

»  Each Vs of finite P-character (1.e. every non-zero

element is contain in atmost finitely many maximal

ideals of I; for all Acy ).

Each ¥, has P-rank one.

+  Eachl/ 1s essential for R (PVD 1s essential for Rif it
is fraction ring of R).
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Example 1: If we look upon P-Krull domain, then we
observe that it is a pullback overl”;/M, where M is unique
common maximal ideal mn each overrng ¥, of domain
R = ¢7'(D);, where each V; is P-discrete. Where D is a reot
closed subring of V/M,and R =D + M is a P-Krull domain.

Example 2: If D 13 a Noetherian root closed domain then
1t has discrete valuation overrings {(cf. [8]), thus it has
pseudo-discrete pseudo-valuation (p-discrete valuations)
overrings. Let these overrings of the form B = K+ M. Also
kck,=... K where each & 1s root closed n K. Let & ,be a
root closed subfield of K, then the subring D = &, + M,
clearly I is a Noetherian root closed PVD and can be
written as an intersection of k + A where = 1. Clearly D
1s a P-Krull domain (a PVD).

Remark 4: A P-Krulldomain is closed to a quasilocalKrull
domain.

P-Krull domain may or may not be a PVD. If a P-Krull
domain 18 a PVD then Krull domam has the followmg
relation with it.

Proposition 1Krull domain having every ideal a
strongly prime 15 a P-Krull domain (a PVD).

Proof: et D be a Krull domain no doubt it is integrally
closed hence root closed, also each Krull domain can be
written as an mtersection of discrete valuation over-rings.
As
overrings which implies pseudo-valuation overrings thus

discrete valuation overrings 1mplies valuation
definitiond(a) is satisfied, similarly easy to prove (b), (c)
and (d), which completes the proof.

On the other hand if a P-Krull demain is not a PVD
then Krull domain = P-Krull domain as in the following

proposition.

Proposition 2: Krull domam 1s a P-Krull domain (not a
PVD).

Proof: It 1s very clear from the defimtions of Krull domain
and P-Krull domain (not a PVD).

We can make the implication of newly established
structures with the existing structures in the literature as;

DV R = PDPV R = P-Krull domain
l
Krull domain

After mtroducing P-Krull domains now we discuss
their class group (group of divisibility). Since these

123

domains are not integrally closed, we may discuss about
group of divisibility (which is in fact play a role as a class
group) of any domain without distinction of ntegrally
closedness. The construction of class groups of said
domains are similar as discussed in [7, Page 69]. We
construct a class group of P-Krull domains as follows.

Remark 5: Let k = Z/27 and k ¢ F be a subfield with four
GF (2%). Let V,be a P-discrete
pseudo-valuations overrings of the form ¥, = F + M,
where A =X ¥, and each I}is aroot closed. R=k +AM1s a
P-Krull domain and M : M = V,, a P-discrete pseudo-
valuations overrings. Here G (I}) =Z and V'/R'=F/
k'=Z/3Z, where Z=3Z is a trivially ordered semi-value
group and Z 1s totally ordered. Also by [9, Remark 3.5]
there 1s lexicographical exact sequence

elements such as

ap
1 ~F/ K =Z/3Z ~G(R) ~G (V) =Z -~ 1.

Here ime: = kerp, G(R) =Z/3Za 7, is a non-torsion free
group of divisibility of R. Indeed G(R) satisfying property
and the positive cone G. = {(e, b): e €£/3Z;, 0< b €Z}
induced partial ordering in G(R). Any element g cG(R),
where g = (e, b) >0 if and only if &>0.

Characterization of P-krull Domains: [n this section we
established a length function on generalized P-Krull
domains via pseudo-valuation maps and class groups.
Furthermore we characterized P- Krull domains as HFDs
and BFDs. We defined length function which is based
upon the pseudo-valuation map. Indeed, our defined
pseudo-valuation map is also a length function (by
Definition]l (a)). Throughout in this work we denote
length functions by L, and /;, we mean by this notation a
pseudo- value map. In general,

UFD = HFD = BFD = ACCP = Atomic.

Following [10, Pages 933 and 934], let R be an integral
domain and let x be an element of . We define;
o [ (x)=mf{x x=xx, . x, where eachx, is irreducible
and 1 <izntand
Lix) = sup {x x = xx,...x, where each x is
irreducible and 1 <i<n}.

However I (x) =L{x) = 01f x is unit element of R and
I(x) = Ljx) = I if x is irreducible. Moreover;
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Ixy) <Idx) + I{y) and L (xy) >Ldx) + L{y).

We are very clear about atomic pseudo-valuation
domams (HFDs). We may observe the followmg
possibilities for a P-Krull domain:

«  Atomic PVD.

+ A nonatomic PVD.

+  NonPVD atomic.

»  Non atomic non PVD.

Two of them are important from our point of view that
are an atomic PVD (an HFD) and non PVD atomic.
Generally if we look upon example 1, one can easily judge
when a P-Krull domains are atomic or non atomic (cf. [9,
Proposition 3.2]).

Example 3: P-Krull domains which are atomic but not a
PVD are in the form ofK + LY + X°F [{X]], where Kc L c
F.

Remark 6: Tf P-Krull domains are PVDs and atomic then
by [11] these are HFDs.

Now we discuss about those P-Krull domains which
are atomic but not PVDs. We are proving in proposition3
that an atomic P-Krull domain R (not a PVD) is a BFD,
since every strongly prime 1deal 1s a prime 1deal so we will
freely use the terminology as used for a Krull domains in
the literature.

Proposition 3: Let R be an atomic P-Krull domain (not a
PVD) and X™(R), the set of height one strongly prime
ideals with family {v, : PcX™ (R) } of essential pseudo-
discrete pseudo-rank one valuations. Then ¥ R*~Z, by ¥/
(x) = Yviix), where x £ R" characterize P-Krull domain as
a BFD.

Proof: Let us define,

e VR-Z by Vix)=Yv(x), where x cR’.
¢ Thus F(x)=n>1ifand only if xR = (P,. P,...F,) for
some P.e X9 (R).

Then ¥V defines a length function on R such that
V(x) =1 if and only if x is irreducible. Note that L (x) <V
(x) for each xeR, so we can say there exist a bound on the
factorization mto irreducible of the elements of the P-Krull
domain R (not a PVD). Hence a P-Krull domain (not a
PVD) is a BFD.

Proposition 4: Let R be an atomic P-Krull domain (not a
PVD). If class group (i.e. group of divisibility) of R 1s
isomorphic to ZaZ,;, then R is an HFD.

Proof: Suppose R is an atomic P-Krull domain (not a
PVD) such that Cl(R) = ZaZ,. By partial ordering induced
by G. = {(e, b). ecZ/3Z, O<beZ} in Cl(R), 1e. any element
g€ G(R), where g = (e, b) >0 if and only if &>0. We can
also defind a length function as;

e Lp R-Z, defined as: I,(x) = n|[F].

where |[F]| represent the order of [P)]; I, is a length
function which shows that R i1s a Half-factorization
domain (HFD).

Now finally we define a length function on additive
P-Krullmonoids with the help of pseudo-valuation map
and characterize them. But here first we define useful
terminologies.

Definition 5: A monoidHd 1s called pseudo-valuation
monoid (PVM) if xeG\H (G be a quotient groupoid of H)
and acH\H" (where " 1s a set of invertible elements of A)
implies x'acH [12, Definition 16.7].

In the above defimtion5, the monoid H 1s
multiplicative monoid, we can redefine it for addition as:

Definition 6:

* (G be a quotient groupeid of an additive monoidH if
HcG is a submonoid and G = {¢ + @ acH; ¢ €H\
{0},

¢+ An additive monoid H is called pseudo-valuation
monoid if x2G\H (G be aquotientgroupoid of A) and
a eF\H" (where H'is a set of invertible elements of H)
implies -x + acH.

»  Let Sbe a cancellative additive monoid with quotient
group G. A fractional ideal of S is a nonzero subset
I of G such that there exist nonzero element s€S with
s+ IcSandS + Icl. A fractional ideal need not be a
subsemigroup of G. A principal fractional ideal of §
1s a subset [ of G such that I = x+ S = (x) for some
xcG [13, page 1460].

» The torsion free cancellativemonoidS 1z a P-
Krullmonoid if there exists afamily (v, ),., of rank-one
pseudo-discrete valuations on G, the quotient group
of S, such that § is the intersection of the pseudo-
valuation semigroups of the v,., and for every xc S,
{eeA: v (x) >0 is finite.
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An atomic monoiddd is said to be bounded
factorization monoid(BFM) if there exist a bound

Nx) e on factorization of any nonzero
nonunitxeM, that 1s, if x = Y'_x, where x,, are
irreducible  elements in M, then #<N(x) [6,
Definition3].

Proposition 5: Let S be an additive atomic P-Krullmonoid
(not a PVM) having zero is the only invertible element,
with torsion class group and for some P, P,...., P, the
height one strongly prime 1deals, x €S be a nonunit such
that (x) = (nPtnP+. . +nP). ThenL,: S » Z, defined as;

Ly (x) =Y n|[P]], where |[P.]| represent the order of [P,],
Lgs a length function S is a bounded factorization
momoid.

Proof: For nonunitsx, y£S, we have;

L) =Ll and Ly () =Y m 2],
L (x) =01f x eUX(S) (U(S) represent umits of S).
Considerly(x) + L, (v) =Y. (1, m)|[P]|, where each
nme Z,.

Since  (x) (mP P+ +nP) and ()
(mPrmP+. . +mp), therefore, (x) + ()
(n, P An,Pt.  +nP) + = (mPtmP+ . +tmP,).

As prime 1deals are linearly ordered and also by the
defimtion of length function we have,

Lix) +Ldy) <Ldx+y).

Hence L 1s a length function. Since each Z; 1s finite
which shows that additive P-Krullmonoid (not a PVM) is
a bounded factorization monoid.

Proposition 6: A monoid domain R[.S] be a P-Krullmonoid
domain (not a PVD) if R is a P-Krull domain (not a PVD),
8 is a P-Krullmonoid (not a PVM).

Proof: If X 15 the quotient field of R then R = KnR[S] and
hence R is a P-Krull domain. Let G be the quotient
groupoid of S and (v, ), be a family of P-rank one P-
discrete pseudo-valuations defining R[S] as a P-Krull
domain. For geddefine w,: G-ZaZ by w,(g)=v, (X¥) and
let A = {eeh : w, has P-rank one}, thus family (w,),., has
a finite P-character. Now for gcG, w,(g) =0 for each acA
=v, (X®) for each gcA =X & R[S] =¢g&S. Thus S 1s a P-
Krullmonoid

Remark 7: If R[S] is a P-Krull domain then R [G] is also a
P-Krull domain, as discussed in [13, Theorem 1] for a Krull
domain.
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Remark 8: Let R[S] be an atomic P-Krull domain (not a
PVD) and (v, ), be a defining family of P-discrete pseudo-
valuations on R [(] such that each nonzero element of
R[G] has nonzero value at only finitely many of the
pseudo-valuations v,. If feR[S], then v, (f) =0 for all icl,
v(f)=0 if fis invertible.

Example 4: If R[ 3] 15 an atomic P-Krull domaimn (not a PVD)
and 8, ={sc8" v () 0} is a sbsemigroup of P-
KrullsemigroupsS. If we take R[S,] such that CI(R[S,)
=ZaZ, with S, has trivial class group, then we can define
a length fuction/ : R[S] -~R. as;

I(H =Yv(H =Yinf{v(g) : geSupp(f) }which shows
that R[S] is an HFD.
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