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Abstract: The concepts of e-soft sets and g-soft sets in AG-groupoids are introduced and some related
properties are investigated. In particular, we describe the relationships among ordinary fuzzy interior ideals
and soft interior ideals over an AG-groupoid S. Moreover, we study the relation-ships among (e, € vq)-
fuzzy interior ideals, (€, v(q) -fuzzy interior ideals, (o; P)-fuzzy interior ideals and soft interior ideals over

AG-groupoid S.
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INTRODUCTION

In [25], Zhan and Jun introduced the notion of
e-soft set and gsoft set based on a fuzzy set and
investigated characterizations for €-soft set and gsoft
set to be (filteristic) soft BL-algebras. In [3], Aktas,
introduced the concept of soft sets in groups and
studied the related properties of soft groups. Jun [8]
applied the notion of soft sets by Molodtsov to the
theory of BCK/BClI-algebras and introduced the notion
of soft BCK/BCl-algebras and soft subalgebras and
then derived their basic properties. Jun and Park [9]
dealt with the algebraic structure of BCK/BCI-algebras
by applying soft set theory.

On the other hand, uncertainties can not be handled
using traditional mathematical tools but may be deal
with using a wide range of existing theories such as
probability theory, theory of (intuitionistic) fuzzy sets,
theory of vague sets, theory of interval mathematics and
theory of rough sets. However, all of these theories
have their own difficulties which are pointed out in
[14]. Maji et al. [15] and Molodtsov [14] suggested that
one reason for these difficulties may be due to the
inadequacy of the parametrization tool of the theory. To
overcome these difficulties, Molodtsov [14] introduced
the concept of a soft set as a new mathematical tool for
dealing with uncertainties that is free from the
difficulties that have troubled the usual theoretical
approaches. Molodtsov pointed out several directions
for the applications of soft sets. Maji et al. [15]
described the application of soft set theory to a decision
making problem. Chen et al. [6] presented a new
definition of soft set parameterization reduction and
compared this definition to the related concept of

attributes reduction in rough set theory. The notion of a
fuzzy set introduced by Zadeh [24] as a method for
representing uncertainty. Since then it has become an
important area of research in different areas such as
medical science, signal processing, pattern recognition
etc. The study of fuzzy sets in algebraic structures are
carried out by several authors [1,2,4,5,7,11,13,20-23].
In [12], Khan et al. introduced the concept of a
generalized fuzzy interior ideal in AGgroupoids and
discussed some of their related properties for this
structure by using the notion of a generalized fuzzy
interior deal. In [12], the concept of a strongly fuzzy
interior ideal in an AGgroupoid was introduced and
some of the related properties were studied. Also, the
authors studied some characterizations of AG
groupoids by using different types of (o, P)-fuzzy
interior ideals.

In this paper, the concepts of an e€-soft set and g-
soft set are introduced in AG-groupoids and some of
their related properties are investigated. In particular,
we describe the relationships among ordinary fuzzy
interior ideals and soft interior ideal over an AG
groupoid S. Moreover, we study the relationships
among (€, € vq)-fuzzy interior ideals, (€,€vq)-fuzzy

interior ideals, (o, B)-fuzzy interior ideals and soft
interior ideals over AG-groupoids S.

PRELIMINARIES

An Abel Grassmann’s groupoid, abbreviated as
AG-groupoid, is a groupoid S whose elements satisfy
the left invertive law: (ab)c = (cb)a for all a, b, ceS
[19]. An AG-groupoid is the midway structure between
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a commutative semigroup and a groupoid [17]. It is a
useful non-associative structure with wide applications
in theory of flocks [18]. In an AG-groupoid the medial
law, (ab)(cd) = (ac)(bd) holds for all a, b, ¢, deS [17].
If there exists an element e in an AG-groupoid S such

that ex = x for all xe S then S is called an AG-groupoid
with left identity e and the following laws hold:

(ab)(cd) = (dc)(ba) and a(bc) = b(ac)

for all a, b, ¢, deS. If an AG-groupoid S has the right
identity then S is a commutative monoid.
For subsets A, B of an AG-groupoid S, we denote by

AB ={ablaeA,be B}

A nonempty subset A of an AG-groupoid S is
called an AGsubgroupoid of S if A’CA. A is called an
interior ideal [13] of S if (i) A*cA and (i1) (SA)ScA.

Throughout this paper S will denote an AG
groupoid unless stated otherwise.

Now we recall some fuzzy logic concepts.

By a fuzzy subset p of S, we mean a mapping,
n:S—[0,1].

Definition 2.1: [13]. A fuzzy subset p of S is called a
fuzzy subsemigroup of S if it satisfies the following
condition:

(vx.y €8)(n(xy) 2 min {u(x), n(y)})

Definition 2.2: [13]. A fuzzy subset p of S is called a
fuzzy interior ideal of S, if it satisfies the following
conditions:

() (vx,yeS)(n(xy)= min{px).u(y)})
() (vx,y,a eS)(p((xa) y) > p.(a))

Lemma 2.3: [13]. A non-empty subset A of S is an

interior ideal of S if and only if ya (the characteristic
function of A) is a fuzzy interior ideal of S.

Let S be an AG-groupoid and p a fuzzy subset of
S. Then for every Ae(0,1] the set

U(p:d)={x|xe Sandp(x) =1}

is called a level set of u:

Lemma 2.4: [12]. A fuzzy subset p of S & a fuzzy
interior ideal of S if and only if U(wA)(=¢) is an

interior ideal of S for every Ae(0,1].
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In what follows let S denote an AG-groupoid and

let a, B denote any one of €, q, evq or eAq.
A fuzzy subset p of the form

u(y):—{

is called a fuzzy point with support x and value A and is
denoted by [x; A].

A fuzzy point [x;A] is said to belong to (resp.
quastcoincidence with) a fuzzy set p, written as
[x;Alep (resp. [x; Alqu) if p(x) =X (resp. w(x) +A=1).
If [x; A]ep or [x;A]qu, then [x;A]evqu. The symbol
evq mean €v( does not hold.

k(;tO) if y=x

0 if y#x

Theorem 2.5: [12]. For any fuzzy subset p of S, the
conditions (i) and (ii) of Definition 2.2, are equivalent
to the following:

(i) (vx,y €S) (VA.h, € (0,1])

([x; Mewly.r,]e u:[xy;min{?»l,kz}]eu) .
(iv) (Vx,y,aeS)(Vre(0,1]) ([a;?»]e n=[(xa)y;1le u)

Definition 2.6:[12]. A fuzzy subset p of S is called an

(a, B)-fuzzy interior ideal of S; where azenq, if it
satisfies the following conditions:

@ (vx,yeS) (VAL e(01])

([x Ao [y. i, ]au:[xy min{A,, 2, ]Bu)
(i) (vx,y,aeS) (Vre(0,1])

([ 2= [(xayy;2pu)

Proposition 2.7:[12]. Let p be a fuzzy subset of S. If
o= € and B = evq in Definition 2.6. Then (i) and (ii)
respectively, of Definition 2.6, are equivalent to the
following conditions:

() (vxyeS)(n(xy)2 min {u(x),n(y),0.5}).
(i) (V¥x.y.aeS)(n((xy)a)= min{u(a),0.5}).

Definition 2.8: A fuzzy subset p of an AGgroupoid S
is called an (E,Eva) -fuzzy interior ideal of S if it

satisfies the following conditions:
@) (vx,yeS) (VA.h,e(0.1])
([xy;min{?»l, AQ}]e_u: [x:2] evaquor [y:2,] ev au)

(i) (vx,yeS) (Yre(,1]) ([(xa)y;x] = [an] Evau)
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Example 2.9: Let S = {a,b,c,d,e} with the following
multiplication

Table:

a b c d E
a a a a a A
b a a a a A
c a a e c D
d a a d e C
e a a c d E

Then (8S,.) is an AGgroupoid. The interior ideals of
S are {a} and {a,c,d,e}.
Define a fuzzy subset p of S as follows:

0.8 if x=a
0.6 if x=e
n:S—>[0,],x>40.5if x=d
04 if x=c
0.2if x=b

By routine calculations we know that p is an
(8,2 vq) -fuzzy interior ideal of S.

Theorem 2.10: A fuzzy subset p of S is an (€,€vq)-

fuzzy interior ideal of S if and only if it satisfies the
following assertions:

() (vx,yeS) (max{u(xy),0.5} >min{u(x),u(y)})
(i) (vx,y,aeS) (max{u((xa)y),O.S}Z u(a))

Proof: Suppose that p is an (€, vq) -fuzzy interior

ideal of S. If there exist X9,yo€S such that
(max{p(x,y,),0.5} <min{u(x,),1(y,)}) =2,

then 0.5<A<1; [xy;] €, [Yo:ho]€p and [xoyo;ko];u,
By (i) of Definition 2.8, [x,;%,]qu and [y,h,] qu.
Then

(ko < p(x ) and A, +u(x0)<l)
or

(ko < p(y )and Ao +u(y0) <1)

Thus 29<0.5, a contradiction. Hence (i) valid. If there
exists x,, a, y, €S such that

max{u((xoao)yo),O.S} <p(a,)=A,

then 0.5<X<1 and [a,;}, e pbut [(x.a,)y,:% |< en . By
(i) of Definition 2.8, we have [a,;h,] qu. Then
(M < p(a )and &+ p(a,) <1). Thus M<0.5,

contradiction. Hence (ii) valid.
Conversely, assume that (i) and (ii) hold. Let
xyeS and Ak, €[0,1] be such that

[xy:min{2,, Az}]oe_u, then p(xy) <min{i,,} . If

u(xy) 2min{p(x),n(y)}
then

min{p,(x),u(y) < min{kl,kz}} .

Thus (u(x)< Morp(y)<i,) ie, [x ;Xl]gu, or
[y 2,] ey, thus [x ;Xl];vau, or [y ;Xz];vapn If
u(xy) <min{p(x),n(y)} , then min{u(x)u(y)<0.5}
by (i).

Now, assume that [x ;A ]ep, and [y ;A,]epn then
(M + p(x)<2p(x) <lor, +p(y)<2p(y) <1) , that is,
[x;Xl]c_lu or [y ;Xz]ap . Therefore [x ;Xl]gvau, or
[y ;kz]gvc_lu. Let x,a,yeS and Ae[0,1] be such that

[(xa)y ;1 ];p, Then p((xa)y)<i . If p((xa)y)=p(a)
then p(a)<ii.e., [a;A ];p, and hence, [a;A ];vap If
n((xa)y)<p(a) then p(a)<0.5 by (ii).

Let [a;A]ep, then A+p(a)<2p(a)<l ie,
[a ;X]ap. Therefore [a ;X]gvau. Consequently, p is

an (€ va) -fuzzy interior ideal of S.

Remark 2.11: A fuzzy subset p of an AGgroupoid S is
an (€,8vq)-fuzzy interior ideal of S if and only if it

satisfies conditions (i) and (ii) of Theorem 2.10.

INTERIOR IDEALISTIC SOFT
AG-GROUPOIDS WITH FUZZY POINTS

Molodtsov [14] defined the soft set in the
following way: Let U be an initial universe set and E be

a set of parameters. Let £(U) denote the power set of U
and AcU.

A pair (9,A) is called a soft set over U, where 9
is a mapping given by 9: A — §(U) .

In other words, a soft set over U is a parameterized
family of subsets of the universe U. For ¢ € A,9(¢g) may

be considered as the set of e-approximate elements of
the soft set (F,A).
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Definition 3.1: Let (9,A) be a soft set over S. Then
(9, A) is called a soft interior ideal over S if 9(x) is an
interior ideal of S for all x€A.

Example 3.2: Let S = {a,b,c,d,e} with the following
multiplication table:

a b c D e
a a a a A a
b a a a A
c a a C d
d a a d E c
e a a c D e

Then (8S,.) is an AG-groupoid. The interior ideals of
S are {a} and {a,c,d,e}. Let (9,A) be a soft set over S,

where A = (0,1] and 3:A—EU) is a set-valued
function defined by

S if 0<A<0.1
{a,c,d,ef if 0.1<1<0.2
{a} if 0.6 <A <1
o if 0.8<A<1

9(x)=

Thus S(X) is an interior ideal of S for all xe A and
so (9,A) is soft interior ideal over S.

Given a fuzzy subset p of an AG-groupoid S and
AcJ0,1] consider two set-valued functions

9:A—>E(S), Ao {xeS|[x;tlep} ={x €S| Kx) 20}
3, :A%&(S), k%{xeSHx;t]qu} ={xeS| p(x)+k>l}

Then (9,A) and (Sq,A) are called e-soft set and

g-soft set over S, respectively.

Theorem 3.3: Let p be a fuzzy subset of S and (9, A)
an g-soft set over S with A = (0,1]. Then (9, A) is a soft

interior ideal over S if and only if p is a fuzzy interior
ideal of S.

Proof: Suppose that p is a fuzzy interior ideal of
SandteA. Let x,ye §(A).

Then [X,X] en and [y,X] en and

[xy;min{k,k}] =[xy;A]ep ie, xye Y 1).
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Let ae Y1) Then hence
[(xa)y,A]ep . Thus (xa)ye 91).

Hence (9, A) is a soft interior ideal over S.

[a,A]ep and

Conversely, assume that (9,A) is a soft interior

ideal over S. If there exist a,b €S such that
(ab) < min{p(a).u(b)} =2,

then XeA and [aA]ep , [bA]Jen , that is,
a,be9(k,) and so abe9(k,) . Thus [abk,]epn , a
contradiction.

Hence p(xy) Zmin{u(x),p(y)} for all x,yeS. If
there exist x,a,y,€S such that min{u(a),u(b)}
<u(ab) =2, then [ab,k |ep ie., abe Y2,). It follows
that a,be9(r,). This is a contradiction. Thus
min {p(x), u(y)} = p(xy) for all x,y€S. Therefore p is a
fuzzy interior ideal of S.

Theorem 3.4: Let p be a fuzzy subset of an AG
groupoid S and (Sq,A) a q-soft set over S with

A =(0,1]. Then the following are equivalent:

(i) pisafuzzy interior ideal of S,
(i) (vreA) (Sq(k));td):\‘)q(k) is an interior ideal
of S.

Proof: (i)=(ii). Assume that p is a fuzzy interior ideal
of S and let AeA such that Sq(k);t(]). Let x,yeS be

such that xe 9, (1) and ye 9 (%). Then [x;A |qu and

[v:A Jqu or equivalently, (p(x )+A>land u(y)+r>1).
Thus

p(xy)+a Zmin{u(x), u(y)} +A
= min{p(x)+ A p(y)+ 4 >1

and so [xy;A Jqu i.e., xye 9,(1). Let x,a,yeS be such
that ae 9 (1).

Then [a;A |qu or equivalently, p(a)+ A'>1. Thus
n((xa)y)+r=p(a)+r>1

and so [(xa)y;A |qu ie., (xa)y €9, (A). Thus 9 (1)is

an interior ideal of S.
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(ii) = (i). Assume that for all AeA, the set 8, (L )= ¢,

is an interior ideal of S. If there exist a,b €S such that
p(ab) <min{u(a),u(b)} . Then

n(ab)+a<l1 <min{p(a), u(b)} +2
=min{u( a)+ Lu(b)+k}

for AeA. Thus p(a)+ A>land p(b)+ A >1. It follows
that [a;A Jquand [b;% ] qu. Hence, a,be 9 (1) and we
have abe 9, (1) . Then, [abd |qu ie., p(ab)+r>1a
contradiction. Hence, p(xy) Zmin{p(x),u(y)} for all

xyeS.

If there  exist, Xpd,Yo€S such  that,

u((xoao )¥o)<n(a,). Then
n((xq@o)y,)+ A <l<p(a,)+1

for AeA. Thus p(a,)+A>1. It follows that [a,;A Jqu .
Hence a, €9, (1) and we have(xa)y, €9, (1) . Then,
[(%2) ysd Jau ie., p((x2,)y,)+2>1, a contradiction.
Hence, p((xa)y)=p(0) for all x,a,yeS. Thus, p is a

fuzzy interior ideal of S.

Theorem 3.5: Let p be a fuzzy subset of S and (9, A)
an e-soft set over S with A = (0, 0.5]. Then the

following are equivalent:

(i) pisan (e, € vq)-fuzzy interior ideal of S,
(i) (9,A) isasoft interior ideal over S.

Proof: (i)=(ii). Suppose that p is an (g, € vq)-fuzzy
interior ideal o S and let AcA. If x,ye9(A) then

[X,X] epand [y,X] epthatis, u(x) 2A and W(y) 2A. By

Proposition 2.7 (i), we have
p(xy) =min{p(x),p(y),0.5} > min{i,0.5} =1

so [xy;A]ep implies that xye9(L). If ae9 (i) then,
[a.X]ep thatis, n(a)=A By Proposition 2.7 (ii), we

have

u((xa)y)>min{p(a), 0.5} >min{r,0.5} =24

so [(xa)y;A]ep implies that (xa)ye9(A) . Hence,

(9,A) is a soft interior ideal over S. (ii)=(i). Assume

that (9, A) is a soft interior ideal over S. If there exist,
a,beS such that p(ab) <min{p(a),u(b),0.5} . Taking
A =lz(p(ab)+min{(a),u(b),O.S}) we have AeA and
p(ab)<i < minfu(a),u(b).,0.5), which implies [a;)]e p
and [b;1]ep and [ab;k]e_u ie., abe Y1) but abeg Y1)
a contradiction. Hence p(xy) Zmin{u(x),p(y)O.S} for
all x,y €S. If there exist, a,b,ceS such that

p((ab)e) < min{p(b),0.5}
Taking

A= %(u((ab)c+ min{p(b),O.S})

we have AeA and p((ab)e)<A<min{n(b),0.5}, which
implies  [b;A]ep [(ab)c;?»]gu ie.,
be Y1) and (ab)ce YA) a contradiction.
u((xa)y)= min{p(a),O.S} for all x,a,y €S.

Therefore, p is a fuzzy interior ideal of S.

and hence,

Hence

Theorem 3.7: Let u be a fuzzy subset of S and (9, A)

an e-soft set over S with A = (0.5,1]. Then the
following are equivalent:

() pisan (g, vq) -fuzzy interior ideal of S.

(i) (9,A) isasoftinterior ideal over S.

Proof: (i) = (ii). Suppose that p is an (€, vq) -fuzzy

interior ideal of S. For any A€A, let X,y €S be such that
x,ye 1) , then [x;Alep and [y;A]lep that is,

u(x) =1 and p(y) =i . It follows from Theorem 2.10
(i), that

A <min{u(x), n(y)} < max{p(xy),0.5} = p(xy)

It follows that, [x;A]e p ie xye Y1). Let x,a,yeS be
such that ae Y1) then [a;A]ep, that is, w@)=h . It
follows from Theorem 2.10 (ii), that

A<p(a)< max{p((xa)y),O.S} =p((xa)y)

which implies that [(xa)y;A]ep ie., (xa)ye {A) .
Therefore, (9, A) is a soft interior over S.
(i) = (i). Assume that (9,A) is a soft interior ideal

over S. If there exist, a,b €S such that
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min{p(a), p(b)} > A > max {u(ab),0.5}

for some AcA.

Thus, [a;A]ep and [b;A]ep but [ab;d]ep that is,
a,be Y1) but abe Y1)
max{p(xy),O.S} Zmin{u(x),p(y)} for all x,y € S. If there

a contradition. Hence,
exist a,b,ceS such that p((ab)c)>1> min{p(b)O.S} for

some A€A.
Thus, [(ab)c;A]ep but [b;d]ep , that is, be 1)

(ab)ce Y1) a
max{p((xa)y),O.S} >p(a) for all x,a,yeS. Thus, p is an

and so contradition.  Hence,

(8,2 vq) -fuzzy interior ideal of S.

Definition 3.17: Let S be an AGgroupoid and let &,
Be[0,1] with a<B, let n be a fuzzy subset of S. Then p

is called a fuzzy interior ideal with thresholds (o, B) of
S if it satisfies the following conditions:

(@) (vx.yeS) (max{p(xy),of > min {p(x).n(y).p})
(i) (Vx,y,aeS) (max{p((xa)y),a}>min{u(a),B})

Theorem 3.18: A fuzzy subset u of an AG-groupoid S
is an interior ideal with thresholds of S if and only if

U(p,4) (= ¢) is an interior ideal of S, for all Ae[a, B].

Proof: Let p be a fuzzy interior ideal with thresholds
(o, B) of S. Let x,yeU(u,A), then p(x)=A and

w(y) A and from (i) of Definition 3.17, it follows that
max {u(xy),o} Zmin{p(x),p(y),ﬁ} >min{A,Bj= 1> o

so W(xy) =X ie., xye U(w;r). Let x,a,y €S be such that
aeU(wA) then n(a)=A and by (ii) of Definition 3.17,
it follows that

max {u((xa)y),o }> min{p(a),p} > min {A,p}= 1 > a

and so (xa)y € U(p;1)

Conversely, let p be a fuzzy subset of S such that
U(u;A)(# ¢) is an interior ideal of S. If there exist

X Yo €S such that

max {1 (x,y,), 0 <min{u(x,).0 (¥ o).B} =2

o <i,<B, and p(xy,) <A, Since

ideal

X Yo € U(Miky)

U(p;ko) is an interior so we have,

1875

X, ¥, €U (;%,) , then p(xy)>2%, , a contradiction.

Hence,

max{u(x y ),(x} > min{p,(x),p(y),[}} , forallx,y €S

If there exist x,, a, y, €S such that

max {1 ((x,42,), ).} < min{u (a,),B}= A, ,

then a <A<, u((%3)y)<A, and a, eU(u:2,). Then

(%39 Yo € U(13 %) n((3)y)=x, , a
contradiction. Hence,

and hence

max{u((xa)y),(x} Zmin{p,(a),ﬁ}, for allx,a,yeS

Therefore, p is an (o, P)-fuzzy interior ideal with
thresholds (o, B) of S.

Theorem 3.19: Givena [0,1] and a<p let p be a
fuzzy subset of S and (9, A) an e-soft set over S with

A=(a,B]. Then the following are equivalent:

(i) pn is a fuzzy interior ideal with thresholds

(o, Bl of S
(i) (9,A) isasoftinterior ideal over S.

Proof: (i) = (ii). Suppose that p is a fuzzy interior
ideal with thresholds @, B] of S and let AeA. If
x,ye 1) for any A e(a,f] , then [x;Alep and

[v;AJe p and so p(x)=2 and p(y)=2 . By Definition
3.17 (i), we have

max{u(xy),oc} > min{p(x),u(y),[?)} >min{A,Bl= 1> o

and so p(xy)>%, that is, [xy;A]e n . It follows that
xye i) . If a ae {A) for any A g(a,p] , then
[a;h]ep and so p(a)=A. By Definition 3.17 (ii),

we have
max{u((xa)y),ot} Zmin{u(a),ﬁ} >min{L,Bl= 21 > o

and so p((xa)y)= %, that is [(xa)y;A]e p . It follows that
xye Y1). Thus (9,A) is a soft interior ideal soft

over S.
(i) = (i). Assume that (9, A) is a soft interior ideal soft

over S. If there exist a,b €S such that
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max {pi(ab), o} < min{p(a),u(b),p}
then

max {p1(ab)} <A <min{u(a),p(b),p}

for A e(a,p] and so [a;A],[b;A]ep implies that
[ab;k];p. Since a,be Y1), we have abe Y1), then

[ab;k];p , which is a contradiction. Hence,

max {p1(xy),of 2 min {u(x).u(y).B|

for all x,y €S.
Finally, if there exist a,b,c€S such that

max{p((ab)c),(x} <min{u(b),B} )
Then
max{p_((ab)c);oc} <A, < min{p(b),B}

for and

o€ ((x B8]
[(ab)c;?»];u. Since, be 1), we have (ab)ce Y A),

and so we have, [bA,]ep

then [(ab)c;?»];u, a contradiction. Hence

max {p((xa)y), o} >min{p(a),B}

for all x,a,y €S.
CONCLUDING REMARKS

In this paper, the concepts of e-soft sets and q-soft
sets in AG-groupoids are introduced and some of
their related properties are investigated. In our future
work, we will try to define fuzzy soft left (right)
ideals, fuzzy soft bi-ideals etc over an AG-groupoid and
investigate the structural properties of the so called
AG-groupoids.

Hopefully, our research in this direction will
continue and will make a plate form for other algebraic
structures.
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