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A Solution Method for Solving Systems of Nonlinear PDEs
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Abstract: In this study, Reduced Differential Transform Method (RDTM) is applied to some systems of
nonlinear PDEs. The concept of RDTM is introduced birefly and RDTM is examined for system of
nonlinear PDEs. The main advantage of the RDTM is the fact that it provides to its user an analytical
approximation, in many cases an exact solution, in a rapidly convergent sequence with elegantly computed
terms. Results obtained by using RDTM are compared with the exact solution of given systems and the
results clearly reveal that reliability and efficiency of the RDTM. Also, results indicate that introduced
method is promising for solving other type systems of nonlinear PDEs.
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INTRODUCTION

Differential equations theory is an important
mathematical branch which is used to describe practical
problems in physics, chemistry, biology and so on [1].
It is well known that many phenomena in scientific
fields such as reaction-diffusion process, population
growth, solid physics, fluid dynamics, mathametical
biology and chemical kinetics, can be modelled by
systems of linear or nonlinear PDEs.

In order to wunderstand and analyze these
phenomenas well, it is need to know solution of
systems of these linear or nonlinear PDEs. So, it is a
crucial work to obtain solutions of systems of linear or
nonlinear PDEs in the science. With this idea; scientists
and mathematicians have developed and searched some
methods such as Hirota bilinear method [2], Exp-
function method [3], tanh method [4], sine-cosine
method [5], Galerkin method [6] and Differential
transform method (DTM) [7, 8].

It is more difficult to obtain solutions of nonlinear
PDEs than those of linear differential equations [9].
Therefore, it may not always be possible to obtain
analytical solutions of these equations. In this case, it is
used semi-analytical methods giving series solutions. In
these kinds of methods, the solutions are sought in the
form of series [9]. Semi-analytical methods are based
on finding the other terms of the series from given
initial conditions for the problem being considered [9].
At this point, it is encountered the concept of
convergence of the series. So, it is necessary to perform

convergence analysis of these methods. As this
convergence analysis can be carried out theoretically,
one can gain information about the convergence of the
series solution by looking at the absolute error between
the numerical solution and the analytical solution. In
some semi-analytic methods, a very good convergence
can be achieved with only a few terms of the series, but
more terms can be needed in some problems. That is, if
the terms of the series increase, this provides better
convergence to the analytical solution [9].

The concept of Differential transform was first
introduced by Zhou [7, 8], who solved linear and non-
linear initial value problems in electric circuit analysis.
Later, DTM was applied to many problems in the
literature by several authors [10-13].

Recently, Keskin et al. introduced a reduced form
of DTM as reduced DTM (RDTM) and applied to
approximate some PDEs [14] and fractional PDEs [15].
More recently, Abazari and Malek [16] extended
RDTM to generalized Hirota-Satsuma coupled KdV
equation and P.K. [17] Gupta applied RTDM to
Fractional Benney-Lin equation. The reduced
differential transform recursive equations produce
exactly all the Poisson series coefficients of solutions,
whereas the differential transform recursive equations
produce exactly all the Taylor eries coefficients of
solutions [9].

The solution procedure of the RDTM is simpler
than that of traditional DTM and the amount of
computation required in RDTM is much less than that
in traditional DTM. The solution obtained by the
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reduced differential transform method is an infinite
power series for initial value problems, which can be, in
turn, expressed in a closed form, the exact solution

In this study, we introduced main properties of
RDTM and applied the RDTM to some systems of
nonlinear PDEs such as Brusselator system and two-
dimensional Burger’s equation. Later, we compared the
obtained results with the exact solution and Homotopy
Perturbation Method solutions (HPM) [18, 19].

REDUCED DIFFERENTIAL
TRANSFORM METHOD

Consider a function of two variables u (x,t) and
suppose that it can be represented as a product of two
single-variable functions, i.e., u(x,t) = f(x)g(t). Based
on the properties of one-dimensional differential
transform, the function u (x,t) can be represented as

u(x,t) =(ZF(i)x‘J[ZG(j)ti]= D > U(Lj)kt 1)
i=0 =0 i=0 j=0

where U(i,j) = F(i)g(j) is called spectrum of u (x,t). The

basic definitions of reduced differential transform

method [20, 21] are introduced as follows:

Definition 2.1: If a function u (x,t) is analytic and
differentiated continuously with respect to time t and
space x in the domain of interest then

k

U, (x) = ;{;k u(x, t)} k>0keN )

t=0

where the t-dimensional spectrum function Uy (X) is the
transformed function and u (x.t) is the original function.

Definition 2.2: The differential inverse transform of Uy
(x) is defined as follows:

) = U, ()t 3)

From Eq. (2) and Eq. (3), we get

u(x,t) = Zk[&k } “

The following rules in Table 1 can be deduced
from Eq. (2) and Eq. (3).

APPLICATIONS

Example 1: Consider the following system of two
non-linear equations [19]:
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Table 1: Fundamental operations of reduced differential transform
method

Original function Transformed function

f(x,y,t) = og(x,y,t) £ Bh(x,y,t)  F(x,y) = oG(x,y) £ BH(x,y)

h {1 k=0
E(x,y)=x"y 8k -n), 8(k) =

f(x.y.)= Xyt o ' 20

£(x,y,1) = g(x,y,1) - h(x,y,t) E(xy) =D G(x,y) - H_ (x,y)

o
f(x,y,t) = Fg(qu,t) E(x,y)=(k+ D)k +2)---(k+n)G,,, (x,y)
o

n+m

f(x,y, )= Xy G, (x.y)

amm
ae(xy0) E(x.y) =7

E(x.y)= X'y, (x.y)

(Bkj [kn )
E(x,y)= -sin 7+(xx+yy
o [ﬁ )
(X,y)= o -cos > +OoX + 7y

a_b.n
f(x,y,t)= xy tg(x,y,t)

f(x,y,t) =sin(ax + vy +pt)

f(x,y,t) = cos(ax +vyy +pt)

8_11_ au ua—V: - 4+e*sint
ox Ot )
Oov oOudv ovou x
—+——+——=-1-¢ cost
Ox Ot ox ot 0x
with boundary conditions
u(x,0)=0
. ©)
v(x,0)=e
The exact solutions of this system are
u(x,t)=-e"sint @)
v(x,t)=e™ cost ®)

Applying the related rules in Table 1, the

recurrence relation will be as follows:

iUk(x) - kZV{(X)(I{ +DHU,,, ()

+ZU,(X)(1< + DV, (%) == 8(k) +—sm(—)
r=0 (9)
a_V (x)+2(k+l)Uk+l I(x) V(x)

—X

+ZgU(X)(k+1)Vk+1 (%) =—5(k)—

r=0

cos(—)

From Eq. (2), the initial conditions given in Eq. (6)
can be transformed att = 0 as
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Uy(x)=0,V(x)=e™ (10)
Using Egs. (9-10) and inverse transformation Eq.

(3), for k = 0,1,2,...,n,..., we get approximate solutions
of (5) as:

0 . t3 tS t7 t9
u(X,t)Z;Uk(X)t =€ [t—i ;—? a—]
which is the taylor series of Eq. (7)
0 t2 t4 t6 t8
_ k _ —x TR
v(x,t)—;\/k(x)t =e (l TR +8! J

which is the taylor series of Eq. (8).

Example 2: Consider the following system of three-
dimensional PDEs [19]:

ou Ou o&vau
——V————=-1 x4y +t
a 0x ot oy
1n
ov Ov Ouodv
—————— = X—y-—t
ot ox oto
with initial conditions
,y,0)=x +y —1
u(x,y,0) =x +y (12)
v(x,y,0)=x-y +1
The exact solutions are
u(x,y,t) =x+y+t -1 (13)
v(x,y,t) =x—y—t+1 (14)
Applying the related rules in Table 1, the
recurrence relation will be as follows:
(k+DU,, (x,y)— ZV(X,Y) Uk (%)
r=0
—Z(k + DV, ,(X,Y)—Ur(xa}’) =06(k)—x+y+dk-1)
=0 (15)

(k+ DV, (x,y) = ZU (x, y) Vk H(XY)

—Z(k+1)Uk+1,(X y) V(X y)=8(k) —x -y =8(k 1)

From Eq. (2), the initial conditions given in Eq.
(12) can be transformed at t = 0 as:
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Uo(XaY) =Xty -1

Vi(x,y)=x —y +1 (16

Using Egs. (15-16) and inverse transformation Eq.
(3), for k = 0,1,2,...,n,..., we get approximate solutions
of (11) as:

u(x,y,t) = ZUk(x,y)tk =x+y+t—1

k=0

v(X,y,t) :ZVk(x,y)tk =x—-y-t+1

which are exact solutions of Eq. (11).

Example 3: Consider the two-dimensional Burger’s
equation [18]:

ou a o0u ou
— At U—t V—= —+ —
ot &x oy ox* oy a7
v . & v v
—tUu—+ V—= —+—
ot x dy 0Ox° 0y
subject to the initial contions
u(X’Y50):X+y’ V(X’Y50): X-y
(x,9.0) € R x[0,—=] (18)
2 b "JE
The exact solutions are
X+y—2xt
Y t) = ———— 19
u(xy. = (19)
X —y —2xt
=T 20
vy =—s (20)
Applying the related rules in Table 1, the
recurrence relation will be as follows:
(k+ DU, (xy) +ZUk (X, Y) U L(X,y)
r=0
+ZVk xy) U(X n=2u o)+ U (X.y)
6x
@1
(k+ 1)V, (x, Y)+2Uk L (xy) V(X )
r=0
Z 2 2
+ Vfr(x,y)—V,(x,y)= VX, y)+—5Vi(x,y)
r=0 « ay . ay g

From Eq. (2), the initial conditions given in Eq.
(18) can be transformed at t = 0 as:
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Uo(XaY) =X+ y

22
Vi(x,y)=x-y @)

Using Egs. (21-22) and inverse transformation Eq.
(3), for k = 0,1,2....,n,..., we get approximate solutions
of (17) as:

U(X,y,t) = zUk(Xay)tk
k=0
=X +y—2xt+(2x+2y)t° —4xt'+ (2x +2y)t* — 8xt’ + ... 23)
iy = Y Vi)t
k=0
=x—y =2yt +(2x = 2y)t* —4yt’+ (2x — 2y)t* — 8yt’ +...
And with aid of some algebraic-sembolic

compution tool, the solutions in closed forms are
given by

X+y—2xt
u(x,y,t)=—m——
(x,y,t) T
and
X—y -2yt
v(Xx,y,t) =——
(x,y,t) Y

which are the exact solution of the Eq. (17).

Example 4: Consider the following non-linear system
of inhomogeneous PDEs [19]:

du owov 1awd’u_

= ST o axt
& ox ot 2 & ox?
2
o a_wa_‘:: 6t 4)
ot ot ox
a_w_@_@a_wﬂ t—2t—2
ot ox ox ot
subject to the initial conditions
u(x,0)= ¥ +1, v(x,0) = x>~ LLw(x,0)= -1 (25)
The exact solutions are
u(x,t)= ¥—- t+1 (26)
v(x,t)= X+ -1 27)
w(x,t) = X— t'—1 (28)

Applying the related rules in Table 1, the

recurrence relation will be as follows:

(k+DU, ,, (x)- i(k + I)Vkﬂ_r(x)aiwr(x)
r=0 X
1< PE
- 5;“‘ FDWio ()55 U, (x) =—4xd(k ~ 1)

(k+1DV,,,(x)- i(k+ I)Wkﬂ_r(x)ai—ZU,(x): 68k -1) (29)

r=0

(k+DW,,,(x) —aa—zzUk(X) - i(k + DWW (V%)
X r=0

=(4x-2)d(k-1) -258(k)

From Eq. (2), the initial conditions given in
Eq. (25) can be transformed att =0 as:

U,x)=xX+1, V(x)=x*-1,W(x)=x"-1 (30)
Using Egs. (29-30) and inverse transformation Eq.

(3), for k = 0,1,2,...,n,..., we get approximate solutions
of (24) as,

u(x,t) = ZUk(X)tk =x’-t*+1

k=0

v(x,t):in(x)tk:xz+t2—l (31

k=0

w(x,t) =D W, (OtF =x* - t* — 1

k=0

which are the exact solutions of Eq. (24).

Example 5: Consider the two-dimensional Brusselator

system [18]:
2 2
—=u’v-2u +l 6_121+6_121
4\ x” oy
(32)
CANEO | el e
ot ox* oy’
subject to the initial conditions
u(X=YaO) = CXp[—X - Y]5 V(Xay=0) = exp[x + Y]
and
(x,y,t) € R*x[0,2] (33)
the exact solution of system is
t
u(x.y.t) =exp[-x ~y —] (34)
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t
V(Xayat) = exp[x ty +E]

Now, let’s assume nonlinear term as u’v = r(x,y.t) in Eq. (32). We know from main properties of RDTM that
u(x,y,t) = Uo(x,y)+ Ul(x,y) “t+ Uz(x,y) g U, (x,y)-t“ +---
and
V(x,y,t) =V0(x,y)+ Vl(x,y)-t +V2(x,y) -2 +~-~+V“(x,y) [ R
By means of these equations, r (x,y,t) is re-written as follows:
r(%,y,t) =0V = U2V, +( U2V, + 2 G UV, ) - t+ (U?V, + 20U, V, + UV +20, U, ) £ -
Then applying the related rules in Table 1, we obtained RDT of r (x,y,t) as follows :

R(x,y) =8(k) UV, +8(k =1)(U*V, +2U U, V, )+ 8(k =2 ) (U Vo + 2 G UV + UV, +2G,U, )+

Applying the related rules in Tablel and puting into R (X,y) in the recurrence relation, the last form of the
recurrence relation will be as follows:

2 2

(k+ DU, (x,y) = 8(K)U, 2V, +8(k = 1)U,V +2U,U, V,) +3(k —2)(U02 \ +...)—2Uk(x,y)+%[;—2U](x,y) +%Uk(x,y)]
X

(35)
k k ? k 2 k 2 1o o
(k+1D)V,, (x,y) =U, (x,y) = (8()(U,"V,) + 3k = 1)U, "V, + 2 4 U, V) + 8(k - 2)(U,°V, +'")+Z yVIKX,Y)+§Vk(X,Y)
(36)
From Eq. (2), the initial conditions given in Eq. and
(33) can be transformed at t = 0 as: ety 1 .
Vi{(x,y) = ===’
48 273!
Uy (x,y) =exp[-x -]
and oY
_ _ Xy
Vi(X,y)=exp[x + y] (37) k=3 = U,(x,y)= 334 —244!3
and
Using Egs. (35-37) for k = 0,1,2,...n,..., we get x4y |
. V(X ) = ° = e "
U, (x,y), Uy(x,y),... and V(x,y), V,(x,y),... as follows: AXY) =2 =5
e
k=0=U(x,y) =- 2 Using the inverse transformation Eq. (3), for k =
and 0,1,2,...,n,... we get the approximate solution of (32) as
ex+y
Vl(Xay) = 0 .
u(x,y,t) = 2 Uyt
k=0
— _ 67X7y _ 1 -X-y — e XY _ ei)ky t eiXiy tz _eix*Y 3 +£ 4 _
k=1=U,(0y) =——=—7¢ ¢ 2 221 23 om
B (38)
and v,y = Y Vi)t
Vi(x,y) L -
AXY)=—F"=7%5 x+y X ¥ X 4y X4y
) €Y e e e,
="t — fr—t +——t +...
© T T T T
k=2 = Ufx.y) === Lo
=2= Ulxy)= 48 2 3§e The solutions in closed forms are given by

1531



World Appl. Sci. J., 18 (11): 1527-1532, 2012

t
u(x,y,t) =exp[-x —y 75]
and

t
vy, =explx +y+ 7]

which are the exact solution of the Eq. (32).

CONCLUSION

In this study, we tested the Reduced Differential
Transform method (RDTM) for solving systems of
nonlinear PDEs. Obtained results point out that RDTM
is appropriate method for finding solution of system of
nonlinear PDEs. Comparison with RDTM and HPM for
solving systems of nonlinear PDEs showed that RDTM
is more effective, powerful and simple than HPM. Also,
RDTM has less of computational work than HPM.

REFERENCES

1. Ming-hui Liu and Ke-ying Guan, 2009. The Lie
group integrability of the Fisher type travelling
wave equation. Acta Mathematicae Sinica, 25 (2):
305-320.

2. Abdul-Majid Wazwaz, 2008. The Hirota’s bilinear
method and the tanh-coth method for multiple-
soliton  solutions of the Sawada-Kotera-
Kadomtsev-Petviashvili equation. App. Math. and
Comp., 200 (1): 160-166.

3. Borhanifar, A. and M.M. Kabir, 2009. New
periodic and soliton solutions by application
of Exp-function method for nonlinear evolution
equations. J Comp. Applied Math., 229 (1)
158-167.

4. Engui Fan and Y.C. Hon, 2003. Applications of
extended tanh method to ‘special’ types of
nonlinear equations. Applied Math. and Comp.,
141 (2-3): 351-358.

5. Filiz Tascan and Ahmet Bekir, 2009. Analytic
solutions of the (2+ 1)-dimensional nonlinear
evolution equations using the sine-cosine method.
Applied Math. and Comp., 215 (8): 3134-3139.

6. Prashanth Nadukandi, Eugenio Ofiate and Julio
Garcia, 2010. A high-resolution Petrov-Galerkin
method for the 1D convection-diffusion-reaction
problem. Computer Methods in Applied Mech. and
Eng., 199 (9-12): 525-546.

7. Zhou, JK., 1986. Differential transform and its
application for electrical circuits. =~ Wubhan:
Huazhong Universty Press (China).

1532

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Fatma Ayaz, 2003. On the two-dimensional
differential transform method. Applied Math. and
Comp., 1438 (2-3): 361-374.

Abazari, R. and M. Abazari, 2011. Numerical
simulation of generalized Hirota-Satsuma coupled
KdV equation by RDTM and comparison with
DTM., Commun Nonlinear Sci Numer Simulat,
doi:10.1016/j.cnsns.2011.05.022.

Zaid Odibat, Shaher Momani and Vedat Suat
Erturk, 2008. Generalized Differential Transform
Method: Application To Differential Equations
of Fractional Order. Applied Math. and Comp.,
197 (2): 467-477.

Li Zou, Zhen Wang and Zhi Zong, 2009.
Generalized differential transform method to
differential-difference equation. Physics Letters A,
373 (45): 4142-4151.

Hong Liu and Yongzhong Song, 2007. Differential
transform method applied to high index
differential-algebraic equations. Applied Math. and
Comp., 184 (2): 748-753.

Ravi Kanth, A.S.V. and K. Aruna, 2009.
Differential transform method for solving the linear
and nonlinear Klein-Gordon equation. Computer
Physics Comm., 180 (5): 708-711.

Keskin, Y. And G. Oturang, 2009. Reduced
differential  transform  method for  partial
differential equations. Int. J. Nonlinear Sci. Numer.
Simul., 10 (6): 741-749.

Keskin, Y. and G. Oturang, 2010. The reduced
differential transform method: A new approach to
factional partial differential equations. Nonlinear
Sci. Lett. A, 1: 207-217.

Abazari Reza and Ganji Masoud, 2011. Extended
two-dimensional DTM and its a pplication on
nonlinear PDEs with proportional delay. Int. J.
Comput. Math., 88 (8): 1749-1762.

Praveen Kumar Gupta, 2011. Approximate
analytical solutions of fractional Benney-Lin
equation by reduced differential transform method
and the homotopy perturbation method Comp. and
Math. with Appl., 61 (9): 2829-2842.

Jafar Biazar and Hossein Aminikhah, 2009.
Study of convergence of homotopy perturbation
method for systems of part. differential
equations. Comp. & Math. with Appl., 58 (11-12):
2221-2230.

Jafar Biazar and Mostafa Eslami, 2011. A new
homotopy perturbation method for solving systems
of partial differential equations. Comp. & Math.
with Appl., 62 (1): 225-234.



