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Abstract: In this paper, using t-norm A and s-norm V we introduce the notion of generalized intuitionistic
fuzzy bi-ideal, generalized intuitionistic fuzzy generalized bi-ideal and generalized intuitionistic fuzzy (1,2)
ideal of a semigroup. We characterize different classes of semigroups by the properties of these fuzzy

ideals.
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INTRODUCTION

The notion of fuzzy set was introduced by Zadeh
[1], deals with the application of fuzzy technology. The
information processing is already important and it will
certainly increase in importance in the future. Mordeson
et al. gave a systematic exposition of fuzzy semigroups
in [2], where one can find theoretical results on fuzzy
semigroups and their use in fuzzy coding, fuzzy finite
state machines and fuzzy languages. The monograph by
Mordeson and Malik [3], deals with the applications of
fuzzy approach to the concepts of automata and formal
languages. In [4], Kuroki gave some properties of fuzzy
ideals and fuzzy bi-ideal of semigroups. The concept of
(1,2) ideals in semigroups was introduced by Lajos [5].
Lajos and Jun in [6] consider the fuzzification of (1,2)
ideals in semigroups.

After the introduction of fuzzy sets by Zadeh, there
have been a number of generalizations of this
fundamental concept. Atanassov [7] introduced the
notion of intuitionistic fuzzy set which is a
generalization of fuzzy set [8, 9]. Intuitionistic fuzzy set
theory has been applied in different fields, for example
logic programming, decision making problems, etc. De
et al. in [10] applied intutionistic fuzzy set theory in
medical diagnosis. In [11], Kim and Jun introduced the
concept of intuitionistic fuzzy ideals of semigroups
and in [12] Kim and Lee studied intuitionistic fuzzy
bi-ideals of semigroups. In [13], Hur et al. introduced
the concept of intuitionistic fuzzy generalized bi-ideals
of semigroups. Shabir et al. introduced the notion
of intuitionistic fuzzy prime bi-ideals of semigroups
in [14].

Kim in [15] considered the fuzzification of
R-subgroups of Near-Rings with respect to an s-Norm.

In [12], Kim and Lee gave the concept of intuitionistic
(T, S) normed fuzzy ideals of I'-Rings. In [16], Zhan
studied the fuzzy left h-ideals in hemirings with
t-norms. Interval valued intuitionistic (S, T)-fuzzy H,-
submodules were studied by Zhan and Dudek in [17].
Akram and Dar in [18] introduced the idea of fuzzy left
h-ideal in hemirings with respect to an s-norm. In this
paper we consider the generalization of intuitionistic
fuzzy bi-ideals, (1,2) ideals in a semigroups S and
investigate some properties of such ideals.

PRELIMINARIES

Throughout this paper S will denote asemigroup.
By a subsemigroup of S we mean a non-empty subset A

of S such that AAcCA. By a left (right) ideal of S we
mean a non-empty subset A of S such that

SAc A(ASc A). By a two sided ideal or simply an
ideal, we mean a non-empty subset of S which is both a
left and a right ideal of S. A subsemigroup A of a
semigroup S is called a bi-ideal of S if ASAcCA. A
subsemigroup A of S is called a (1,2)-ideal of S if
ASA’cA. A semigroup S is said to be regular if, for

each xeS there exists y €S such that x =xyx
An intuitionistic fuzzy set A in S is an object
having the form

A={(x.1p (%), 74 (%)): x 8}

where the functions p,:S—[0,1] and v, :S—[0,1]
denote the degree of membership and the degree of

non-membership of each element xeS to A and
0 <pp(x)+74(x) <1 for all xe8S.
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For the sake of simplicity, we shall use the symbol
A = (ua, ya) for the intuitionistic fuzzy set

A={(x.na (0,74 (%)): x €8

Im (ua) denotes the image set of p,. Similarly Im (4)
denotes the image set of y,.

Definition [7]: Let A = (ua, ya) and B = (up, y8) be
non-empty intuitionistic fuzzy sets in a set S. Then

(1) AcBifandonlyif py <pg and y, > vg -
(2) A°=(va-ba)-

() ANB=(paABpYAVTE)-

(4) AUB=(uaVHBYAAYE)-

(5) A=(pa-Ra) Where fty =1-py.

(6) AZ(VAJ{A) where Y5 =1-74 .

Definition [17]: An intuitionistic fuzzy set A = (ua, Ya)
in a semigroup S is called an intuitionistic fuzzy
subsemigroup of S if

HAXY) 2 (X) Apa (Y)
and
Ya (XY) S ya () vV yA(Y)

for all x,y eS.

Definition [17]: An intuitionistic fuzzy set A = (la, Ya)
in a semigroup S is called an ntuitionistic fuzzy left
(right) ideal of S if

HAGRY) ZpA(Y) (B (XY) 2pp (X))
and

Yaxy) <va(y) (A (xy) Sva (%))
for all x,y eS.

An intuitionistic fuzzy set A = (ua, ya) in a
semigroup S is called an intuitionistic fuzzy ideal of S if
it is both an intuitionis tic fuzzy left and right ideal of S.

Definition [17]: An intuitionistic fuzzy subsemigroup

A = (ua, Ya) of a semigroup S is called an intuitionistic
fuzzy bi-ideal of S if

pa(xWy) 2 pa (X)Apa(Y)
and
Ya (XWY) SYA(X) V y4 (¥)

for all x,y,weS.

Definition [11]: An intuitionistic fuzzy set A = (1a, Ya)
in a semigroup S is called an intuitionistic fuzzy
generalized intuitionistic fuzzy bi-ideal of S if

BA(XWY) 2 pa (X) Apa(Y)
and
Ya (XWY) YA (X) vV yA (¥)

for all x,y,weS.

Definition [17]: An intuitionistic fuzzy subsemigroup

A = (ua, ya) of a semigroup S is called an intuitionistic
fuzzy (1,2) -ideal of S if

A (xw(yz)) 2 min {pp (x),0a (Y), 14 (2)}
and
7a (xW(yz)) Smax{y o (X),72(¥),7a(2) }

for all x,y,z,weS.

Definition [10]: Let A = (ua, Ya) be an intuitionistic
fuzzy set in S and let te[0,1]. Then the sets

Upa ) = xeS:pa(x) 2 )

and
Lya :0)={xeS:74() <)

are called p-level t-cut and vy-level t-cut of A,
respectively.

Definition [18]: By a t-norm A, we mean a function
A: [O,l}x [0,1]%[0,1] satis fying the following conditions

(tl) xAl=x

(t2) xAy=yAx

(t3) XA(y Az)z(xAy)Az

(t4) ifw<xand y<zthen wAy<xAz

for all x,y,z,we[0,1].
Remark [18]: Every t-norm A has a useful property
(x Ay)<min(x,y)
for all x,y€[0,1].
Definition [18]: By an s-norm V, we mean a function

V:[0,1]x[0,1]>[0,1]  satisfying  the following

conditions
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(sl) xV0=x

(s2) xVy=yV x

(s3) xV(yVz)=(xV y)Vz

(s4) ifw<x and y<zthen wVy<xVz

for all x,y,z,we[0,1].

Remark [18]: Every s-norm has a useful property

max(x,y) < xVy
for all x,y[0,1].
Definition [18]: A mapping n:[0,1]—>[0,1] is called a

negation if it satisfies

(M1 n(0)=Ln@®H=0
(n2) n is non-increasing.
M3) nx)=x.

The most frequently used negation is x—>1-x

Remark [18]: The t-norm and s-norm are said to be
dual with respect to the negation n(x)=1-x, if

x V y=n(n(x)An(y))

This holds if and only if x A y =n(n(x)V n(y)) .

Generalized intuitionistic fuzzy bi-ideals
semigroup s

in a

In this paper we denote by A and V, the t-norm and
s-norm which are dual with respect to the negation

nx)=1-x.

Definition: An intuitionistic fuzzy set A = (ua, y4) in a
semigroup S is called a generalized intuitionistic fuzzy
subsemigroup of S if

HA(XY) ZHA(X)A pA(Y)
and

YAXY) SYA)V 7A(Y)
for all x,yeS.

Example: Let S = {a,b,c,d} be a semigroup with the
following Cayley table

a b c d
ala a a a
bla a a a
cla a b a
dl{a a b b
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Define an intuitionistic fuzzy set A = (pa, ya) as

Ha(a) =06, pa(b) =05, ua(c)=0.7, pa(d)=07
and
7a(a)=03, 7a(b) =04, ya(c) =04, v4(d) =03

Let A :[O,l} [0,1]—>[0,1]be defined by
x Ay =max(x +y -1,0)
and V :[0,1]x[0,1]—> [0,1] be defined by
x Vy =min(x +y,1)

for all x,ye[0,1]. Then A is at-norm and V is an s-
norm. By routine calculations we check that the
intuitionistic fuzzy set A = (ua, ya) is a generalized
intuitionistic fuzzy subsemigroup of'S.

Definition: An intuitionistic fuzzy set A = (ua, ya) in a
semigroup S is called a generalized intuitionistic fuzzy
left (right) ideal of S if

BAY) Zpp (y) (1 AXY)Zpa(x))
and
YAXY) <A (y) & axy)<va(x))

for all x,yeS

An intuitionistic fuzzy set A = (ua, Ya) In a
semigroup S is called a generalized intuitionistic
fuzzy two sided ideal (or generalized intuitionistic
fuzzy ideal) of S if it is both generalized intuitionistic
fuzzy left ideal and generalized intuitionistic fuzzy
right ideal of S.

A

subsemigroup A = (Ua, Ya) in S is called a generalized
intuitionistic fuzzy bi-ideal of S if

Definition: generalized intuitionistic ~ fuzzy

Ha(XWY) Z pa (X)A pa(y)
and
Ya (xwy) YA (X)V va(y)

for all x,y,weS.

Example: Let S = {0,a,b,c} be a semigroup with the
following multiplication table

oS O O oo
oS O O oOfe
o O O of|Cc
o &® o olo

0
a
b
c
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Define an intuitionistic fuzzy set A = (ua, ya) as

na(0)=04, py(a)=04, ua(b)=0.6, py(c)=02
and
Ya(0)=0.1, y5(a)=0.5, v (b) =04, v, (c)=0.6.

Let (A,V):[0, 1]x[0,1]>[0,1] be defined as
xAy=xy andx Vy =X +y — Xy

for all xye[0,1]. Then A is at-norm and V is an s-

norm. The intuitionistic fuzzy set A = (ua, Ya) 1S a
generalized intuitionistic fuzzy bi-ideal of S.

But if we define t-norm A and s-norm V as
X+y—2xy

Xy andx Vy=
X+y—Xy 1-xy

XAy=
then A = (ua, ya) is not a generalized intuitionistic
fuzzy bi-ideal of S under the norm (A,V) as

0.4=pa(0)=pa(bb)Zps(b) Ajua (b)=0.4285
0.1=7,(0)=74(bb)<y4(b)V,ya(b)=0.5714

Definition: An intuitionistic fuzzy set A = (ua, ya) ina
semigroup S is called a generalized intuitionistic fuzzy
generalized bi-ideal of S if

BA (XWY) 2 pa (XA pa (¥)
and
Ya (Xxwy) SyA(X)V A (Y)

for all x,y,weS.

Obviously every generalized intuitionistic fuzzy bi-
ideal of S is a generalized intuitionistic fuzzy
generalized bi-ideal of S but the converse is not true in
general.

Example: In Example 3.5, if we define an intuitionistic
fuzzy set A = (ua, ya) as:

A (0) =03, na(a) =04, pa(b) =02, pa(c) = 0.4
and
74 (0)=0.1, y5(a)=0.5, y5 (b) =0.8, y5(c)=0.6

Let (A,V) E) ljx[O,l]a [0,1] be defined as

af andocVB:a+B_2aB

AB:OL+[3—0LB 1-ap

for all a,fe[0,1]. Then A is at-norm and V is an s-

norm. The intuitionistic fuzzy set A = (ua, Ya) IS a
generalized intuitionistic fuzzy generalized bi-ideal
of S. But

0.2 :uA(b) =pA(cc)k Ha ( c) Appy (c) =0.25
0.8=1v, (b) = yA(cc)?yA(c) \% yA(c) =0.75

Hence A = (ua, ya) is not a generalized intuitionistic
fuzzy bi-ideal of S.

Let A = (]J,A, ’YA) and B = (I.LB, ’YB) be two
intuitionistic fuzzy subsets of a semigroup S. The
product AGOB =(us O pg,YA O vp) is defined as

VvV ua(Y)Apg(z)ifdy,ze S, suchthatx =yz
Ha Opg =177 )
0 otherwise
A YA (Y)V yp(z)ifdy,zeS, suchthatx = yz
YA Ovp ="
otherwise

The operation O is associative.

Theorem: Let A = (ua, va), B = (up, y8) and C = (uc,
vc) be the intuitionistic fuzzy sets in a semigroup S. If

COAcCOB.

Proof: Let acS. If a is not expressible & a = pq for
some p, q€S. Then

(1A Onc)(a)=0=(ug O nc)(a)
and
(1A 0710)(a)=1=(yg Ovc)(a)
Otherwise
(1A Ouc)(a) =a=qu(uA(p)Auc(q))

<, (a(p)Auc(a)=(up Ouc)(a)

and

(va(p) Vye(a)

(YA Ovc)(a)= =/;q
A () Vre(a)=(a010)(a)

a

v

a

Thus A©GCcBOC. Similarly we can show that
COAcCOB.

We define an intuitionistic fuzzy set S =(S,S') in S
as S(x)=1 and S'(x) =0 for all xeS.
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Let A be a non-empty subset of a semigroup S.
Then the intuitionistic characteristic function of A is

denoted by A=(®, ¥ ,) and is defined as

1 ifxeA 0 ifxeA
¥a(x)=

0 ifxegA’

® -
A { 1 ifxeA

for all xeS.

Theorem: Let A be a non-empty subset of a semigroup
S. Then A is a subsemigroup of S if and only if the

intuitionistic characteristic function A= (® APy ) of A

is a generalized intuitionistic fuzzy subsemigroup of S.

Proof: Assume that A is a subsemigroup of S. We
show that A= (@ A-¥,) is a generalized intuitionistic
fuzzy subsemigroup of S. Suppose that there exist
x,y €8S, such that

DA (xy) <P (x)A Dy (y)
Take
t= %(Q)A(xy) + DA (XA Dy (y))

then t€[0,1], such that
DA(xy) <t <D, (X)A (I)A(y) Smin(‘l)A(x),(I)A (y))

Thus ®,(x)>t and ®,(y)>t. This implies

xy€A. Since A is a subsemigroup of S, xyeA. This
implies @, (xy) =l >t . This is a contradiction. Hence

DA (xy) 2 DA (X)A D4 (y)

Similarly, if there exist x,y €S, such that

Ya(xy)>Wa (X)V Wa (y)
Take
t=1(Pa(xy)+ ¥ ()Y ¥a ()

Then t' €(0,1] such that
Wa(xy)>t'> W (x) VWA (Y) Zmax( LIJA(X),\I’A(y))

This implies W, (x)<t' and W,(y)<t' that is
xy€A. So xyeA. This implies W, (xy)=0<t" which is

a contradiction. Hence

‘PA(xy)S YA (X)V‘I‘A(y)

for all x,yeS.
This shows that A=(®,.¥,) is a generalized

intuitionistic fuzzy subsemigroup of S.
Conversely, let A=(®,,¥,) be a generalized
intuitionistic fuzzy subsemigroup of S. We show

that A is a subsemigroup of S. Let xyeA,
Dp(x)=1, ®,(y)=1and ¥, (x)=0, ¥ (y)=0. Since

Dy (xy)2Dp(x)ADL(y)=l Al =1
and
Pa(xy)< Wy (x) V¥4 (y)=0 VO =0

s0 ®,(xy)=1 and ¥, (xy)=0. This implies xyeA.

Hence A is a subsemigroup of S.
Similarly, we can show that,

Theorem: A non-empty subset A of a semigroup Sisa
left (right) ideal of S if and only if the intuitionistic

A=@,¥,) of A is a

generalized intuitionistic fuzzy left (right) ideal of S.

characteristic function

Theorem: A non-empty subset A of a semigroup Sis a
bi-ideal of S if and only if the intuitionistic

characteristic A=(@,¥,) of A is a

generalized intuitionistic fuzzy bi-ideal of S.

function

Proof: Assume that A is a bi-ideal of S. Then by
Theorem 39, A=(®,.¥,) is a

intuitionistic fuzzy subsemigroup of S.

generalized

Let x,y,zeS be such that

D, (xyz) <D p (X)A Dy (2)
and
‘I’A(xyz) >‘PA( x)V lI’A(z)
Take
tz%(d)A(xyz)-HDA(x)A (O (z))
and

t Z%(\PA(X}/Z)+‘I’A(X)V ‘I’A(z))
Then t,t"' €(0,1] such that

D (xyz) <t <D,y (X)A (I)A(z) Smin(CDA(X),(DA (z))

and

Wa (xyz)>t'> W, (x) VWA (2) Zmax(‘PA(X),‘{’A(Z))

This implies ®,(x)>t , ®,(z)>t and

Y, (x)<t', Wa(z)<t'. This shows that x,ze A. Since

1639



World Appl. Sci. J., 18 (11): 1635-1648, 2012

A s
(OJN (xyz) =1 >t

a bi-ideal of S, we have xyzeA. Thus
and W, (xyz)=0<t'. This is a

contradiction. Hence

D5 (xyz) 2D o (X)A Dy (2)
and
‘I’A(xyz)s ‘PA(X)V‘PA(Z)

for all x,y,zeS.  This proves that A=(®,.¥,) isa
generalized intuitionistic fuzzy bi-ideal of S.

A=(®,¥,) be a
generalized intuitionistic fuzzy bi-ideal of S. By
Theorem 39 A is a subsemigroup of S. Let

xy€A and zeS, Then ®@,(x)=1, ®,(y)=1 and
YA (x)=0, W5 (y)=0.Since

Conversely, assume that

Dy (x2y) 2 @) (x) AD,(y)=1A1=1

and
W, (xzy) SWA (X)V W4 (y)=0 VO =0

Thus xzyeA. Hence A is a bi-ideal of S.

Theorem: A non-empty subset A of a semigroup Sisa
generalized bi-ideal of S if and only if A=(®,.¥,)

is a generalized
bi-ideal of S.

intuitionistic fuzzy generalized

Proof: The proof is similar to the proof of the Theorem
3.11.

Theorem: An intuitionistic fuzzy set A = (pa, y4) ina
semigroup S is a generalized intuitionistic fuzzy
subsemigroup of S if and only if AOAcA that is

HAOKA <pp and v OYa 274 -

Proof: Let A = (ua, Ya) be a generalized intuitionistic
fuzzy subsemigroup of S and aeS. If

(La Opp)(@) =0and(y, Ovy)(a) =1
then
Ha Opp Sppandy, Ova 274

Otherwise, there exist elements x,yeS such that
a=xy. Then,

(ma Opp (@)= a;/XyHA(X)AHA(Y) < a;/xy Ba (xy) =pa(a)

and

(va Ova)@)= ai\XyYA(X)V ya(y)2 alfxy Ya(xy)=va(a)

Hence pp Opp <py and yp Oyp 274 -
Conversely, paOuy <pp  and
Ya ©OYa 274 - Letxand y be any elements of S. Then

assume that

A (xy) 2 (1A Opa)(xy)

:XyV:bcuA(b)AuA(c)ZMA(X)A na(y)

and
Ya(xy) <(va ©7a)(xy)
= Xy/z\bCYA(b)V Ya (C)S YA(X)V YA(Y)

Hence A = (ua, ya) is a generalized intuitionistic
fuzzy subsemigroup of S.

Theorem: Let A = (ua, Ya) be an intuitionistic fuzzy set

in a semigroup S. Then A = (ua, Y4) is a generalized
intuitionistic fuzzy generalized bi-ideal of S if and only

if AOSO Ac A thatis

HA OSOUA Spp and vy OS Oy 274

Proof: Suppose A = (pa, ya) be a generalized
intuitionistic fuzzy generalized bi-ideal of S. Let a be
any element of S.

Case 1: Ifa is not expressible as xy for all x,yeS, then

(ha OSOpA)(a)=0<p,(a)
and

(ra© S Ova)(a)=127,(a)

Case 2: If a is expressible as a=xy for some x,yeS and
x = pq for some p,q €8S, then

wa(pay) = pa (P )Ana(y)
and

Ya(Pay) <va (p)Vya(y)
Therefore

(1A 080N (a)= v (12 OS)(x)ana(y)
(uA(p)As(q»AuA(y))]

v (MA (p) ADApA ( Y))j

X=pq

I
=

% <
<
7N
ol

4 <
o

I
=
% <
<
N
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and

(1405072)(a)= A (14 O YOV 74 (¥))
[ [60)vs @ ia )|
(Xqu((m (p) VOV YA(y)))

A (@a(P) V1A ()

/gcd((YA (b)Vya (d))

a=/\ YA (bcd) =Ya (a)

a=bcd

7AN
a=xy

N
X=pq

N
a=xy

>

>

and we have py OSO s <py and yy oS OYA 274 -
Conversely, assume that p, ©SOp, <p, and

YA OSO v =74 - Letx,y,zeS. Then

A (xyz) 2 (A ©SOuL)(xyz)

xyz\;bc{(“A ©8)(b)Aus ( y)}

2 (np OS)(xy)Au,(2)
- v {“A(p)as(q)} Aua(2)
)}AMA(Z)

)Al)AuA( )
)Ar (2)

>{1a ()
=(ua(x
=py(x
and

Ta (xy2) < (YA ©OSO 1) (%vZ)

(EACEPCIENC)

A
xyz=bc

< (75 OS )XYV 14 (2)
A Jeae)vs @ viae)
{yA(x)v s (y)} Via(z)

{yA(x)VO}VyA(z):yA(X)VyA(Z)

<

Thus A = (pa, Ya) is a generalized intuitionistic
fuzzy generalized bi-ideal of S.

Corollary: Let A = (na, ya) be an intuitionistic fuzzy
set in a semigroup S. Then A = (ua, y4) is a generalized
intuitionistic fuzzy bi-ideal of S if and only if
AOAcCA and AOSO AcCA.

Proof: The proof follows from Theorem 3.13 and
Theorem 3.14.
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Lemma: Let A = (ua, Ya) be an intuitionistic fuzzy set

in a semigroup S and B = (ug, yg) be any generalized
intuitionistic fuzzy bi-ideal of S. Then

AOB=(npsOup,7A Op)
and
BOA=(ugOua.YBOT4)

are both generalized intuitionistic fuzzy bi-ideals of S.

Proof: Since B = (ug, yg) is a generalized intuitionistic
fuzzy bi-ideal of S, we have from Theorem 3.14

HpOSOug <upand yg OS Oyp 27p
Now

(Ha Oup)O(ka Opp) <(1a Opp)O(SOug)
Spp O OSOpp) Spp O pp
and

(vA ©718) O(vA OY8)2 (vA OY8)O(S'OVR)
27, 0(1BOSOYB)21A O

Hence it follows that
AOB=(uyOup,¥A O1p)

is a generalized intuitionistic fuzzy subsemigroup of S.
Also we have

(A O up)OSO (s Oup)=(1p Opp)O(SOHA) Onp
<(1a Onp)O(SOME)
=a O(up OSOup)

Spp Opp
and

(1A ©75)OS O (15 O7p)= (14 O15)O(S O1,) O g
> (1, O75) O O7p)
=74 0(y1BOSOYB)
ZYAOVs

Thus it follows from Corollary 3.15 that

AOB=(npOpp,yAOvp) is a generalized intuitionistic
fuzzy bi-ideal of S. Similarly, it can be seen that
BOA=(ugOp,,ypOy,a) I8 a generalized intuitionistic
fuzzy bi-ideal of S.

Theorem: Every intuitionistic fuzzy left (right) ideal of

a semigroup S is a generalized intuitionistic fuzzy
bi-ideal of S.
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Proof: Let A = (ua, Ya) be an intuitionistic fuzzy left
ideal of S and x,y,weS. Then

HA(xwy) = s (xW)Y) 2 1A (Y) 2 Ha (X)A pa (Y)

because 1>p(x) and py (y) =pa(y) so
A =TAUA(Y)Z1a (XA pA(Y)

Similarly

YA (xwy) =Y A (XW)Y) SYA(Y) YAV 7A(Y)
because v, (y) =7a(y) and 0 <y, (x) so

YA =YA(NVOSYA(NIV Y A(X) =pa (XA pa(y)

Similarly we can show that

HAXY) ZHA(X)A pA(Y) and YA (XY) S YA (X)V 14 (Y)

Thus A = (ua, Ya) is a generalized intuitionistic
fuzzy bi-ideal of S.

Theorem: Let A = (mua, ya) be a generalized
intuitionistic fuzzy bi-ideal of S. Then

(1) A= (us, ty) is a generalized intuitionistic fuzzy
bi-ideal of S.

(i) A=(Va.va) is a generalized intuitionistic fuzzy
bi-ideal of S.

Proof: (i) It is sufficient to prove that p, satisfies
BA(Xy) SHA(X)V Ha (y) and iy (xay) SHA(X)V A (Y)
for all a,x,y €S. For any a,x,y €S, we have

FaAGy) =1—p g(xy) < 1= {py (DA py ()]
= n{na (A pa ()}
= M n{p\ (O} Annip, ()} ]
= (a0} A nfn(ua )} ]
= n{l-pa®)} Anfl —pa(}]
={l- A (O} V {1-pa()}

=pA(XOV R, (V)
and

I, (xay) = 1—p, (xay) <T—{p, (A py ()]

=n{ua(®)A pA ()]
= {ma O} A {0} ]
= a0} A nfnea 0} ]
= n{l-pa G} An{l-pa(y)}]
={l=pA (O} V {1-pA ()}
=P (X)V A ).

Therefore A is a generalized intuitionistic fuzzy bi-

ideal of S.
Similarly we can prove (ii).

Definition: A fuzzy set p in a semigroup S is called a
generalized fuzzy bi-ideal of S if

u(xy) 2 u(x)A p(y) and p(xwy) = p(x)A u(y)
for all x,y,weS.

Theorem: An intuitionistic fuzzy set A = (ua, Ya)in
a semigroup is a generalized intuitionistic fuzzy
bi-ideal of S if and only if the fuzzy sets pa and
va are generalized fuzzy bi-ideals of S. Where

VA(X):lfyA(X).

Proof: Let A = (ua, Ya) be a generalized intuitionistic
fuzzy bi-ideal of S. Then clearly p, is a generalized

fuzzy bi-ideal of S. Let x,w,y €S. Then

Ya (xy) =1=74 (xy)
21-(YA)V 1A (¥)) = (va(V ¥4 (Y))
=n[ W=7aGNY (17 () ]

=(1=yACNA (1= A () = YA (OA VA Y)
and

Ta (xwy) =17 (xwy)
21=7A(X)V ya(y) = (ya(X)V 74 ()
=1 =7AV (1= ()]
=(1=yA()A (I-7A(¥))=TA()ATA(Y)

Hence pa, v are generalized fuzzy bi-ideals of S.

Conversely, suppose that p, and 7, are

generalized fuzzy bi-ideals of S. Let w,x,y €S. Then

1=7a (xy) = YA (Xy) 2 YA (X)A YA (Y)
=(I=ya A0 -74())
=n[ 174V (1=7a(Y))]
= YAV A )
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Thus
1=yA(xy) 2 1= (YA(X)V 1A (Y))
which implies that
Ya(xy) SYAX)V y4(Y)
and
1 =75 (xWy) = YA (XWY) 2 YA (X)A Y5 (Y)

=(I=yaA A0 =72 ()
=[N =7aC)VN(1-7a)]
=n(va()Vra¥))

Thus

1=y (xwy) 2 1= (yA(X)V 74 ()
which implies that
YA (XWy) SYA(X)V 7A(Y)

Therefore A (1a,
intuitionistic fuzzy bi-ideal of S.

ya) is a generalized

Corollary: An intuitionistic fuzzy set A = (pa, ya) isa
generalized intuitionistic fuzzy bi-ideal of S if and
only if A=(up,ns) and A= (7 ,y5) are generalized

intuitionistic fuzzy bi-ideals of'S.
Proof: Proof follows from Theorem 3.20.

A

subsemigroup A = (na, ya) of a semigroup S is called a
generalized intuitionistic fuzzy (1,2) ideal of S if

Definition: generalized  intuitionistic ~ fuzzy

A (XW(YZ)) = pa (A {a (A pa (2))
and
7a (XW(y2)) SYA OV {1 (V714 (2)}

for all x,y,z,weS.

Theorem: Every generalized intuitionistic fuzzy bi-
ideal of a semigroup S is a generalized intuitionistic
fuzzy (1,2) ideal.

Proof: Let A = (ua, Ya) be a generalized intuitionistic
fuzzy bi-ideal of S and let w,x,y,zeS. Then

B (xW(yz)) = py (xWY)Z) 2 pp (XWY)A py (2)
> {ua (A pp (¥)} A pa(2)
=pa(A { A (2)}

and
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Ya xW(YZ)) =75 (xWY)Z) Sy, (XWY)V 7, (2)
<AV YA} Vyalz)
=1A XV {vA)V 12 (@)}

Hence A = (ua, ya) is a generalized intuitionistic
fuzzy (1,2) ideal of S.

Theorem: A non-empty subset A of a semigroup Sisa
(1,2) ideal of S if and only if the intuitionistic
A=@,%,) of A is a

generalized intuitionistic fuzzy (1,2) ideal of S.

characteristic function

Proof: Proof follows from Theorem 3.11.

Theorem: Let A = (ua, Ya) be an intuitionistic fuzzy set
in a semigroup S. Then A = (ua, Ya) is a generalized
intuitionistic fuzzy (1,2) ideal of S if and only if
AOAcA and AOSO(AOA)cA, thatis

Ha OSOpp Sy andyy OS Oyp 274

Proof: Proof follows from Theorem 3.13 and Theorem
3.14.

Theorem: Let A (La, va) be a generalized
intuitionistic fuzzy (1,2) ideal of S. Then

(i) A= (ua,ry) is a generalized intuitionistic fuzzy
(1,2) ideal of S.
(i) A=(Va.7va) is a generalized intuitionistic fuzzy

(1,2) ideal of S.
Proof: Proof follows from Theorem 3.18.

Definition: A fuzzy subsemigroup p of a semigroup S
is called a generalized fuzzy (1,2) ideal of S if

A (XW(Y2)) = i (A {pa (A pa (2))

for all x,y,z,weS.

Theorem: An intuitionistic fuzzy set A = (ua, y4) ina
semigroup S is a generalized intuitionistic fuzzy (1,2)
ideal of S if and only if the fuzzy sets py and y, are

generalized fuzzy (1,2) ideals of S. Where

VA(X): lfyA(x) .
Proof: Proof follows from Theorem 3.20.

Corollary: An intuitionistic fuzzy set A = (ua, ya) in a
semigroup S is a generalized intuitionistic fuzzy (1,2)
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ideal of S if and only if A= (us, Tx) and A=(74,7a)

are generalized intuitionistic fuzzy (1,2) ideals of S.
Proof: The Proof follows from the Theorem 3.20.

Theorem: Let A = (mua, ya) be a generalized
intuitionistic fuzzy bi-ideal (respectively (1,2) ideal) of
S. Then for each t€[0,1];

(a) if t = 1, then the upper level set U(py :t) is either
empty or a bi-ideal (respectively (1,2) ideal) of S.
(b) if t = 0, then the lower level set L(y, :t) is either

empty or a bi-ideal (respectively (1,2) ideal) of S.
Proof:

(a) Let x,ye U(up :1). Then py (x)=1=p,(y). Since

BA(Xy) 2 g (X)A pa(y) =1 A1 =1

we have Now let weS and

xye U(ugy :1) .
Xx,y€ U(up :1). Then

BA(XWY) 2 pa(X)A pp(y) =1 A1 =1

Hence Hence

bi-ideal of S.

xwy € Uy :1) . Uy it) is a

(b) Let x,yeL(ya :0).Then yo(x)=0=7y,(y). Since
YA (XY) SYAX)V yA(y)=0V0=0
we have xyeL(yp,:0). Now let weS and

X,y € L(y4 :t) . Then,

YA XWY) YA (X)V 74 () =0V0 =0

Hence xwy eL(y, :0). Hence L(y, :t) is a bi-ideal

of S.
Similarly we can prove these result for (1,2) ideal
of S.

Theorem: Let A = (ua, Ya) be an intuitionistic fuzzy set
in a semigroup S such that the non-empty sets U(u, :t)

and L(y,:t) are bi-ideals of S for allte[0,1]. Then
A = (ua, ya) is a generalized intuitionistic fuzzy bi-ideal
of S.

Proof: Assume that the non-empty sets U(u, :t) and
L(ys :t) are bi-ideals of S for all te[0,1]. Suppose
x,y €S such that

pa(Xy) <pa (AR A(Y) or yo (XY) > YAV YA (Y)

Taking

=3 (rA(xY) + A (DA pA(Y))
and

=3 GAGY) +YAOV YA Y))

then t,, ti €(0,1], such that

BA(XY) <t <HAX)APAY) SHA) ARAY)

or
YA (VYA (V) S 1A (XV YA (Y) <t <74 (XY)

This implies that p,(x)>t" , ppa(y)>t’ or

ya(x) <t ya(y)<t". Thus x,yeU(u,:t) or

x,yeL(ya:t) but xye U(up:t) or xyeL(ya:t).
This shows that U(up:t) or L(ys:t)

subsemigroup of S. Which is a contradiction. Hence

iIs not a

A = (1, ya) satisfies the inequality
BAY) Z R (X)A pa(y) and 74 (XY) S YA (X)V YA (Y)
for all x,yeS. Similarly, for w,x,y €S it satisfies
HAGWY) 2 pp (X)A pp (y) and y AxwY) <74 (X)V 74 (¥)

Hence A = (ua, ya) is a generalized intuitionistic
fuzzy bi-ideal of S.

REGULAR SEMIGROUPS

In this section we characterize regular semigroups
by the properties of their generalized intuitionistic
fuzzy ideals and generalized intuitionistic fuzzy bi-
ideals.

Definition: Let S be a semigroup and a€S. Then a is
called regular if there exists an element x in S such that
a = axa. S is called regular if every element of S is
regular.

It is well known that

Theorem: A semigroup S is regular if and only if
RNL =RL for every right ideal R and left ideal L of S.

Lemma: Let A and B be non empty subsets of a
semigroup S. Then

(i) ®pADg =Pp~pand V5V Vg =Yanp
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and
(ll) (I)AO(I)B:q)AB al’ldLPAQ\PB:‘“PAB

where A=(®,¥,) and B=(®z,¥y) are the

intuitionistic characteristic functions of A and B,
respectively.

Proof: (i) Let A and B be any non empty subsets of S
and aeS. Then

(Pp ADp)(a) =D, (a) A Dy (a)
:{1 ifacAandae B

0  otherwise

1 ifae AnB @ ( )
= = a

0 ifag AnB A8

and

(Vo VWg)(a)=", (a)V ¥ (a)

0 ifaeAandaeB
:{1 otherwise

0 ifae AnB
:{1 ifaeanp T Aw (@)

(i) Let acAB. Then a = xy for some x€A and yeB.
Thus

(@20 @g)(@) = v (@4 (p)As (a))

> (@, (x)Ag (y)) =141 =1

This implies
(@4 O Pp)(a)=1=Dyp(a)
Similarly

(¥4 0 ¥e)@= A (¥a(p)V¥3(q)
<(¥a(x)V¥5(y))=0V0=0
This implies

(P4 O W¥p)(a)=0="¥,5(a)

If agAB, we have a zzxy for all xeA and yeB.
If a = uv for some u,v €S, then we have

(@5 O Dp)(a) :a:vuv(QA(u)AcDB(v)) =0=Dyp5(a)
and

(¥4 0 ¥p)(a)= (Wa(u) VER(V))=1=¥ z5(a)

AN
=uv
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If a#zuv for all u,v S, then

(Pp O Dp)(a)=0=0,5(a)
and
(VpOW¥p)a)=1=V,p(a)

In any case, we have

(D4 O Dp)(a) =Dyp(a)
and
(Y20 W¥p)(a)="Yap(a)

Theorem: For a semigroup S, the following conditions
are equivalent

(1) Sisregular.
(2) paApg<paOnpand yo Vg 275 Orp

for every generalized intuitionistic fuzzy right ideal A =

(1a, ya) and every generalized intuitionistic fuzzy left
ideal B = (ug, yg) of S.

Proof: First assume that (1) holds. Let a be any element

of S. Then, there exists an element x€S such that a =
axa. Hence we have

:a;/pq{MA(p)AMB(q)} 2 () Aug (a)

>y (a) Aug(a)> (naldpp)(a)

(na ©ug)(a)

and
(va0vg)(a)= azqu{vA(p) Vys(a)} <va(ax)Vys(a)
<va(a)Vys(a)<(ya Vyg)(a)
Therefore
HAAUBSHAOUR
and

YA VY8274 QOB -

Conversely, assume that (2) holds. Let R and L be
any right and left ideal of S, respectively. Then

intuitionistic characteristic function R:(CDR,‘I’R) and

fd=(CDL,‘PL) of R and L are generalized intuitionistic

fuzzy right ideal and generalized intuitionistic fuzzy left
ideal of S, respectively. Thus by hypotheses

By Lemma 4.3, this implies that
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(DR(\L < (I)RL and \PRﬂL > \PRL

Hence RNLcRL. But RLcRNL always holds.
This implies RNL =RL, that is S is regular.

Theorem: For a semigroup S, the following conditions
are equivalent

(1) Sisregular.

(2) paApg<paOpp and 7y, Vg 2y, Ovg for
every generalized intuitionistic fuzzy bi-ideal
A=(pa.va) and every generalized intuitionistic

fuzzy left ideal B = (ug, yg) of S.

() paApp<psOup and  yo Vyg 2y, Oy for
every generalized intuitionistic fuzzy generalized
bi-ideal A=(ua.yn) and every generalized

intuitionistic fuzzy left ideal B = (ug, yg) of S.

Proof: Assume that (1) holds. Let A = (ua,ya)and

B = (us, ys) be any generalized intuitionistic fuzzy
generalized bi-ideal and generalized intuitionistic fuzzy
left ideal of S respectively. Let a be any element of S.

Since S is regular, there exists an element xS such
that a=axa. Thus we have

(na@up)(a)= v {ua(p)ans(a)jzna(a)ang (xa)

> pa (a)Apg(a) 2 (naAup)(a)
and

(va0vs)(a)= =qu{YA(p) Vys(a)} <1 (2) Vg (xa)

<ya(a)Vygp(a)<(ra Ve)(a)

and so paAAug<pAOup and y, Vg 274 O yp. Hence
we obtain that (1) implies (3).
It is clear that (3)=(2).

Since every generalized intuitionistic fuzzy right

ideal of S is a generalized intuitionistic fuzzy bi-ideal
of S, So

HAAUBSpAOup and YA Vg 275 Ovp

for every generalized intuitionistic fuzzy right ideal
A = (ua, ya) and every generalized intuitionistic fuzzy
left ideal B = (ug, yg) of S. Thus it follows from the
Theorem 4.4, S is regular.

Theorem: For a semigroup S, the following conditions
are equivalent

(1) Sisregular.

(2) paApg<upOupp and vy Vyg2ygOys for
every generalized intuitionistic fuzzy bi-ideal
A = (ua, Ya) and every generalized intuitionistic
fuzzy right ideal B = (ug, yg) of S.

(3) maApg<upOu, and v, Vyg2ygOy, for
every generalized intuitionistic fuzzy generalized
bi-ideal A = (ua, ya) and every generalized
intuitionistic fuzzy right ideal B = (ug, yg) of S.

Proof: The proof follows from Theorem 4.5.

Theorem: For a semigroup S, the following conditions
are equivalent

(1) Sisregular.

(2) paApgApuc<paOupOpc and
YaVye Vic 274 O O1c
for every generalized intuitionistic fuzzy right ideal
A = (ua, ya), every generalized intuitionistic fuzzy
bi-ideal B = (ug, yg) and every generalized
intuitionistic fuzzy left ideal C = (uc, yc) of S.

(3) rAAuBAucSpAOuUpOuc and
YA Vs Vyc 2yaA Oyg Oyc for every generalized

intuitionistic fuzzy right ideal A = (ua, ya), every
generalized intuitionistic fuzzy generalized bi-ideal
B = (u, ys) and every generalized intuitionistic
fuzzy left ideal C = (uc, yc) of S.

Proof: First assume that (1) holds. Let A = (1a, Ya),
B = (ug, yg) and C = (uc, yc) be any generalized
intuitionistic fuzzy right ideal, generalized intuitionistic
fuzzy generalized bi-ideal and generalized intuitionistic
fuzzy left ideal of S, respectively. Let a be any element
of S. Since S is regular, there exists an element xeS
such that a=axa. Thus we have

2 ua(3) 305 ©nc) a)

2 A (a

(raOREORC)(a)=

(ax) Aup Ouc)(a)
a (2) { fip (p)Auc(qn}
(o

2pa (a)Afn ()Auc( a))
>pp (a) Mug (a)Anc (a))
=(paAuBApc)(a)

and

(ra@yBOYC)(a)= :AYZ{YA (p) V(g ©70)(2)}

<ya (aX) V(yB ©1c)(a)

<v {a B(P)V 1c (q }}

{
<7a(2)V {ra@) v
<va(a)v { Bl )V

<(va V1B Vrc)(a)
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and so

HAAUBALC S A Olp Olc
and

Ya V1B VYc27A01B0YC

Hence we obtain that (1) implies (3).
(3)=(2) straight forward.
@)=

Let R=(pg,yg) and L=(up,yp) be any
generalized intuitionistic fuzzy right ideal and any
generalized intuitionistic fuzzy left ideal of S,
respectively. Since S=(S,S) is a generalized
intuitionistic fuzzy bi-ideal of S, by assumption, we
have

HRAHL = HRAIAPL = pRASAN SR OSOpp SHROHL

and
YRAYL=YR VOV

=YrRVS VyL2yR OS Oy 2YrO71L
Thus it follows that
HRAHE SpR Opp andyg Vv 27RO VL

for every generalized intuitionistic fuzzy right ideal
R=(pgr,yr) and every generalized intuitionistic fuzzy

left ideal L=(pur,y.) of S. Thus it follows from

Theorem 4.4, S is regular.
INTRA-REGULAR SEMIGROUPS

In this section we characterize intra-regular
semigroups by the properties of their generalized
intuitionistic fuzzy ideals.

Definition: A semigroup S is called intra-regular

semigroup, if for each aeS there exist x,yeS such

that a=xa’y.

Theorem: The following conditions are equivalent for
a semigroup S

(1) isintra-regular.

(2) LNnRcLR for every left ideal L and every right
ideal R of S.

(3) HAAUBS<HAOHB,YAAYBZYAOYR for every
generalized  intuitionistic  fuzzy left ideal
A = (ua, va) and every generalized intuitionistic
fuzzy right ideal B = (ug, yg) of S.

Proof: (1)<(2) Well known.
(H=03)
First assume that (1) holds. Let A = (ua, Ya) and

B = (up, ys) be any generalized intuitionistic fuzzy left
ideal and generalized intuitionistic fuzzy right ideal of
S, respectively. Let a be any element of S. Since

S is intra-regular, there exist elements x,yeS such that
a:xazy. Hence

(LA Opp)(a)= a:\;q{HA(P)A“B(q)}

> pp (xa)Apg (ay)
> pa(a)Ang(a)> (nadug)(a)
and

(va0©7vg)(a)= a=/]\3q {YA(p) \% YB(Q)}

<ya(xa)Vyg(ay)
<ya(a)Vyg(a)<(n Vyp)(a)

So pp Apg <ppOup and yo Ayg 274 Oyg . Thus
(1) implies (3).
3)=(Q)

Next assume that (3) holds. Let L and R be any left
ideal and any right ideal of S, respectively. Then
intuitionistic characteristic functions (¥ ,¥;) and

(Dgr,¥Pgr) are generalized intuitionistic fuzzy left ideal

and generalized intuitionistic fuzzy right ideal of S,
respectively. Thus by hypotheses

By Lemma 4.3, this implies that
CDL('WR < CDLR and lPLﬁR > lPLR

Thus LNRcLR for every left ideal L and every
right ideal R of S. So (3) implies (2).
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