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INTRODUCTION

In 1965, Zadeh [1] introduced the concept of fuzzy 
set. Since then fuzzy sets have been used in many 
branches of Mathematics. The fuzzification of algebraic 
structures was initiated by Rosenfeld [2], he introduced 
the notion of fuzzy subgroups. In [3] J. Ahsan et al.
initiated the study of fuzzy semirings. The fuzzy
algebraic structures play an important role in
Mathematics with wide applications in theoretical
physics, computer sciences, control engineering,
information sciences, coding theory and topological 
spaces [4, 5].

Semirings, as generalizations of associative rings 
and distributive lattices, was first introduced by
Vandiver [6] in 1934. Since then semirings have been 
extensively used for studying many branches of applied 
mathematics, theoretical computer sciences and
information sciences  [7-9]. An additively commutative 
semiring with zero element is called hemiring.
Hemirings, appears in a natural manner, in some
applications to the theory of automata, the theory of 
formal languages and in computer sciences [10, 11].

It is well known that the ideals of semirings play a 
vital role in the structure theory of semirings and are 
very useful for many purposes. However, in general, 
they do not coincide with the usual ring ideals. Many 
results in rings apparently have no analogues in
semirings using only ideals. In order to overcome this
difficulty in [12], Henriksen defined a more restricted 

class of ideals in semirings, called k-ideals, with the 
property that if a semiring R is a ring, then a complex in
R is a k-ideal if and only if it is a ring ideal. Another 
more restricted, but very important, class of ideals in 
hemirings, called now h-ideals, was given and
discussed by Iizuka [13].

In 1975 the concept of interval valued fuzzy sets
was introduced by Zadeh [14], as a generalization of the 
notion of fuzzy sets. In hemirings this concept was
initiated by Ma and Zhan in [15]. In [16] Sun et al.
characterized h-hemiregular and h-intra-hemiregular
hemirings by the properties of their interval valued 
fuzzy left and right h-ideals. In this paper we define 
interval valued fuzzy h-subhemirings, interval valued 
fuzzy interior h-ideals, interval valued fuzzy prime h-
ideals and interval valued fuzzy semiprime h-ideals. We 
characterize h-hemiregular and h-semisimple hemirings 
by the properties of these interval valued fuzzy h-ideals.

PRELIMINARIES

For basic definitions we refer to [10, 18].
The h-closure A of a non-empty subset A of a 

hemiring R is defined as :

A {x R | x a z b z,for some a,b A,z R}= ∈ + + = + ∈ ∈

A fuzzy subset λ of a universe X is a function
λ: X→[0,1]. A fuzzy subset of X of the form
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( ) t                if z x
z

0                if z x
=

λ =  ≠

is called the fuzzy point with support x and
value t, where t∈(0,1]. It is usually denoted by xt.
A fuzzy point xt is said to belong to a fuzzy set
λ, written as tx ∈ λ . For any two fuzzy subsets λ and

µ of X, λ ≤ µ means that, for all x∈X, (x) (x)λ ≤ µ . The 
symbols λ ∧ µ  and λ ∨ µ will mean the following fuzzy 
subsets of X

( )(x) min{ (x), (x)}λ ∧ µ = λ µ

( )(x) max{ (x), (x)}λ ∨ µ = λ µ

Definition [17]: A subset A of a hemiring R, is called

h-idempotent if 2A A=

Definition [17]: A hemiring R, is called h-semisimple
if every h-ideal of R is h-idempotent.

Lemma [17]: A hemiring R, is h-semisimple if and 
only if one of the following holds:

(i) For all x∈R, there exists i i i i j j j jc , d , e , f , c , d , e , f R′ ′ ′ ′ ∈

such that

m n

i i i i j j j j
i 1 j 1

x c x d e x f z c x d e x f z′ ′ ′ ′

= =

+ + = +∑ ∑

(ii) For all x R,x RxRxR.∈ ∈

(iii) For all A R,A RARAR.⊆ ⊆

Definition [18]: A hemiring R is said to be h-
hemiregular if for each x∈R, there exist a,b,z∈R such
that x xax z xbx z+ + = + .

Lemma [18]: A hemiring R is h-hemiregular if and 
only if for any right h-ideal I and any left h-ideal L of R
we have IL I L= ∩ .

INTERVAL VALUED FUZZY SETS

Let Ω be the family of all closed subintervals of
[0,1]. By an interval number â we mean an interval
[a ,a ] ,− + ∈Ω where 0 a a 1.− +≤ ≤ ≤ The interval [a,a]

can be identified by the number a∈[0,1]. The element
0 = [0,0] is the minimal element and the element

1 = [1,1] is the maximal element of Ω , according to the
partial order , ,′ ′α α ≤ β β       if and only if , ′ ′α ≤ β α ≤ β

defined on Ω for all , , ,′ ′α α β β ∈ Ω       .

An interval valued fuzzy subset λ̂ of a
hemiring R is a function ˆ : Rλ →Ω . We write
ˆ(x) (x), (x) 0 ,1 ,− + λ = λ λ ⊆    for all x∈R, where

, : R 0,1− +λ λ →    are fuzzy subsets of R such that for 

each x∈R, 0 (x) (x) 1.− +≤ λ ≤ λ ≤ For simplicity we

write ˆ ,− + λ = λ λ  . From now to onward we will

denote the set of all interval valued fuzzy subsets
of R by F(Ω,R).

Let A be a subset of a hemiring R. Then the 
interval valued characteristic function Aχ̂ of A is
defined to be a function Aˆ : Rχ →Ω such that for

all x∈R.

( )A
1 if x A

ˆ x
0 if x A

∈
χ =  ∉

Clearly Aˆ F( ,R)χ ∈ Ω . Note that Rˆ (x) 1χ = for all x∈R.
An interval valued fuzzy subset of R of the form 

( )t̂
t̂( 0) i f y x

x y
0 i f y x
 ≠ == 

≠

is said to be interval valued fuzzy point with support x
and value t̂. An interval valued fuzzy point t̂x is said 

to belong to interval valued fuzzy subset λ̂ written as

t̂
ˆx ∈ λ if ( )ˆ ˆx tλ ≥ .

For any ˆ ˆ, F( ,R)λ µ ∈ Ω , union and intersection of λ̂
and µ̂ are defined as, for all x∈R,

( )( ) ( ) ( )ˆ ˆ x x x , (x) (x)− − + + λ ∨ µ = λ ∨ µ λ ∨µ 

( )( ) ( ) ( )ˆ ˆ x x x , (x) (x)− − + + λ ∧ µ = λ ∧ µ λ ∧µ 

Further for any ˆ ˆ, F( ,R)λ µ ∈ Ω , ˆ ˆλ ≤ µ if and only if
ˆ ˆ(x) (x),λ ≤ µ that is (x) (x)− −λ ≤ µ and (x) (x),+ +λ ≤ µ for

all x∈R.

Definition [16]: Let λ̂ , ˆ F( ,R)µ∈ Ω . Then the h-intrinsic

product of λ̂ and µ̂ is denoted and defined by
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( ) ( )

( )

( )

( )

( )

m n
i 1 i i j 1 j j

m

i
i 1

m

i
i 1

nx a b z a b z
j

j 1

n

j
j 1

ˆ a

ˆ b

ˆ ˆ x
ˆ a

ˆ b

′ ′ ′= =

′

=

=

+Σ + =Σ +

=

=

   
   λ ∧
      
      µ ∧
      λ⊗µ =       λ ∧      
  
   
   µ
      

∧

∧
∨

∧

∧

for all x∈R, if xcan be expressed as

m n
i 1 i i j 1 j jx a b z a b z′ ′
= =+ Σ + = Σ +

and 0 if xcannot be expressed as

m n
i 1 i i j 1 j jx a b z a b z′ ′
= =+ Σ + = Σ +

INTERVAL VALUED FUZZY h-IDEALS

Definition: Let ˆ F( ,R).λ ∈ Ω Then λ̂ is said to be an 
interval valued fuzzy h-subhemiring of R if it satisfies

(1) ˆ ˆ ˆr ˆt min{t,r}
ˆ ˆ ˆx , y (x y)∈λ ∈ λ⇒ + ∈λ

(2) ˆ ˆ ˆr ˆt min{t,r}
ˆ ˆ ˆx , y (xy)∈λ ∈ λ⇒ ∈λ

(3) x a z b z,+ + = + ˆ ˆ ˆr ˆt min{t,r}
ˆ ˆ ˆa ,b x∈λ ∈λ⇒ ∈λ

for all x,y,z,a,b∈R and t,r∈(0,1].

Definition: Let ˆ F( ,R).λ ∈ Ω Then λ̂ is said to be an 
interval valued fuzzy left (resp. right) h-ideal of R if it 
satisfies (1), (3) and (4) ˆ ˆt t

ˆ ˆx (yx)∈ λ⇒ ∈λ (resp. (5)

t̂
ˆ(xy) )∈λ  for all x,y∈R and t∈(0,1]. ˆ F( ,R)λ ∈ Ω is

called an interval valued fuzzy h-ideal of R if it is both, 
interval valued fuzzy left and right h-ideal of R.

Definition: Let ˆ F( ,R)λ ∈ Ω . Then λ̂ is said to be an 
interval valued fuzzy interior h-ideal of R if and only if 
it satisfies (1), (2), (3) and (6) ˆ ˆt t

ˆ ˆy (xyz)∈λ⇒ ∈λ for all

x,y,z∈R and t∈(0,1].

Definition: Let ˆ F( ,R)λ ∈ Ω where R is a commutative 

hemiring with unity. Then λ̂ is said to be an interval 
valued fuzzy prime h-ideal of R if and only if it satisfies

(1), (3), (4), (5) and (7) ˆ ˆt t
ˆ ˆ(xy) x q∈λ⇒ ∈∨ λ or t̂

ˆy ∈λ

for all x,y∈R and t∈(0,1].

Definition: Let F( ,R),∈ Ω where R is a commutative

hemiring with unity. Then λ̂ is said to be an interval 
valued fuzzy semiprime h-ideal of R if and only if it 
satisfies (1), (3), (4), (5) and (8) 2

ˆ ˆt t
ˆ ˆ(x ) x∈λ⇒ ∈ λ for

all x∈R and t∈(0,1].

Remark: If λ̂ is any interval valued fuzzy h-
subhemiring (right h-ideal, left h-ideal, interior h-ideal,
prime h-ideal, semiprime h-ideal) then ( ) ( )ˆ ˆ0 xλ ≥ λ for

all x∈R.

Theorem: Let ˆ F( ,R)λ ∈ Ω Then (1) to (8) are

equivalent to (1′) to (1′) respectively, where:

(1′) ˆ ˆ ˆ(x y) min{ (x), (y)}λ + ≥ λ λ

(2′) ˆ ˆ ˆ(xy) min{ (x), (y)}λ ≥ λ λ

(3′) ˆ ˆ ˆx a z b z (x) min{ (a), (b)}+ + = + ⇒λ ≥ λ λ

(4′) ˆ ˆ(xy) (y)λ ≥ λ

(5′) ˆ ˆ(xy) (x)λ ≥ λ

(6′) ˆ ˆ(xyz) (y)λ ≥ λ

(7′) ( ) ( ) ( )ˆ ˆ ˆmax{ x , y } xyλ λ ≥ λ

(8′) ( ) ( )2ˆ ˆx xλ ≥ λ

for x,y,z,a,b∈R.

Proof: We prove (1) is equivalent to (1′), others follow 
in an analogous way.
(1)⇒(1′) Suppose (1′) does not hold. Then there exist
x,y∈R, such that ˆ ˆ ˆ(x y) min{ (x), (y)}.λ + < λ λ Then for 

some t∈(0,1], ˆ ˆ ˆˆ(x y) t min{ (x), (y)}.λ + < ≤ λ λ Then

ˆ ˆt t
ˆ ˆx , y∈λ ∈λ but t̂

ˆ(x y) .+ ∈λ Which is again a

contradiction. Hence (1′) holds.
(1′)⇒(1′) Let x,y∈R and t,r∈(0,1] be such that

ˆ r̂t
ˆ ˆx , y .∈λ ∈ λ Then by (1′)

ˆ ˆ ˆ ˆ ˆ(x y) min{ (x), (y)} min{t,r}λ + ≥ λ λ ≥

This implies ˆ ˆmin{t,r}
ˆ(x y) .+ ∈λ This proves (1)

Now using Theorem 4.7, we have the following:
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Definition: Let ˆ F( ,R)λ ∈ Ω . Then λ̂ is said to be an 
interval valued fuzzy h-subhemiring of R if and only if 
it satisfies (1′),(2′) and (3′).

Definition [16]: Let ˆ F( ,R)λ ∈ Ω . Then λ̂ is said to be 
an interval valued fuzzy left (resp. right) h-ideal of R if
and only if it satisfies (1′),(3′) and (4′) resp. (5′)).

ˆ F( ,R)λ ∈ Ω is called an interval valued fuzzy h-
ideal of R if it is both, interval valued fuzzy left and 
right h-ideal of R.

Definition: Let ˆ F( ,R)λ ∈ Ω . Then λ̂ is said to be an 
interval valued fuzzy interior h-ideal of R if and only if 
it satisfies (1′),(2′),(3′) and (6′).

Definition: Let ˆ F( ,R),λ ∈ Ω where R is commutative 

hemiring with unity. Then λ̂ is said to be an interval 
valued fuzzy prime h-ideal of R if and only if it satisfies
(1′),(3′),(4′),(5′) and (7′).

Definition: Let ˆ F( ,R),λ ∈ Ω where R is commutative 

hemiring with unity. Then λ̂ is said to be an interval 
valued fuzzy semiprime h-ideal of R if and only if it 
satisfies (1′),(3′),(4′),(5′) and (8′).

Remark: If λ̂ is any interval valued fuzzy h-
subhemiring (right h-ideal, left h-ideal, interior h-ideal,
prime h-ideal, semiprime h-ideal) then ( ) ( )ˆ ˆ0 xλ ≥ λ for

all x∈R.

Example: Consider the hemiring R = {0,1,2,3} with the 
following Caylay tables

+ 0 1 2 3 . 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 1 1 2 3 1 0 1 1 1
2 2 2 2 3 2 0 1 1 1
3 3 3 2 2 3 0 1 1 1

Let ˆ F( ,R)λ ∈ Ω  defined by 

ˆ ˆ ˆ ˆ(0) (1) [0.6,0.7], (2) (3) [0.3,0.45]λ = λ = λ = λ =

Then λ̂  is an interval valued fuzzy h-ideal of R.

Example: Consider the hemiring N0 of all non-negative
integers under the usual binary operations of
ordinary addition and multiplication. Let 0

ˆ F( , N )λ ∈ Ω
defined by:

( )
1         if x 0

ˆ x [0.25,0.35]if x 0 and even
[0.55,0.65]if  xis odd

=
λ = ≠



Then λ̂ is an interval valued fuzzy prime fuzzy
h-ideal of R.

Theorem: Let I be a non-empty subset of a hemiring
R. Then Iχ̂ is an interval valued fuzzy h-subhemiring
(resp. h-ideal, interior h-ideal) of R if and only if
I is an h-subhemiring (resp. h-ideal, interior h-ideal)
of R.

Theorem: Let I be a non-empty subset of a
commutative hemiring R with unity . Then Iχ̂ is an 
interval valued fuzzy prime h-ideal (resp. semiprime h-
ideal) of R if and only if I is a prime h-ideal (resp. 
semiprime h-ideal) of R.

Theorem: Every interval valued fuzzy h-ideal of a
hemiring R. is an interval valued fuzzy interior h-ideal
of R.

Proof: Proof is straightforward.

Remark: Converse of the Theorem 4.18 is not true in 
general.

Example: Consider the hemiring R = {0,a,b,c} with the 
following Caylay tables

+ 0 a b c . 0 a b c
0 0 a b c 0 0 0 0 0
a a 0 c b a 0 b 0 b
b b c 0 a b 0 0 0 0
c c b a 0 c 0 b 0 b

Let ˆ F( ,R)λ ∈ Ω defined by

ˆ ˆ ˆ ˆ(0) (a) [0.55,0.7], (b) (c) [0.25,0.35]λ = λ = λ = λ =

Then λ̂ is an interval valued fuzzy interior
h-ideal of R, but it is not an interval valued fuzzy
h-ideal of R.

Theorem: Every interval valued fuzzy prime h-ideal of 
a hemiring R. is a fuzzy semiprime h-ideal of R.

Proof: Proof is straightforward.

Remark: Converse of the Theorem 4.21 is not true in 
general.
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Example: Let 0N {0} N= ∪ and 1 2 3p , p , p , . . . be the

distinct prime numbers in N0. If 0
0J N= and

l
1 2 3 l 0J p p p ...pN ,= l = 1,2,3…, then

0 1 2 n n 1J J J ....J J ....+⊃ ⊃ ⊃ ⊃ ⊃ As every non-zero
element of N0 has unique prime factorization, Jl is a 
semiprime h-ideal for l = 2,3,… but not a prime h-ideal.
Then for such values of l, by Theorem 4.17, lJχ̂ is an 

interval valued fuzzy semiprime h-ideal of R, but lJχ̂ is
not an interval valued fuzzy prime h-ideal of R.

Theorem: Let i
ˆ{ : i }λ ∈Ω be a family of interval

valued fuzzy h-subhemirings (resp. h-ideals, interior h-
ideals) of R. Then ii

ˆ ˆ
∈Ω

λ = ∧ λ is an interval valued fuzzy

h-subhemirings (resp. h-ideals, interior h-ideals) of R.

Proof: Proof is straightforward.

Lemma [19]: If λ̂ and µ̂ are interval valued fuzzy 
right and left h-ideals of a hemiring R. respectively,
then ˆ ˆˆ ˆλ ⊗ µ ≤ λ ∧ µ .

h-HEMIREGULAR AND 
h-SEMISIMPLE HEMIRINGS

In this section we characterize h-hemiregular and
h-semisimple hemirings by the properties of their
interval valued fuzzy h-ideals and interval valued fuzzy 
interior h-ideals.

Definition: Let ˆ ˆ, F( ,R).λ µ ∈ Ω Then we say ˆ ˆ[ ] ,λ ∈ µ if

ˆ ˆt t
ˆ ˆx x .∈ λ⇒ ∈µ

Definition: Let ˆ ˆ, F( ,R).λ µ ∈ Ω Then we say ˆ ˆ~ ,λ µ if

and only if ˆ ˆ[ ]λ∈µ and ˆˆ[ ] .µ ∈ λ
Proofs of the following results are straightforward.

Lemma: The relation “~”on F(Ω ,R) is an equivalance 
relation.

Lemma: Let 1 1 2 2
ˆ ˆˆ ˆ, , , F( ,R)λ µ λ µ ∈ Ω with 1 1

ˆˆ [ ]µ ∈ λ and

2 2
ˆˆ [ ] .µ ∈ λ Then 1 2 1 2

ˆ ˆˆ ˆ( )[ ]( ).µ ⊗µ ∈ λ ⊗λ

Theorem: Let ˆ ˆ, F( ,R).λ µ ∈ Ω Then ˆˆ[ ]µ ∈ λ if and only if
ˆ ˆ(x) (x),λ ≥ µ for all x∈R.

Proof: Proof is obvious.

Theorem: The following conditions for a hemiring R
are equivalent:

(i) R is h-hemiregular.
(ii) For any interval valued fuzzy right h-ideal λ̂ and

interval valued fuzzy left h-ideal µ̂ of R,
ˆ ˆˆ ˆ .λ ∧ µ ∼ λ ⊗ µ

Proof: (i)⇒(ii) Let λ̂ be an interval valued fuzzy right
h-ideal and µ̂ be an interval valued fuzzy left h-ideal of

R. Then by Lemma 4.25, ˆ ˆˆ ˆ( ) ( )λ ⊗ µ ≤ λ ∧ µ . Then by the 

Theorem 5.5, ˆ ˆˆ ˆ( )[ ]( ).λ ⊗ µ ∈ λ ∧ µ

Next as R is h-hemiregular, so for any x∈R, there
exist a,b,z∈R such that x xax z xbx z+ + = + .
Thus

ˆ ˆ( )(x)λ ⊗ µ

( ) ( )

m n
i 1 i i j 1 j j

m m

i i
i 1 i 1

n n
x a b z a b z

j j
j 1 j 1

ˆ ˆa b

ˆ ˆa b
′ ′ ′ ′

= =

= =

+Σ + = Σ +

= =

    
    λ ∧ µ ∧
    
    =            λ ∧ µ                  

∧ ∧
∨

∧ ∧
ˆ ˆ ˆmin{ (xa), (xb), (x)}≥ λ λ µ
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆmin{ (x), (x)} ( )(x) ( )[ ]( )≥ λ µ = λ∧µ ⇒ λ ∧ µ ∈ λ ⊗ µ

Hence ˆ ˆˆ ˆ .λ ∧ µ ∼ λ ⊗ µ

(ii)⇒(i) Let I be a right and J be a left h-ideal
of R. Then by Theorem 4.16, Iχ̂ is an interval valued 
fuzzy right h-ideal and Jχ̂ is an interval valued
fuzzy left h-ideal of R. Then by hypothesis and by 
Lemma 3.2,

I J I J I JIJˆ ˆ ˆ ˆ ˆ ˆ .∩χ = χ ⊗χ ∼ χ ∧ χ = χ IJ I J⇒ = ∩

Hence by Lemma 2.5, R is h-hemiregular.

Theorem: Let R be an h-semisimp le hemiring and
ˆ F( ,R)λ ∈ Ω Then λ̂ is an interval valued fuzzy h-ideal

of R if and only if it is an interval valued fuzzy interior
h-ideal of R.

Proof: By the Theorem 4.18, an interval valued fuzzy
h-ideal of R is an interval valued fuzzy interior
h-ideal of R.

Conversely assume λ̂ is an interval valued fuzzy 
interior h-ideal of R. Let x,y∈R. Then by Lemma 2.3, 
there exists i i i i j j j jc , d , e , f , c , d , e , f R′ ′ ′ ′ ∈ such that
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m n

i i i i j j j j
i 1 j 1

x c x d e x f z c x d e x f z′ ′ ′ ′

= =

+ + = +∑ ∑

Which implies

1 1

.
m n

i i i i j j j j
i j

xy c x d e x f y zy c xd e xf y zy′ ′ ′ ′

= =

+ + = +∑ ∑

Thus

m n

i i i i j j j j
i 1 j 1

ˆ ˆ ˆ(xy) min c x d e x f y , c x d e x f y ,0.5

ˆ (x)

′ ′ ′ ′

= =

      λ ≥ λ λ          
≥ λ

∑ ∑

Thus λ̂ is an interval valued fuzzy right h-ideal of
R. Similarly λ̂ is an interval valued fuzzy left h-ideal
of R.

Theorem: The following conditions for a hemiring R
are equivalent:

(i) R is h-semisimple.
(ii) For any interval valued fuzzy interior h-ideals λ̂

and µ̂ of R, ˆ ˆˆ ˆ .λ ∧ µ ∼ λ ⊗ µ

Proof: (i)⇒(ii) Let ˆ ˆ,λ µ be interval valued (∈,∈ ∨q)-

fuzzy interior h-ideals of R. Then by Theorem 5.7, ˆ ˆ,λ µ
are interval valued fuzzy h-ideals of R. Then by
Theorem 5.6, ˆ ˆˆ ˆ( )[ ]( ).λ ⊗ µ ∈ λ ∧ µ Now as R is h-
semisimple, so for any x∈R, there exists

i i i i j j j jc , d , e , f , c , d , e , f R′ ′ ′ ′ ∈ such that

m n

i i i i j j j j
i 1 j 1

x c x d e x f z c x d e x f z′ ′ ′ ′

= =

+ + = +∑ ∑
Now

( ) ( )

m n
i 1 i i j 1 j j

m m

i i
i 1 i 1

n n
x a b z a b z

j j
j 1 j 1

ˆ ˆa b

ˆ ˆ( )(x)

ˆ ˆa b
′ ′ ′ ′

= =

= =

+Σ + =Σ +

= =

    
    λ ∧ µ ∧
    
    λ⊗µ =            λ ∧ µ                  

∧ ∧
∨

∧ ∧
i i j j i i j j

ˆ ˆ ˆ ˆmin{ ( cx d ) , (c xd) , ( ex f ) , (e xf )}′ ′ ′ ′≥ λ λ µ µ

ˆ ˆˆ ˆmin{ (x), (x)} ( )(x)≥ λ µ = λ∧ µ

Hence ˆ ˆˆ ˆ .λ ∧ µ ∼ λ ⊗ µ

(ii)⇒(i) Let A be an h-ideal of R. Then A is an 
interior h-ideal of R. Then by Theorem 4.16, Aχ̂ is an 
interval valued fuzzy interior h-ideal of R. Then

2
2

A A A A A AA A
ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) . A Aχ = χ ∧ χ ∼ χ ⊗χ = χ = χ ⇒ =

Hence R is h-semisimple.
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