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Abstract: In this paper, we use an efficient techmque which 1s called the Exp-function method for finding
appropriate solutions of fifth and sixth-order nonlinear boundary value problems. This technique has been

extensively used for finding the soliton and traveling wave solutions of the nenlinear partial differential

equations but we obtain the exact solution of a class of nonlinear boundary value problems. The proposed

technique is quite efficient and is practically well suited for use in these problems. Several examples are given

to verify the reliability and efficiency of the suggested method.
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INTRODUCTION

In this paper, we comsider the general nth-order
boundary value problems of the type

u” (x) = f(x, u) D

Subject to boundary conditions

u(a)=Ady, u'(a)=4,, u(w)(a):A4,...,u(”’z)(g):‘qmb
W(b)=dAy, u"(b)=4s, u(v)(a):A5,...,u(nfl)(b):Anilp

Where fis continuous function on given interval [a,b] and
A,i=0]1.2,.. .n-1 are fnite constants.

The fifth-order boundary value problems arise m the
mathematical modeling of the viscoelastic flows and other
branches of mathematical, physical and engineering
sciences, see [2-10] and references therein. The sixth-
order boundary value problems are known to arise in
astrophysics; the narrow convecting layers bounded by
stable layers which are believed to surround A-type stars
may be modeled by sixth-order boundary-value problems,
see [3-10, 12, 13, 23-26, 28] and references therein.
Glatzmaier also notice that dynamo action in some stars
may be modeled by such equations, see [13]. Moreover,
when an infimte horizontal layer of flud is heated from
below and 15 subjected to the action of rotation, instability
sets in [2-10], when this instability is of ordinary

convection than the govermning ordinary differential
equation is of sixth-order, see [8-10] and the references
therem. Several techmiques have been developed by
various authors for finding solutions of higher-order
boundary value problems, see [1-26] and the references
therein. Inspired and motivated by the ongoing research
in this area, we have used an efficient analytic technique
which 1s called the Exp-function method [1, 11, 14, 16-22,
27, 29] for solving higher order boundary value problems.
In the present study, we employed the Exp-function
method on fifth and sixth-order boundary value problems.
The results are very encouraging and reveal the complete

reliability of the proposed algorithm.

Exp-Function Method: Consider the general nth-order
boundary value problem as given m (1)

u(x) = flx. u),

Subject to boundary conditions

u(a)=4dy, u'(a)=4, u(lv)(a):A4,...,u(”’z)(g):Amz,
W(b)=dy, u"(b)=4, H(v)(a):As,...,u(nfl)(b):Anih

By using the idea of the Exp-function method for
nonlinear partial differential equations [1, 11, 14, 16-22, 27,
29], we assume that the solution of nonlinear ordinary
differential equations an be expressed in the following
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form

d
Z e expl#x]

4 .
Z e p b,, exp[mx)

u(x)= (2)

Where p,q.c and d are positive integers which are known
to be further determined, a, and &, are unknown
constants,

The equation (2) can be written as the following
alternate and useful form

a, explex]+ ...+ a_, exp[—dx]

: (3)
b, explpx]+ ..+ b_, exp[—gx]

u(x)=

Numerical Applications: In this section, we apply the
Exp-function method [1, 11, 14, 16-22, 27, 29] reviewed in
section 2 for solving the nonlinear fifth and sixth-order
boundary value problems. Numerical results are very
encouraging showing the complete reliability and

efficiency of the proposed method.

Example 3.1: [7, 10].Consider the following nonlinear
boundary value problem of fifth-order

wW(x) = e (),

(4
With boundary conditions
wO=u(0)=u"0=1Lul)=ul)=c
The exact solution for this problem 1s
ulxy=eé"
By uwsmg the Exp-function method for ordinary
differential equaitons, the trial solution of the equation (4)

which has also mentioned earlier in equation (3) can be
expressed as follows,

a, explex] + ...+ a_, exp[—dx]

u(x)= .
by exp[px]+ ..+ b_, exp[-gx]

To determine the value of ¢ and p, we balance the
linear term of lughest order of equation (4) with the
highest order nonlinear term.

MO exp[(3lp+ c)x]+---
cy exp[32 px] + -

(3)

899

ezexp[Zex]+--+ oy exp[(30p+ 2e)x]+ -

¢y exp[32px]+ -

w? = (6)
¢y exp[Zpx]+---

Where ¢, are determined coefficients only for simplicity;
balancing the highest order of Exp-function in (5) and (6),
we have

3lp+c=30p+2¢,

Which in turn gives

p=c

To determine the value of d and ¢, we balance the
linear term of lowest order of equation (4) with the lowest
order non-linear term

NOI + dyexp[(—31g — d)x] 7
e+ dy exp[-32¢x]
and
Lot dyexp[-2dx] _ ---+ dyexp[(-30g — 2d )x] (8)

o+ dy exp[—2gx] o+ dy exp[-32gx]

Where d, are determined coefficients only for sumplicity.
Now, balancing the lowest order of Exp-function in
(7) and (8), we have

—3lg-d=-30g-24,
Which in turn gives
g=d

Case31d:p=c=landg=d=1.
Equation (3) reduces to

_ aexplx]+ ay +a_jexp[—x]

u(x) )]

 Bexplx]+ by +b_yexpl-x]

Substituting (9) mto (4), we have

i[cs@@(ix)%@q)(ztxﬁqw(ax)+Qe>qa(2c)+q@q)(x)+q
+C () +C pep(—2x) + C 3 @p(—3x) +C 4 ep(—4a)
+C s@p(-5%) + Cgoxp(-6x)+ Crap(-T4) =0 (10)

Where 4 = (b, exp(x) + b, + b, exp (—x))’ C(i = -7, -6,
, 4,5) are constants obtained by Maple 7.
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Equating the coefficients of exp(sx) to be zero, we
obtain

{C-=0,C4=0,C5=0,C4=0C3=0,C_,=0,

C_IZO, C():O,CIZO,CZZO, C3:0,C4:0, C_S:O.}
(11)

Solution of (11) will yield

{0_1:0,61:0,(%:0, bD:(Jl, 6_1:0, a =

al  (12)

Consequently, the following exact solution is obtained.
u(x) =&

Case3.12: p=c=2andg=d=1.
Equation (3) reduces to

u(x) = ay exp[2x]+ ay exp[x]+ ag + a_j exp[—x] (13)
by exp[2x]+ by exp[x]+ by + b_y exp[—x]

Proceeding as before, we obtain

fa,=0, a;=b,, ay=ay, a =0, a;=0, (14)

by=b, b =gy by=0, =0, 5,=0}

Using values of unknowns from (14) mto trial
solution (13), we have

ag +b_e ™
aoe(_x) + 6722(—25) ’

g+ b,ze(fx)
e(fx)(ag + b_ze(fx)) |

u(x) =

where ap+ b_ze(_") =0

Consequently, the exact solution 1s obtained as
ulx)y=e".
Example 3.2: [3-6, 8-9, 17, 23-26, 28]. Consider the

following nonlinear boundary value problem of sixth-
order.

U™ (x) = e’ (x), 0<x <1 (1%

With boundary conditions

w =1, ==1, (=1 u(l)y=¢
wil)y=e'

EOEETS

The exact solution for this problem 1s

900

ulx)y=e".

The trial solution of the given boundary value
problem can be expressed in the following form

a, explex] + ...+ a_, exp[—dx]

u(x)= .
by exp[px]+ ..+ b_, exp[-gx]
Proceeding as before, we obtain
p=cg=d

Case3.21:p=c=landg=d=1.
The trial solution has the following form

aexplx]+ ag + a_y exp[—x]

ulx) =

by explx]+ by + b_; exp[—x] '

Using the trial solution into (15), we have

i[C‘g exp(&x) +C7exp(7x)+C6 exp(Gx)JrCs exp(ix) +Cy exp(4x) +C5 exp[3x)
+Cpexp(2Zx)+ Cexplx )+ Gy + Cp expl—) +Cg expl~2x) + CLg expl 3]

+CLg exp(—dx)+ CLs exp(—5x) + CLg exp(— ] 0, (16)
Where 4 = (b, exp{x) + b, + b, exp(—=x)), C (i =
—4
Equating the coefficients of exp(rx) to be zero from (16),

-6, -5,
7.8) are constants obtained by Maple 7

yererees O,

we obtain

{C4=0,C5=0,C,=0,C—=0,C,=0,C,=0,C,=0,
=0, ¢,=0,C,=0,C,=0 C,=0, C;=0, C;=0,
=0}
(7
Solution of (17) will yield

fa, =0,

b=a, ay=a, 5,=0, 5,=0,a,=0} (18)
By using the values of unknown from (18) into trial

solutiory, the following exact solution 1s obtained
u(x)=e".

Case3.22: p=c=2andg=d=2.

Equation (3) reduces to

an exp[2x]+ @ explx]+ ag + a_y exp[—x] + e exp[—2x]

by exp|2x]+ By explx]+bg +b_q exp[—x] + by exp[-2x]
(19)

wu(x)=
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There are some free parameters in Equation (19), we
set &, = b _, for simplicity, the trial-function (19) is
simplified as follows:

(x) = az exp[2x]+ e explx]+ ag + a1 exp[—x] + a7 exp[—2x]
bo exp[2x]+ by + by exp[—2x]

(20)
Proceeding as before, we obtain
{a,=0, ay=a,, =0, =0, 0,=0, b,=0, by=a,
b, =0}

2D

By using values of unknown from (21) mto trail
solution (20}, we have

=x)

a_j€e

u(x)=

.where a_; #0
a3

Consequently, the exact solution 1s obtained as follows
wx)=e"
CONCLUSION

In this paper, we applied the Exp-function method
developed by He and Wu for solving the fifth and sixth-
order boundary value problems. This technique have
been extensively used for finding the soliton compacton
and traveling wave solutions of the nonlinear partial
differential equations but we obtain the exact solutions of
a class of nonlinear boundary value problems. The results
are very promising and encouraging. Hence, we conclude
that the proposed Exp-function method may be used as an
alternative for solving the nonlinear boundary wvalue
problems. It 15 worth mentiomng that the method 1s
capable of reducing the volume of the computational work
as compare to the classical methods while still maintaining
the high accuracy of the numerical result, the size
reduction amounts to the improvement of performance of
approach. Hence, we conclude that Exp-function method
may be considered as an alternative for solving nonlinear
boundary value problems.
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