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Abstract: In this paper, we discuss an efficient method for obtaining the solutions of a subclass of singular
differential equations of Lane-Emden and Emden-Fowler type with imposed boundary (or initial) conditions.
Exact solutions of such type of problems are determined by substituting a suitable polynomial of undetermined
coefficients into the given boundary (or initial) value problem. The proposed method is simple and illustrated

by trustworthy examples justifying its efficiency and reliability.
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INTRODUCTION

The singular boundary value differential equations
occur in many disciplines e.g. Mathematics, Physics,
Engineering. They are used to model physical phenomena
i astrophysics, electro-hydrodynamics, to name a few.
The general form of a singular boundary value differential
equation is

ﬁy"(x)'F ﬁy'(x)_i_ %y(x): f(x) 0« xS(l)
1

Subject to the Boundary (Or Initial) Conditions

W) =4, y(1)=B, or y(O)=A, y(H=B.

where p, ¢, », fare analytical functions of x defined over
[0,1]and 4,4, B,, B, are real numbers.

The existence and umqueness about solutions of the
differentiation equations are discussed m [4]. Determiuing
a solution of such type of problems is very important as
they have wide applications in scientific and engineering
disciplines such as boundary layer theory, flow networks
of biology, control and optimization, etc. Our aim 18 to
always confine to a method that could ease the difficulty
of finding a solution to the problem is fundamental in
nature. Various universal phenomena like temperature
variation of a self gravitating star, thermal behaviour of a
spherical cloud of a gas under mutual attraction of its
molecules, iscthermal process in gas spheres, kinetics of
combustion, reactants concentration m chemical reactor

[9], when modeled give rise to a general class of singular
second order differential equation of Lane-Emden and
Emden-Flower type of the problem

y"(x)‘*‘%y'(x)Jrf(x,y):g(x) 0<x<lk=0 2)
With Conditions

y(O)=A,y(0)=0 (3)

y(0)=A,y(0)=B (h

where Al, A, B are real constant, f(x,y) 1s continuous and
real valued and g(xy'C [0,1].

The differential equation (2) along with (3)
constitutes an initial value problem and along with (4) it is
a boundary value problem. Moreover, if f(x,y) becomes
purely a function of y in R m some appropriate domain,
then (2) 1s specifically recognized as Lane-Emden type of
the problem [1,2,5,7,10,11,12,21]. Several methods like B-
splines [8,19], Homotopy method [3,11,12,15,16,22], Lie
group analysis, Power series and variational iteration
methods [13,14,17] have been applied to solve such
differential equations. We consider an interesting case
when g(x) is merely a polynomial function. Exact solution
to such problem may be tried. In order to find the solution
of (2) in the neighbourhood of a singular poimnt x=0, (2) 1s
modified as follows.
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k
YU+ + flay)=glx) 0<x=l
x (5)

and

2" (x) + ky'(x) + 5 (x. v) = xg () 0

x (6)
Method of Solution: Restrict the general class of
differential equation (2) to a subclass of differential
equation as

Y+ S )+ ap )y ()= pyx) O<xslmel
x
and
xp"(x)+ ky'(x) + axp, (x)ym (x)=apy(x) x=0

Here « is a real number, p,(v) and p,(x) are
polynomials of appropriate degree such that degree of
Pi(x) 18 less than the degree of p,(x). Selutions of such
types of problems exist and are unique [20]. For finding
the required solution of these types of problems, a
polynomual A(x) with undetermined coefficients satisfying
the given conditions 15 assumed. The undetermined
coefficients are determined using the given conditions in
such a way that the polynomial becomes the solution of
the given problem. The degree of the solution polynomial
h(x) 1s given by the degree of p,(x) minus the degree of
pix)) divided by m. In next section, we apply this method
for obtaining solutions of the problems taken from
literature.

Numerical Tllustration: In this section, we apply our
method for finding the solution of the problems of type (2)
along with the prescribed conditions.

Example:

Problem 1: Consider the inhomogeneous Lane-Emden
equation [18]

8
)+ -y )+ ap(x) = 20 — 1 + 4457 =308 x=0
X

(7)
Subject to Initial Conditions:
y(0)=0, y'(0)=0 &)
or
y(0)=0, y(1)=0 ©)

Solution: In (7) non-homogeneous function is of degree
5 and non-derivative term 1s x(y(x)). Therefore, we must

have the solution polynomial satisfying the condition
(8) as

608

wx)=x"+ bx' + B (10

Putting (9) in (7) and then comparing the coefficients
of respective powers of x on both sides give a= -1, 6=0.
Using the values of ¢ and &, the solution is

Yy = -
Similarly by Taking
yx)=x"+axr + b+ ax

as solution polynomial and applying the conditions (9) we
get the solution of (7) as

M) =xt-x°
Problem 2: [6, 2] Consider the following problem

3

2
Y+ — 3 (x)+ y(x)=6+12x+ Zax x
x

=Y an

Subject to y(0)=0, ¥ (0)=0 (12)

Solution: Since y(0) and y*(0) both are zero, the solution
should be of the form

Wx)=x"+ax’ + bx (13)
By substituting (13) m (11) and comparing the

coefficients of x* and x* on both sides, we get a=7 and

b=0.

Thus the solution is y{x) =" + x*

Problem 3: [19] Consider the following problem

2

YLy =

16 (14

Subject to y(0)=0, y{(1)=17/16 (15)
Solution: Let y(x) be the solution of the following form of
(14)

Wx)=ax’+bx+bxtc

Then y’(0) gives 5=0. Then the solution 1s given by
(16)

yx)=ax’+e¢

Putting (16) m (14), we get a=1/16 and c=1.
Thus, the solution is given by
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2

X
O="+1
y(x) G

Problem 4: [19] Consider the following problem

" z ] _ 2 - 4_ 2
-y (x)—xy(x)+(l A lxy=x" - 2x"+ 7 an

Subject to y'{0)=0, y(1)=0 (1)

Solution: Smce the right hand side of the (17) s a
polynomial of degree four, left hand side must be a
polynomial. When the solution of (17) is taken as
polynomial, functien, ¢Z-x’)y¢x) must be polynomial of
degree four. Thus y(x) must be a polynomial of degree
two. Let y(x) be the solution of (17) given below

yx)=al+bx+c
Putting y*(0) gives b=0. Thus, we have
(19

yx)=ax’+e¢

Putting (1) in (17), we get a=-1 and ¢=1.
Thus, the solution is given by

wWx)=-—x"+1

Problem 5:
differential equation of Lame-Emden type

[6] Consider the following non-linear

" 2., 3o _ .6
y(x)+xy(x)+y(x) x+6 20)

subject to y'(0)=0, y(1)=1 20
Solution: Since the non-homogeneous term is of degree
6 and nonlinear term 1s of degree 3 in (20), the solution
should be a polynomial of degree 2. Left and right hand
sides of (20) are of same degree when y(x) 1s substituted
as a polynomial in (20). Let y(x) be the solution of (20)
given below

wWx)=x'+brte
Putting y*(0) gives b=0. Thus, we have
(22)

wWx)=x'+c¢

Putting (22) 1 (20), we get c=0.

609

Thus, the solution is given by

M) =x*

Problem 6:
differential equation

[23] Consider another inhomogeneous
yix)+ iy'(x)+ yHx) =25+ 425+ 18x+ 4

x (23)
subject to y(0)=2, y"(0)=0 (24
Solution: Since the degree of inhomogeneous term 1s 6
and that of the nonlinear term 1s 2, the solution of (23)
must be a polynomial of degree 3. Let y(x) be the solution
of (23) given below

vx)=x'+ax’+bx+c

Putting v’ (0) gives b=0. Thus, we have

wWx)=x't+ax’+c (25)
We have

V(%) =32+ 2ax (26)

W(x)=6x+2a (27)

Using (25)-(27) m (23) gives a=0 and c=2.
Thus, the solution is given by

yx)=x'+2
CONCLUSION

In this paper, it is shown that by proper and suitable
use of polynomial function as a solution of the problem,
we can get the exact solution of the singular differential
equation of second order when inhomogeneous term 1s a
polynomial function (of any degree). The method
discussed 1n this paper very simple and appealing enough
as one can get exact 1s solution at prelimmary stage.
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