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Abstract: In this paper, we present an efficient numerical algorithm for solving system of nonlinear 
equations based on homotopy analysis method. Some numerical illustrations are given to show the 
efficiency of the algorithm. The homotopy analysis method contains the auxiliary parameter  , which 
provides us with a simple way to adjust and control the convergence region of solution series. 
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INTRODUCTION

Approximating the solutions of the system of linear 
and nonlinear equations has widespread applications in 
applied mathematics. In 1992, Liao [1] employed the 
basic ideas of homotopy to propose a general method 
for  non-linear  problems  and  modified  it  step by step 
[2-6]. This method has been successfully applied to 
solve many types of non-linear problems. Following 
Liao, an analytic approach based on the same theory in 
1998, which is so called homotopy perturbation method 
(HPM), is provided by He [7-10]. In this article, HAM 
is applied to the solution of the system non-linear and 
the convergence of the method is considered under 
certain conditions. 

ANALYSIS OF THE METHOD

Consider the system 

f ( x y ) 0
g(x y) 0

, =
 , =

(1.1)

Let

f ( x y ) f (x y )
x y

A[u]
g(x y) g(x y)

x y

∂ , ∂ , 
 ∂ ∂ =
 ∂ , ∂ ,
 ∂ ∂ 

f ( x y ) x
b[u] u

g(x y) y
− ,   

= , =   − ,   
Let

N[u] A[u]u b[u] L(u) u= − , =

Suppose q∈[0,1] denotes an embedding parameter, 
0≠  an auxiliary parameter, H(u)≠0 an auxiliary

function and   an auxiliary linear operator. We
construct a homotopy

0(1 q) [v(q) u ] H(u)q{A[v(q)](v(q)) b[v(q)]}− − = −  (1.2)

where u0 is the initial approximation of u and v(q) is an 
unknown function. It should be emphasized that one 
has great freedom to choose the initial guess value, the 
auxiliary linear operator, the auxiliary parameter   and 
the auxiliary function H(u). Obviously, when q = 0 and 
q = 1, it holds 

0v(0) u v(1) u= , =

respectively. When q increases from 0 to 1, v(q) varies 
from the initial guess u0 to the solution u. Expanding 
v(q) in Taylor series with respect to the embedding 
parameter q, one has 

m
0 m

m 1

v(q) u u q
∞

=

= + ∑ (1.3)

where
m

m q 0m
1 d v(q)u
m dq == |
!

If the auxiliary linear operator, the initial guess, the 
auxiliary parameter  and the auxiliary function are so 
properly chosen that the series (1.3) converges at q=1, 
one has 

0 mm 1
u u u

∞

=
= +∑  (1.4)
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which must be one of the solutions of (1.2), as proved 
by Liao [11]. It is very important to ensure the
convergence of series (1.3) at q=1, otherwise, the series 
(1.4) has no meanings. As 1= −  and H(u) =1, we 
obtained homotopy perturbation method [12] Setting

L≡  we have the high-order deformation equation [3]

m m 1 m 0 1 mL[u(m) u ] H(u) R (u u u )−−χ = , , , 

Where

m

0 m 1
1 m 1

≤
χ =  >

m
1

m 0 1 m q 0( m 1 ) m
d {A[v(q)](v(q)) b[v(q)]}R (u u u )

dq =− !

−, , , = |

According  to  rule of solution expression and the 
m-th order deformation equation (for m=1), the
auxiliary function can be chosen as:

H(u) 1≡

Let us consider the initial approximation u0, then 
we have

1 0 0 0

2 1 1 1

3 2 2 2

u (A[u ]u b[u ])
u ( A[u] I)u b [ u ]
u ( A[u ] I)u b[u ]

= −
= + −
= + −



 

 



And in general 

n 1 n n nu ( A[u ] I)u b[u ] n 1 2+ = + − , = , ,  

Hence, the solution can be of the form 

0 1 3u u u u= + + +

NUMERICAL RESULTS

Here we illustrate the above mentioned methods 
with the help of three illustrative examples. 

In this section, the absolute error has been
calculated using this formula:

N
exactError u u ( )= − 

where ( )Nu  is   the   approximate   solution  with
N-replications.

Then any of the error function's entries is set to 
zero and its corresponding h is obtained. The lowest 
real value of these  's is considered as the approximate 
value of  .

Example 1: Approximate the solution of the system
nonlinear

2x y 2 0
xy x 2 0
 + − =


+ − =

The true solution is ut = (1,1). For the given system 
we have 

A[u]u b[u]=
where

22x 1 xx y 2
A[u] b[u] , u

y 1 x yxy x 2
 − − + ,   

= , = =    + − − +    

From (1.3) and using four terms, we approximate 
the series solution when 0.039=  and t

0u (11)= ,  are 

3
0 1 2 3u (h) u u u u≈ + + +

Or
[ ]tu 0.99892594040.9989259403≈ ,

Example 2: Solve the system nonlinear 

2

2

x y 2 0
x y 2 0
 + − =


+ − =

The true solution is u t = (1,1).
The four-term approximation when 0.05667=

and t
0u (0 3 0 3 )= . , .  are 

0.9999961969
u

0.9999961969
 

=  
 

Example 3: Solve the system nonlinear 

2

2

2 2 2

0
0

x y z 2
xy z 3

y z 2 0x

+ − −

+ −

+



−

=

=

=−






The true solution is u t = (1,2,1).
The four-term approximation when 0.05234=

and t
0u (0.349, 0.985, 0.2)=  are 

0.9999468233
u 1.999605754

0.9998632962

 
 =  
  
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CONCLUSION

In this paper, we used homotopy analysis method 
to approximate the solution of system of nonlinear
equations in terms of the subtraction of the coefficient 
and unit matrices. The above examples illustrate the 
strength  and  reliability  of  the  method  presented in 
this paper and reveals that it is very simple and
effective. The obtained solutions, in comparison with 
exact  solutions  admit  a  remarkable  accuracy.
Results indicate that the convergence rate is very fast 
and lower approximations can also achieve high
accuracy. Up to now, there are no rigorous theories to 
direct us to choose the initial approximations, auxiliary 
linear operators, auxiliary functions and auxiliary
parameter  .

REFERENCES

1. Golbabai, A. and B. Keramati, 2006. Modified
homotopy perturbation method for solving
Fredholm integral equations. Chaos Solitons and 
Fractals, doi:10.1016/j.chaos.2006.10.037. 

2. Kauthen, J.P., 1997. A survey of singular perturbed 
Volterra equations. Appl. Num. Math., 24: 95-114.

3. Kilbas, A.A. and M. Saigo, 1999. On solution of 
nonlinear Abel-Volterra integral equation. J. Math. 
Anal. Appl., 229: 41-60.

4. Liao, S.J., 2003. Beyond Perturbation: Introduction 
to the Homotopy Analysis Method. Chapman and 
Hall/CRC Press, Boca Raton. 

5. Liao, S.J., 2008. Notes on the homotopy analysis 
method: some definitions and theorems.
Communications in Nonlinear Science and
Numerical Simulation, doi: 10.1016/j.cnsns.2008.
04.013.

6. Liao, S.J. and Y. Tan, 2007. A general approach to 
obtain series solutions of nonlinear differential
equations.   Studies   in   Applied  Mathematics, 
119: 297-355.

7. Abbasbandy, S., 2006. Numerical solution of
integral equation: Homotopy perturbation method 
and Adomian’s decomposition method. Appl.
Math. Comput., 173: 493-500.

8. Brunner, H., M.R. Crisci, E. Russo and A. Recchio, 
1991. A family of methods for Abel integral
equations of the second kind. J. Comput. Appl. 
Math., 34: 211-219.

9. Bildik, N. and A. Konuralp, 2006. The use of
variational iteration method, differential transform
method and Adomian decomposit ion method for 
solving different types of nonlinear partial
differential equations. International Journal of
Nonlinear   Sciences   and  Numerical  Simulation, 
7 (1): 65-70.

10. El-Shahed, M., 2005. Application of He’s
homotopy perturbation method to Volterra’sintegro
-differential equation. International Journal of
Nonlinear  Sciences  and  Numerical  Simulation, 
6: 163-168.

11. Liao, S.J., 2004. On the homotopy analysis method 
for  nonlinear  problems. Appl. Math. Comput., 
147: 499-513.

12. Dariusz Bugajewski, 2003. On BV-Solutions of
some nonlinear integral equations. Integral
Equations and Operator Theory, 46: 387-398.


