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Abstract: In this paper not only discussed the irrational behavior of the generalized Fibonacci numbers but
also study the behavior of {(2) using Lucas and Pell numbers.
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INTRODUCTION

Fibonacci, Lucas and Pell numbers are discussed
in various studies (Leveque, 1990; Duverney, 1993;
Matala-Aho and Vanen 1998; Kono and Uehara, 1998;
Shiokara 1998). The aim d this article is to observe
irrational behavior of these numbers. This study also
discussed the irrationality of {(2) by using g-derivative
and q-integral.

FIBONACCI NUMBERS

Let a Fibonacci number F, be defined as F;=F,=1,
F, = F,.; + F,.», for n=3. It is well known that Fibonacci
numbers are relatively prime.
Therefore

d Fm+n:Fm—1E1+F F

mon+l

Fin is divisible by F,, for m>1,n>1
If m = gqn+r, then ged(Fp, F,) = ged(F,, Fy)
gcd(FF,)=F4 where d = gcd(m,n)

[l;—'“] if and only if m/n for m>n>2

n
Lemma: For n>1, we have

e E=F.F +(-1)" (nx2)

n+1"n

® Fzzk =E B -1

e E+E+EK+-- +E,.,=F,
e E+F+E+---- +F,=E,,, -1

n+1

¢ FE-E+E—F 4 +(=1)"'E, =1+ (1)""'E,

n-1
° F;Z+F22+F32+ ...... +F13 :Fn XFnH

Now define

i - for 0 <|q|<1,0<x <1

Kq(X;S) :Z;:l(lf—q)

By taking
q=-p’x=-p [where B= lfj and af =-1
we have
3 oo 1
(a_ ) E—BZ(_Bs;:;):Zn:lFT
Now
IS &
n=l an 2
So
IS &
n=l an - 2

is irrational number. It is easy to see that

o

~a'ne, (zq" )T

(=lnzl ¢ (Zq’)

Eq(x;3)=x

0o

n=1 .eq(zq’)

where

for |q|<1; therefore we have the following theorem.

w 1 . . .
Theorem 1: ZHF is an irrational number.

n

Remark: Let {F,},>; be Fibonacci numbers. Then
several results of Fibonacci zeta functions with
Riemann zeta functions may be compared as under:
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Let {Fa}n>1 be Fibonacci numbers.

* L. . L. =1 L .
1. Z Fl .(a,b)#(2,0) is irrational (Kumiko Nishioka) zm, (a>2),VbeN is irrational (Browein, 94)
o=l Kooy n=1
=1, . . .
2 ZF— is irrational (Andre-Jeannin, Duverney)
n=1 'y
= 1. L. . =1 .
3 > i transcendental for ke N (D. Nishioka, I. Shiokawa) ZHZk =¢(2k) is transecendental
n=1 L'y n=1
4 Z kl is transcendental (a .beN,(a,b)#(2,0),k=> 2) z - is unknown
o Fo =l (a" +b)
5. Z% is irrational (I. Shiokara, T. Kim) 2111—3 is irrational
n=1 'y n=1
= (1) 1443 = ()
6 Z(F ) _ +2\,- (1) =1-2log2
v BB “n(n+l)
I . = 1
7 is irrational =1
%Fnle ;n(rﬁ 1)
- 1 . . .
8. z T is irrational
n=1 17,
=
9. Z is unknown
n=142p1
10. i 1 is unknown
SF +1
11. iFL is unknown
0=l L2
12. — is unknown (k>2)
o=l (FnFr1+l)
LUCAS AND PELL NUMBERS and we also know that

The Lucas numbers F, are defined by the same rule e L =7+0",
as the Fibonacci numbers as follows; [y =2, 1; =1, 1,

= 3, Lys» = Ly, n=1, then Lucas and Fibonacci e lim,,
numbers are related to each other. For example,

g

+l

. L
=lim, ,—* =t and
n n

o lim, , —2=4/5.
® F2n :Fn Ln "

I

o]

e L,=L-2(-1)

® ZEZOLk =L,,-1
[ L, =F_,+F

n+l

d 5Fn = Ln—l + Ln+l
e 2F, =FL +FL_and

mn

The Pell numbers P, and Q,, are defined as

P, =0, =1,B =2P, ,+P,,(n>2)

Qo :O;Ql :I’Qn :2Qn71+Qn72 (HZ 2)

e 2L . =L1L +5FF which are also known as generalized Fibonacci
numbers.

Note that for algebraic numbers .
Proposition 1: If

ERERE a=1+42,p=1-+2

2
and are the roots of ¥-2x-1 = 0, then Pell numbers can be
o 1-5 expressed as
2
n _ . an _Bll all + B“
_1-o p=2"F o =2"P forn>0
b= T-0 w2 2

2230



World Appl. Sci. J., 12 (12): 2229-2232, 2011

Proof: If o and P are the roots of X¥-2x-1 = 0, so the
results are obtained.

Proposition 2: For the Pell numbers when 1, we
have the following relations:

e P, =2RQ,

e PB+P,=Q

° 2Q0-Q,=(-1)"

e P +P, +P.,=3P ., and

e QI -2pPi=(-1)

SO Q is convergent of the continued fraction

n

expansion of N2 of the Pell equation xX*-2y” = 1.

Proof: From the proposition 1; two question arises

w 1 . .

e Is Zn:l? irrational for k>1?
w 1 . .

e Is znﬂg irrational for k>1?

The behavior of (y(2): For |q|<l, defined qderivative
as:

dx

For x eR, defined g-integral as

X

Jra =00 X7 fla'x )

0

Note that
x[ d
J-O (E]f(t ﬁqt Zf(X)
["(0)d,t=f(qx)
and
1Al Xryr B . qk
q.'.o J.o 1- qxy dchdqy - Cq(Z) N Zk:l [k]z
ifr=s,
Ay L
- r—s Zm:s+l[rn]

ifr# s, where
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1-q"

r,sez,, [x]:
I-q

and

n

q

[n]

n=1 qS—l +
[n]

o

(2=s)(1za)5-

s—1

¢, (S) Z:ﬂ

The q-binomial formula is

n
k

-k_k
X", neZ

G

»

(x:q), =(1-ax)

(oo =20

for

(

Thus

n

k

]:( (a:9),

q:9),(a:9),,

Let

and

1 n!yq

n_n

)

d x =

q

=nly'q

n+1

dqx 1 —-qgxy (xyq;q)m1

I

[ Py (%)

1—qgxy

J_

s

“1)'nlyq"
h ! (xyaa),,,

(l—xyq‘)

i=1

d _x

qa

Finally we get

xq), y"(1-y)’
(axy; q) ,

n®+n+ n (! 1x" q
I,=4q '(-1) LL ( d,xd,y

Let
dn(q):£cm{1_q71_ qza """"" 71_q“}
Then

2
n

d2(a)q * 1,(a)=d2 ()A, (a)¢,(2)- B, (a)

n

where
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A,(a) B,(a)eZ[q]
for

q= %(b(> 2)e Z)

2 32 n(n-1)
% 4t

A,=b = 7 A (q)di(q)

2 3 .10
n® +n+—==n’+
s

As A_,B, €Z then

n’ 2 3 5 n(n-l)
—_ n 4 nt—n’ f——

AL(2)-B|=di(q)a * I,(a)b =
non nz+n+inz+M "("71)4."2"4.1
<M-q 2 b 3 2 q 2

—>0asn—w

Hence {;(2) is irrational.
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