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On Certain Classes of Analytic Functions Defined by a Linear Operator
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Abstract: In this paper, we define and study two new classes of analytic functions which generalize a
number of classes studied earlier. Sharp coefficient bound and some inclusion results are discussed. We
also observe that these classes are preserved under the Bernadi integral transform.
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INTRODUCTION

Let 4 be the class of functions of the form

z)=z+ia“z" (LD

n=2

analytic in the open unit disk E = {z: |z|<1}. If f(z) and
g(z) are analytic in E, we say that f(z) is subordinate to
g(z), written f<g or f(z)<g(z) if there exists a

Schwarz function w(z) in E such that f(z) = g(w(z)).

In [1], Janowski introduced the class P[A,B]. For -
1<B<AZ1, a function p(z), analytic in E with p(0) = 1
belongs to the class P[A,B] if p(z) is subordinate to
1+ Az
1+Bz
the class Px[A,B] as follows.

An analytic function p(z) is said to be in the class
Py [A,B], if and only if,

. Later Noor [2] generalize this concept to define

p(0)- (553t 02

where p(z), p(z)eP[AB], -1<B<A<I, k2. It is clear
that P,[A,B] = P[A,B] and Py[1,-1] = Py, the well-
known class given and studied by Pinchuk [3].

By using all these concepts, we consider the
following classes.

Rk[A,B]—{f(z)eA:%E)ZGPI([A,H,ZEE}

e .zf'(z)e
f(z)e A: o) P[A,B],

g(z) € Rz[l,—l ], zeE

T,[A.B]=

where -1<B<A<l, 2. These classes were studied by
Noor [2, 4, 5].
For any two analytic functions

Za“ , and g(z ia“z" (z €E)
n=0

the convolution (Hadamard product) of f(z) and g(z) is
defined by

zeE

(f=g)( Zan \

n=0

Let H (a,b,c;z) be the hypergeometric function define as
follows.

ab

2
H(ab.ciz) =1+ 222, 22 1)b(b+1) 2
C

z
T+ (crl) —+--,z€E (1.3)
where the value of a,b,c is not equal to 0, -1, -2,...,. We
note that the series (1.3) converge absolutely for all
zeE so that it represents an analytic function in E. For
the applications of the hypergeometric type polynomial
[6-15].

We consider the Integral operator L(a,b,c): A>A
define by

I (ab,c)f(z)=(H(ab,c;z)) #fz) zeE  (14)
where ab,c are real and greater than zero and
(H(a,b,c;z)) " is given by

z

zeE

H(a,b,c;z) *(H(a,b,c;z))fl =
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The operator L(a,b,c) was discussed by Noor
[16] and known as generalized integral operator.

In particular, with b = 1, this operator was studied

in [17] for p-valent functions and for a=n+p, b=
A=1,[18].
By some computation, we note that

I, (a,b,c) f( zeE

=z+ ZA z"
With
_ (X + 1)11—1 (c)n—l

@00, ()

n n

where (p), is a Pochhammar symbol given as

.-}

From (1.4), we note that

1,n=0
p(+1)...(p+n-1),neN

I(a,1,a)f(z)=f(z), I,(al,a)f(z)=2f(z)

Also the following identities can easily be established.

, (1.6)
+ z(LA (a,b,c) f(z))

al, (a,b,c)f(z)=(a—-1)L,(a+1b c) f(z)
We now define the following classes by using the
operator I5(a,b,c).

(1.7)

+z( a+lbc

Definition 1.1: A function f(z)eA is in the class
R} (a,b,c,A,B), if and only if

eP[A.H, (1.8)

where a,b,c are greater than zero and 2>-1.

Definition 1.2: A function f(z)eA is in the class

Ty (a,b,c,A,B), if and only if, there exists
g(z)eR5(a,b,c,1,-1), such that
z(Ix(a > (Z))'
P |A,B 1.9
Ix(a, c (Z) € k[ > ]5 ( )

2198

where a,b,c are greater than zero and A>-1.
By giving specific values to k,Aab,c,A,B in
R;(a,b,c,A,B) and T;(a,b,c,A,B), we obtain many

important subclasses studied by various authors in
earlier papers [2,4,5,19,20].
From (1.8) and (1.9), we note that

f(z)e

Rﬁ(a,b,c,A,B) =" (a,b,c) eR,[A,B]

and
f(z)eT; (a,b,c,A,B) <1, (a,b,c) e T, [A,B]

Throughout in this article we assume that
-1<B<A<l1, k2, 2>-1 and a,b,c is not equal to 0, -1,
-2,..., unless otherwise mentioned.

PRELIMINARY LEMMA

In order to derive our main results, we need the
following Lemma.

Lemma 2.1: [21]. Let h(z) be convex in the open unit
disk E and let Q:E —»C with Re Q(z)>0. If p(z) is
analytic in E, then

p(2)+Q(z) zp'(z) < h(z)

implies that

p(z) < h(z)
MAIN RESULTS

Theorem 3.1: Let f(z)e
the form (1.1). Then

R} (a,b,c,A,B) and f(z) is of

a [< Vn>2 3.1
(¢),, (n=D)1(r+1)
This result is sharp.
Proof: Let f(z)e R} (a,b,c,A,B) and set
z(1 (a,b,c)f(z '
(7~( ) ( )) :p(z) (3.2)

L, (a,b,c) f(z)

where p(z) is analytic in E with p(0) = 1. Let

Then (3.2) becomes
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n=2 n=1

(eoSome (s a1 )

Equation coefficients of Z', we have

n—

(n-1)A,=YA,_b

1
n-ji-j
=1

for

(A-B)
2

. . . k
Using the coefficients estimates |b,|<

the class Py [A,B], we have

2n—D)|A=k(A-B)S

=1

Al"l

-i
By using mathematical induction, we have

L5

(-1

and hence by using (1.5), we obtain (3.1).

A

n

Vnx>2

The equality occurs for the function fy(z) given by

4 2

z(1, (a,b,c)f,(2)) :(k N 1jw_(k 1)&

I, (a,b,c)f0 (Z) 4 2)1+Bz 1-Bz

Theorem 3.2: For A>0 and a,b,c greater than zero
Rﬁ”(a,b,c,A,B)c R (a,b,c,A,B) <R} (a+ l,b,c,A,B)
Proof: Let f(z)e R} (a,b,c,A,B) and set

Z(Ik (a,b,c) f(z))'

I, (a,b,¢) f(2) (3.3)

where p(z) is analytic in E with p(0) = 1. Then by
simple computation together with the identity (1.6), we
have

2(L, (a.0.0)f(2))

I, (a,b,c)f(z)

zp(2)
p(z)+2

=p(z)+
and since f(z)e R} (a,b,c,A,B) it follows that

7p'(2)
p(z)+A

p(z)+ eP[A,B] 34

Define a function

Aoz 1 z
= =+ >
A+1l-z k+1(1—z)

. (2)

Using the same convolution technique as used by
Noor [22] of ¢(z) with (3.3), we have:

e e ke L0

p(z)+2

pi(z)+2
rsborsis)

By using (3.4), we see that

{pi(z) L) }e P[A.B]

p;(z)+2

for i = 1,2. Now by using (3.3) and Lemma 2.1, we
obtain that

R}*'(a,b,c,A,B)c R} (a,b,c,A,B)
and by similar lines we have

R} (a,b,c,A,B)c R} (a+1,b,c,A,B)

For a function f(z) analytic in E, we consider the
integral operator

R =1 () =L Jer(as > 69)

The operator I(yeN), was introduced by Bernadi
[23]. In particular, the operator |, was studied earlier
by Libra [24] and Livingston [25].

Theorem 3.3: If f(z)eRj(a,b,c,A,B), then so does
F(z), where F(z) is given by (3.5).

Proof: From (3.5), we have

(v +1)L (a,b,c) f(z) =11, (a,b,c) f(2)

.69
+ z(Ix (a,b,c) f(z))

Let

where p(z) is analytic in E with p(0) = 1. Then by using
(3.6), we have
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2(L. (.0.0)f(2))

L(abe)f(z) p(z)+y

and since f(z) eR;(a,b,c,A,B), it follows that

zp'(2)
p(z)+ )17 eP[A,B] 3.7
Let
¢y(Z) Y oz 1 z

= + >
y+1l-z y+1(1-2)

Then by convolution of ¢(z), we have

Using (3.7), we see that

{pi (z)+ pizleg?y } P[A.B]

for i = 1,2. Now by using Lemma 2.1, we have
pi(z)eP[A,B] and hence p(z)ePx[A,B]. This completes
the proof.

Theorem 3.4: Let f(z)eT/ (a,b,c,A,B) and f(2) is of
the form (1.1). Then

This result is sharp.

Proof: From the definition of the class T} (a,b,c,A,B),

it follows that there exist a function g(z) such that

Iy(a,b,c)g(z) belongs to the class S" of starlike
functions. Let us denote

I)v(a,b,c)g(z) =z +ic“z", zeE

n=2

and

(3.8)

Equating the coefficients of the power series in
(3.8), we find from (1.5) that

), o S n 69)

(a)nfl(b)nfl ’ ’ =1 o

It is well known that the coefficients bounds for the

(A-B)
2

" k
class S and RJ[A,B] are |c,/<n, |bn|s for all

n>2. Therefore (3.9) implies

n(k+1)n4 (C)n,, |

@), (b),

=n+

< n+k( A2_ B)[(n—1)+(n— 2) ok 2+ 1]

n(n-1)k(A-B)
2 2

,Vn>2

and thus we obtain the desired result.
The equality occurs for the function fy(z) given by

where
1 (ab,c)g (z) =2+ nz"
and h
p(2) :1+n”ék(A-B)z"

Using the same procedure as that of Theorem 3.2
and Theorem 3.3, we can easily prove the following
results.

Theorem 3.5: For 2>0 and a,b,c greater than zero

Tﬁ““(a,b,C,A,B)C T: (a,b,c,A,B) cT: (a +1,b,C,A,B)

Theorem 3.6: If f(z)eT (a,b,c,A,B), then the
function F(z)eT/(a,b,c,A,B), where F(z) is given by
(3.5).

ACKNOWLEDGMENT

The authors are thankful to Dr. Thsan Ali
(Vice Chancellor AWKUM) for providing excellent
research facilities and also to Higher Education
Commission of Pakistan for funding for this
research work.

REFERENCES
1. Janowski, W., 1973. Some extremal problems for

certain families of analytic functions. Ann. Polon.
Math. 28:297-326.

2200



10.

11.

12.

13.

World Appl. Sci. J., 12 (12): 2197-2201, 2011

Noor, K.I., 1991. On some integral operators for
certain families of analytic function. Tamkang J.
Math. 22: 113-117.

Pinchuk, B., 1971. Functions with bounded
boundary rotation. Isr. J. Math., 10: 7-16.

Noor, K.I, 1991. On radii of convexity and
starlikeness of some classes of analytic functions.
Int. J. Math. & Math. Sci., 14 (4): 741-746.

Noor, K.I., 1988. Some radius of convexity
problems for analytic functions of bounded
boundary rotation. Punjab Univ. J. Math,,
21:71-81.

Mohyud-Din, S.T., M.A. Noor and K.. Noor,
2009. Some relatively new techniques for nonlinear
problems. Mathematical Problems in Engineering,
Hindawi, 2009; Article ID 234849, 25 pages,
doi:10.1155/2009/234849.

Mohyud-Din, S.T. and M.A. Noor, 2009.
Homotopy perturbation method for solving
partial differential equations. Zeitschrift fiir
Naturforschung A- A Journal of Physical Sciences,
64a: 157-170.

Mohyud-Din, S.T., M.A. Noor and K.I. Noor,
2010. Variational iteration method for Burger’s
and coupled Burger’s equations using He’s
polynomials. Zeitschrift fiir Naturforschung A-A
Journal of Physical Sciences, 65a: 263-267.
Mohyud-Din, S.T., 2009. Solution of nonlinear
differential equations by exp-function method.
World Applied Sciences Journal, 7: 116-147.
Mohyud-Din, S.T., A. Yildirim, M. Usman and
M.M. Hosseini, 2010. An efficient algorithm for
Bratu-type models. World Applied Sciences
Journal, 11 (7): 847-850.

Mohyud-Din, S.T., A. Yildirim and I. Ates, 2010.
An analytical technique for Shock-peakon and
Shock-Compacton  solutions. World Applied
Sciences Journal, 10 (12): 1407-1413.

Mohyud-Din, S.T. and A. Yildirim, 2010.
Numerical comparison of algorithms for systems
of sixth-order BVPs. World Applied Sciences
Journal, 11 (5): 548-568.

Noor, M.A. and S.T. Mohyud-Din, 2008.
Variational iteration method for solving higher
order nonlinear boundary value problems using
He’s polynomials. International Journal of
Nonlinear Sciences and Numerical Simulation,
9(2): 141-157.

2201

14.

15.

16.

17.

18.

19.

20.

21

22.

23.

24.

25.

Suat Ertirka, V. and S. Momanib, 2010. On the
Generalized Differential Transform  Method:
Application to Fractional Integro-Differential
Equations. Studies in Nonlinear Sciences, 1 (3):
118-126.

Yildirim, A., M.M. Hosseini, M. dman and S.T.
Mohyud-Din, 2010. On nonlinear sciences, Studies
in Nonlinear Sciences, 1 (3): 97-117.

Noor, K.I., 2006. Integral operators defined by
convolution with Hypergeometric functions. Appl.
Math. Comput., 182: 1872-1881.

Cho, N.E., O.S. Kwon and H.M. Srivastava, 2004.
Inclusion relationship and argument properties
for certain subclasses of multivalent functions
associated with a family of linear operators. J.
Math. Anal. Appl., 292: 470-483.

Patel, J. and N.E. Cho, 2005. Some classes of
analytic functions involving integral operator.
J. Math. Anal. Appl., 312: 564-575.

Arif, M., S.N. Malik and M. Raza, 2011. The effect

of certain integral operators on some classes of
analytic functions. Acta Univ. Apulensis Math.
Inform., 25: 235-243.

Noor, K.I., S.N. Malik, M. Arif and M. Raza, 2011.
On bounded boundary and bounded radius rotation
related with Janowski function. World Appl.
Science J., 12 (6): 895-902.

Miller, S.S. and P.T. Mocanu, 2000. Differential
Subordinations Theory and its Applications.
Marcel Dekker, Inc., New York, Basel.

Noor, K.I., W. Haq, M. Arif and S. Mustafa, 2009.
On bounded boundary and bounded radius
rotations. J. Ineq. Appl., ID 813687, pp: 12.
Bemardi, S.D., 1969. Convex and
univalent functions. Trans. Amer. Math. Soc.,
135: 429-446.

starlike

Libera, R.J., 1965. Some classes of regular
univalent functions. Proc. Amer. Math. Soc.,
16: 755-758.

Livingston, A.E., 1996. On the radius of

univalence of certain analytic functions. Proc.
Amer. Math. Soc. 17: 352-357.



