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Abstract: In this paper, a Homotopy Perturbation Transform Algorithm (HPTA) which is based on the
Homotopy Perturbation Method (HPM) is introduced for the approximate solution of the linear and
nonlinear system of partial differential equations. Illustrative examples are included to demonstrate the high
accuracy and fast convergence of proposed new algorithm.
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INTRODUCTION

System of partial differential equations have
attracted much attention in a variety of applied
sciences. The general ideas and the essential features
of these system are of wide applicability. These system
were formally derived to describe wave propagation, to
control the shallow water waves and to examine the
chemical reaction-diffusion model of Brusselator.
The method of characteristics, the Riemann invariants,
Adomian decomposition method [1], Homotopy
perturbation method [2-5], Homotopy analysis method
[6, 7] and Laplace decomposition method [8-10], were
the commonly used methods. In this work, we will use
Homotopy perturbation transform algorithm introduced
by Yasir et al. [11, 12]. Majid et al. [13] solved
exponential stretching sheet equation with the help
HPTA on semi infinite domian. This new algorithm
basically illustrates how two powerful algorithms,
homotopy  perturbation method and Laplace
decomposition method can be combined and used to
approximate the solutions of the nonlinear partial
differential equations by manipulating the homotopy
perturbation method.

HOMOTOPY PERTURBATION
TRANSFORM ALGORITHM

In this section, we present a homotopy perturbation
transform algorithm for solving system of partial
differential equations written in an operator form

Lu+R,(u,v) +N, (u,v) =g,

2.1
Lv+R,(w,v)+N, (u,v)=g,
with the initial conditions
0)=f
{U(X, )=1(x) 22)
v(x,0) =f(x)

where I, is consider as a first-order partial differential
operator, R, R and N;, N, are linear and nonlinear
operators and g; and g, are source terms. The method
consists of first applying the Laplace transform to both
sides of equations in system (2.1) and then by using
initial conditions (2.2), we have

£[ Llu] +£[ Rl(u,v)] +£[ Nl(u,v)] :£[gl] 2.3)
E[Ly]+£[R,(u,v)]+£[N,(u,v)]=£[g,] (2.4)

Using the differential property of Laplace
transform and initial conditions, we have

s£[ u(x,t)] —u(x,0) +£ [ R](u,v)]

2.5
+£[Nl(u,v)]:£[gl(x,t)] 3)

s£[ V(x,t)] —v(x,0)+£ [R 2(u,V)]

2.6
+£[ Nz(u,v)]=£[gz(x,t)] 2.6)

On Simplifying
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efu]= 224 Zefg ] -~ Reu.v)] -4 New.v)] @)

f, (x)

£[v]=

£[ ]——£[R (u, V)]——£[N (u,v)] (2.8)

Applying inverse Laplace transform on both sides
of Egs. (2.7)-(2.8), we get

u=F(x)-£" [£[£[N1 (u,v)] + £[ R, (u,V)]ﬂ 2.9

v =E(x) —£’1[l[£[N2(u,v)]+ £[R z(u,v)]ﬂ (2.10)
S

where F;(x) and F,(x) represents the terms arising from
source terms and prescribe initial conditions. According
to standard homotopy perturbation method the solution
u and v can be expanded into infinite series as

@2.11)

©
m
u= Zp um’

m =0 m=0

where pe[0,1] is an embedding parameter. Also the
nonlinear term Ny and N, can be written as

N, (0v) = SpmH, (0,v) 2.12)
N, (u,v) = 3 p"H,, (u,v)

where H;,, and H,,, are the He's polynomials [11]. B
substituting Eqgs. (2.11) and (2.12) in Egs. (2.9)- (2.10),
the solutions can be written as

i:p"'um = FI(X)_p[£l|:é|:£[Hlm]+£[ Rl(u’V)HD (2.13)

m=0

g}Pme =F(x) —p(;el[é[ﬁ[ﬁm] +£] Rgu,v)]]D (2.14)

In Egs. (2.13)«(2.14), H;, Hoyn are He's
polynomials can be generated by several means. Here
we used the following recursive formulation:

Hm(u0""’ = llaapm|: (Zpu Jj| El 1’1’120,1,2,(215)
=0

i=0

Equating the terms with identical powers in p
in Egs. (2.13)«(2.14), we obtained the following
approximations

P’ Uy =F(x)
) 1
piu =—£ ‘[—[£[H10]+£[ R, (u,, \6)]]}
S (2.16)
1
s w, == [ e, £ Ry )
Similarly
0
p : v, =F(x)
a1
piv,=—£ 1{_[£[H20]+£[ Ry(u, )]]}
S 2.17)
1
p2 CV, = _£l|:;[£[H21]+£[ R,(u, v )]:':|
The best approximations for the solutions are
u=limu =u, +u, +u, +.... (2.18)
p*}
v=limv, =v, +v, +V, +... (2.19)

p—1

This method does not resort to linearization or
assumptions of weak nonlinearity, the solution
generated in the form of general solution and it is more
realistic compared to the method of simplifying the
physical problems.

APPLICATIONS
In this section, we use the HPTA to solve
homogeneous and inhomogeneous linear system of
partial differential equations and homogeneous and
inhomogeneous nonlinear system of partial differential

equations.

The homogeneous linear system: Consider the
homogeneous linear system of PDEs

u+v,—(u+v)=0 3.1
v,+u —(u+v)=0 (3.2)
with initial conditions
u(x,0) =sinh(x), v(x,0) = cosh(x) 33)
Applying Laplace transform algorithm we have

su(x,s)—u(x,0) =—£[v, |+ £[(u+ v)] (34

sv(x,8) —v(x,0) = —£[u, ]+ £[(u+ v)] 3.5)
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u(x,s):@féfl[vx —(u+v)] (3.6)
v(x.5) =@— §£[ux ) 3.7)
) Using given initial condition Egs. (3.6)-(3.7),
ecomes
u(x.s) =@— é£[vx (V)] (3.8)
V(x,8)= Cosil(x) 7§£[ux —(u+v)] 3.9)

Applying inverse Laplace transform to Eqgs. (3.8)-
(3.9), we get

u(x,t) =sinh(x)— £~ [lii[vx —(u+V)]] (3.10)
s

v(x,t) =cosh(x) — £ {l£[uX —(u+v)]} (3.11)
s

The Homotopy Perturbation Transform Algorithm
(HPTA) assumes a series solutions of the functions
u(x,t) and v(x,t) is given by

u= ipmum(x,t), V= ip"‘vm(x,t) (3.12)
m=0 m =0
Using Eq. (3.12) into Egs. (3.10)-(3.11), we get
) (T v (x.1) -
> p"u,(x,t) =sinh(x) —p | £ l;E (3.13)
o s
TP Vi (X,t) +
| Ym=oP" vy (X,1)
(Sap™un(x,0), -
> P Vm(x,t) = cosh(x) —p | £ 1—£ (3.14)
o s

> ?;:Opmvm (x,t) +

3 moD" Y, (X,1)

From Egs. (3.9)-(3.12), comparing like powers of p
yields

2354

u, (x,t) = sinh(x)
p’: (3.15)
vo(X,t) = cosh(x)

u(x,t) = tsinh(x)

p: (3.16)
v,(x,t) = tcosh(x)

U, (x,t) = &sinh(x)
p: (3.17)

v, (x,t) =% cosh(x)

and so on for other components. Using Egs. (2.18)-
(2.19), the series solutions are therefore given by

u(x,t) =sinh(x11 +‘2—Z! +‘74! +...)+cosh(x)(t +§—1!+‘5—5!+ )

(3.18)

v(x,t) = cosh(x)(l +oHL ) +sinh(x)(t+5+g +)

using the Taylor expansion for sinht and coxht, we can
find the exact solutions

u(x,t) =sinh(x + t)

(3.19)
v(X,t) =cosh(x +t)

The inhomogeneous linear system: Consider the
inhomogeneous linear system

u-v,—(u—v)=-2 (3.20)
vi+u —(u-v)=-2 32D

with initial conditions
u(x,0)=1+¢; v(x,0)=—1+¢€* (3.22)

Taking the Laplace transform on both sides of Egs.
(3.20)-(3.21), then by using the differentiation property
of Laplace transform and initial conditions (3.22) gives

u(x,s):l+e—x—£+l£[vx+(u—v)] (3.23)

s s § s

V(x,s)=—l+e—x—£+l£[(u—v)—ux] (329
s s § s

Taking the inverse Laplace transform of both sides
of the (3.23) and (3.24), we have
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u(x,t):1+e"—2t+£"1[l£[vx+(u—v)]] (3.25)
S

v(x,t) = —1+ex—2t+£’1[1£[(u—v)—uxﬂ (3.26)
s

By using Homotopy Perturbation Transform Algorithm (HPTA) the solutions functions u(x,t) and v(x,t) is given by

u= ipmum(x’t)’ V= Zm:pmvm (X,t)

m =0

Invoking Eq. (3.27) in Egs. (3.25)-(3.26), we have

m=0

m=0

On comparing the coefficients of like powers of p
we get require solution components:

ufx,t)=1+e* -2t
p’: (3.30)
V{x,t)= -d+¢e" -2t

u, (x,t) =te* +2t
p: (3.31)
v(Xx,t)=—te* +2t

u, (x,t) = ‘Z—Z!e"
p: (332)

v, (%,t) =‘2—2!eX

and so on for other components. Using
(2.18)-(2.19), the series solutions are therefore
given by
u(x,) =1+ (14t +5 +5+..)
(3.33)
v(x,t) = (1=t 4 -4 +)
that converges to the exact solutions
u(x,t)=1+e*"
(3.34)

v(x,t)= - +e*"

i“pmum (x,t)=1+e" -2t + p[£ l[é,ﬁ,[(m:opmvm(x,t))x + (Zﬁlz(pmvm(x,t) ="V, (x,t))JD

3PV, (5,0) = A+t - 2t4p (£ ‘Eﬁ[(z:;:opmvm(x,t) = S @V (0) (T, (,1)) ]D

(3.27)

(3.28)

(3.29)

The inhomogeneous nonlinear system: Consider the
system of inhomogeneous nonlinear partial differential
equations

u-uv-u=I 335
vo+uv, +v=1 (3.36)

with initial conditions
u(x,0)=e*, v(x,0)=¢" (337

Taking the Laplace transform on both sides of
Eqgs. (3.35)-(3.36), then by using the differentiation
property of Laplace transform and initial conditions
(3.37) gives

-X

€

+i2+l£[uxv+u] (3.38)
s s

u(x,s) = 5

(3.39)

11
V(x,s)=%+?—;£[uvx + V]

Applying inverse Laplace transform of both sides
of the (3.38) and (3.39), we have

ux,t)=¢ +t+£" {é£{uxv+ ipmum(x,t)ﬂ (3.40)

vix,t)=e +t—£" {l£{uvx + Zx:pmvm(x,t)ﬂ (341)
s

m=0
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We represent u(x,t) and v(x,t) by the infinite series (2.11) then inserting these series into both sides of Egs.

(3.38)-(3.39) yields

meum(x,t) =e +t+p

m=0

mevm(x,t) =e" +t-p

m=0

where Hi(u,v) and Hy,{(u,v) are He's polynomials that
represents nonlinear terms vuy and uvy respectively. We
have a few terms of the He's polynomials for vuy and
uvy, which are given by

H,o(u,v)=vgu,,

Hj (u,v) = viug, + vou,

(3.44)
Hp,(u,v)=vyu,, + viu, + vou,,
H20 (u,V) =UyVox
Hz](uav) =U Vo, UV (3.45)

H,,(u,v) =u, v, + uv, +u,v,,

Comparing the coefficients of like powers of p, we have

ufx,t)y=e" +t
(3.46)

Vo(x,t)=e* +t

u,(x,t) = £71E£[H10(u,v) +ugx,t)]]

_ X

—t-L+te™ +Le
(3.47)
v(x,t) = —£ [ LE[H,, (u,v) + v, (x.0]]

- 2 ¢
= t-5 -t +L5et

Proceeding in a similar manner, we have

|

Similarly, we can find other components. The
series solutions are therefore given by

R uz(x,t)=%+t2e"‘+...

(3.48)

v,(x,t) :%-4—‘[26X +...

u(x,t)=e” (1 +t+ %+‘3—3,+)
(3.49)

v(x,t) =¢* (1 —t +%—;—"!+...)

(£ Eﬁ[zxop'“Hm(u,v)+Z”niop'"um(xﬁ]D

(£ lEﬁ[zrz:opmHme,v) - zm‘"vm“’”m
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(342)

(343)

By using the Taylor expansion for e' and e, we can
find the exact solutions of the above system of
inhomo geneous nonlinear PDES as follows

u(x,t)=e™"

(3.50)

v(x,t)=e""

CONCLUSION

In this work, a Homotopy perturbation transform
algorithm which is based on the Homotopy perturbation
is used to solve linear and nonlinear system of partial
differential equations. The method presents a useful
way to develop an analytic treatment for these system.
The proposed scheme can be applied for system more
than two linear and nonlinear partial differential
equations with less computational work.

REFERENCES

Adomian, G., 1994. Frontier problem of physics:
The decomposition method. Boston: Kluwer
Academic Publishers.

Yildirim, A. and T. Ozis, 2007. Solutions of
Singular IVPs of Lane-Emden type by Homotopy
Perturbation Method, Phy. Lett. A., 369: 70-76.
Yildirim, A. and T. Ozis, 2007. Traveling Wave
Solution of Korteweg-de Vries Equation using He's
Homotopy Perturbation Method. Int. J. Non. Sci.
Numer. Simul., 8: 239-242.

Yildirim, A., 2009. On the solution of the non-
linear Korteweg-de Vries equation by the
homotopy perturbation method. Commun. Numer.
Meth. Eng., 25: 1127-1136.

Yildirim, A., 2010. He's Homotopy Perturbation
Method for nonlinear differential-difference
equations. Int. J. Comput. Math., 87: 992-996.
Nadeem, S., A. Hussain and M. Khan, 2010.
HAM solutions for boundary layer flow in the
region of the stagnation point towards a
stretching sheet. Commun. Nonlinear Sci. Numer.
Simul., 15: 475-481.



10.

11.

World Appl. Sci. J., 12 (12): 2352-2357, 2011

Nadeem, S., A. Hussain and M. Khan, 2010.
Stagnation Flow of a Jeffrey Fluid over a Shrinking
Sheet. Z. Naturforsch., 65a: 1-9.

Khan, M. and M.A. Gondal, 2011. Restrictions and
Improvements of Laplace Decomposition Method,
3:8-14.

Hussain, M. and M. Khan, 2010. Modified Laplace
Decomposition Method. Appl. Math. Sci., 4:
1769-1783.

Khan, M. and M. Hussain, 2011. Application of
Laplace decomposition method on semi-infinite
domain. Numer. Algor., 56: 211-218.

Madani, M., M. Fathizadeh, Y. Khan and A.
Yildirim, 2011. On the coupling of the homotopy
perturbation method and Laplace transformation.
Math. Comput. Model., 53: 1937-1945.

2357

12.

13.

Khan, Y. and Q. Wu, 2011. Homotopy perturbation
transform method for nonlinear equations
using He's polynomials. Comput. Math. Appl.,
61: 1963-1967.

Gondal, M.A. and M. Khan, 2010. Homotopy
Perturbation Method for Nonlinear Exponential
Boundary Layer Equation wusing Laplace
Transformation. He's Polynomials and Pade
Technology He's Polynomials and Pade
Technology. Int. J. Non. Sci. Numer. Simul,
11: 1145-1153.



