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Abstract: In this paper we have defined the trivariate pseudo Rayleigh distribution as compound 
distribution of three random variables. Certain properties of the distribution have been studied. The 
distribution of a pair of concomitants of order statistics for proposed distribution has also been derived.

Key words: Order statistics • bivariate concomitants • pseudo rayleigh distribution

INTRODUCTION

The pseudo distributions have been a new class of 
probability distributions. These distributions have found 
applications in situations where standard probability 
distributions are not suitable. The pseudo distributions 
have been defined by Filus and Filus [1] as linear
combinations of independent random variables. Filus 
and Filus [1] have defined pseudo Gaussian and pseudo 
Gamma distribution by using the proposed technique. 
Shahbaz, Shahbaz and Mohsin [2] have introduced the 
pseudo exponential distribution by compounding two 
exponential random variables. Shahbaz and Shahbaz [3] 
have also introduced trivariate pseudo exponential
distribution using the same methodology.

The bivariate pseudo distributions have been
extensively studied in context with concomitants of
order statistics. The distribution of concomitants of
order statistics for a random sample of size n; drawn 
from a bivariate distribution function F(x,y); is defined 
by David and Nagaraja [4] as:

[ ] ( ) ( ) ( )r:nr:ng y f y x f x dx
∞

−∞
= ∫ (1.1)

where ƒ(y|x) is conditional distribution of Y given X
and ƒr:n(x) is distribution of r-th order statistics which 
has been defined by David and Nagaraja [4] as:

( ) ( ) ( ) ( ) ( ) ( )r 1 n r

r:n
n!

f x f x F x 1 F x
r 1 ! n r !

− −
   = −   − −

(1.2)

Shahbaz and Shahbaz [3] have extended the
distribution (1.1) when a random sample is available 
from trivariate distribution function F(x,y1,y2). Shahbaz 
and Shahbaz [3] have argued that the joint distribution 
of a pair of concomitants can be derived by using:

( ) ( ) ( )r 1 2 r:nr:nf y f y , y x f x dx
∞

   −∞
= ∫ (1.3)

The distribution (1.3) for exponential case has been 
studied by Shahbaz and Shahbaz [3]. Wang, Stocks, 
Lim & Chen [5] have studied concomitants for
multivariate case. In this paper we study the properties 
of trivariate pseudo Rayleigh distribution which we
have defined in the following.

TRIVARIATE PSEUDO 
RAYLEIGH DISTRIBUTION

We define the trivariate pseudo Rayleigh
distribution  as  a  compound  distribution  of  three 
random variables. Suppose random variable X has a 
Rayleigh distribution with parameter θ. The density 
function of X is:

( ) ( )2f x; 2 xexp x ;x, 0θ = θ −θ θ > (2.1)

Now suppose that random variables Y1 and Y2 has 
Rayleigh distribution with parameter φ1(x) and φ2(x,y1)
respectively. The density functions of Y1 and Y2 are

( )( ) ( ) ( ){ } ( )2
1 1 1 1 1 1 1 1f y ; x 2 x y exp x y ; y , x 0φ = φ −φ φ > (2.2)

and

( )( ) ( ) ( ){ }
( )

2 2 1 2 1 2 2 1 2

2 2 1

f y ; x,y 2 x,y y exp x,y y ;

y , x,y 0

φ = φ −φ

φ >
(2.3)

respectively.
The trivariate pseudo Rayleigh distribution is

defined  as the compound distribution of (2.1), (2.2) and
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(2.3). The density function of trivariate pseudo Rayleigh distribution is:

( ) ( ) ( ) ( ) ( ){ }2 2 2
1 2 1 2 1 1 2 1 1 2 1 2f x , y , y 8 x x,y x y y exp x x y x,y y = θφ φ − θ + φ + φ  

(2.4)

Using φ1(x) = x2 and ( ) 2 2
2 1 1x,y x yφ = , the density (2.4) can be written as:

( ) { }5 3 2 2 2 2
1 2 1 2 1 1 2 1 2f x , y , y 8 x y y exp x y y y ;x,y , y 0 = θ − θ+ + >  

(2.5)

The expression for joint moments is derived below: Now

( ) ( )q q/ p s p s
p,q,s 2 2 1 2 1 21 1E X Y Y x y y f x , y , y dxdydy

∞ ∞ ∞

−∞ −∞ −∞
µ = = ∫ ∫ ∫

So

{ }q/ p s 5 3 2 2 2 2
p,q,s 2 1 2 1 1 2 1 210 0 0

x y y 8 x y y exp x y y y dxdydy
∞ ∞ ∞  µ = θ − θ+ +  ∫ ∫ ∫

or

( ) ( ) ( )3 p 2q 3/ s 1 2 2 2
p,q,s 2 1 1 2 1 210 0

4 3 p 2 y y y y y dydy
∞ ∞ − ++ +µ = θΓ + θ + +∫ ∫

or
( ) ( ) ( )q 2 2q p 2/ s 1 2

p,q,s 2 2 2
0

p q q2 1 2 y 1 y dy
2 2

∞ − +− +−   µ = θ Γ − Γ + +      ∫
or

( )q p 2/
p,q,s

p q q s s1 1 1
2 2 2

− − −     µ = θ Γ + Γ + Γ +          
(2.6)

The marginal moments can be easily obtained from (2.6). The conditional distribution of X given Y1 and Y2 can 
be derived by using:

( ) ( ) ( )1 2 1 2 1 2f x y ,y f x , y , y f y , y= (2.7)

The marginal distribution of Y1 and Y2 can be obtained from (2.5) as:

( ) ( ) { }5 3 2 2 2 2
1 2 1 2 1 2 1 1 2

0 0
f y ,y f x , y , y dx 8 x y y exp x y y y dx

∞ ∞  = = θ − θ+ +  ∫ ∫
Using

{ }2 2 2 2
1 1 2w x y y y= θ+ +

in above integral and simplifying, the marginal distribution of Y1 and Y2 is:

( )
( ){ }

3
1 2

1 2 1 23
2 2
1 2

8 y y
f y ,y ;y ,y , 0

y 1 y

θ
= θ >

θ + +
(2.8)

Using (2.5) and (2.8) in (2.7), the conditional distribution of X given Y1 and Y2 is:

( ) ( ){ } { }35 2 2 2 2 2 2
1 2 1 2 1 1 2f x y ,y x y 1 y exp x y y y ; x 0 = θ + + − θ + + >  

(2.9)

The p-th conditional moment of X given Y1 and Y2 is computed as:
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( ) ( )p p
1 2 1 2E X y , y x f x y ,y dx

∞

−∞
= ∫ (2.10)

Using (2.9) in (2.10) we have:

( ) ( ){ }
{ }

3
p p 5 2 2

1 2 1 2
0

2 2 2 2
1 1 2

E X y , y x x y 1 y

exp x y y y dx

∞
= θ+ +

 − θ+ +  

∫

Using the transformation 

{ }2 2 2 2
1 1 2w x y y y= θ+ +

and solving, we have:

( ) ( ) ( )
p 2p 2 2 2

1 2 1 1 2
1

E X y , y y y y 3 p 2
2

−
= θ + + Γ + (2.11)

Using p = 1 in (2.11), the conditional mean is:

( ) ( ) 1 22 2 2
1 2 1 1 2

15
E X y , y y y y

16

−π
= θ+ +

Again using p = 2 in (2.11) and using relation 

( ) ( ) ( )2 2
1 2 1 2 1 2Var X y , y E X y , y E X y , y= −

the conditional variance is:

( ) ( )1 2 2 2 2
1 1 2

768 225
Var X y , y

256 y y y
− π

=
θ+ +

We now derive the bivariate moments of order 
statistics in the following section.

BIVARIATE CONCOMITANTS 
OF ORDER STATISTICS

The distribution of bivariate concomitants of order 
statistics is given in (1.3). We now derive the
distribution of bivariate concomitants for pseudo
Rayleigh dis tribution. We first derive the marginal
distribution of X from (2.5) as:

( ) ( )1 2 1 2f x f x , y , y dydy
∞ ∞

−∞ −∞
= ∫ ∫

Using (2.5) in above equation we have:

( ) { }5 3 2 2 2 2
1 2 1 1 2 1 2

0 0
f x 8 x y y exp x y y y dydy

∞ ∞  = θ − θ+ +  ∫ ∫
Solving, we have:

( ) ( )2f x 2 xexp x ;x, 0= θ −θ θ > (3.1)

with

( ) ( )2F x 1 exp x= − −θ

The distribution of r-th order statistics for (3.1) can 
be obtained by using (1.2). This distribution is given as:

( ) ( ) ( ) ( ) ( )2 2 2r 1 n rx x x
r:n

n!
f x 2 xe 1 e e

r 1 ! n r !

− −
−θ −θ −θ= θ −

− −

Expanding ( )2 r 1x1 e
−

−θ−  by using the binomial

expansion, the distribution of r-th order statistics
becomes:

( ) ( ) ( ) ( ) ( )2
r 1

h x n r h 1
r:n

h 0

r 12 xn!f x 1 e
hr 1 ! n r !

−
−θ − + +

=

− θ= −  − −  ∑ (3.2)

Also, the conditional distribution of Y1 and Y2
given X is:

( ) ( ) ( )1 2 1 2f y ,y x f x , y , y f x= (3.3)

Using (2.5) and (3.1) in (3.3), the conditional
distribution is:

( ) ( ){ }4 2 2 2 2
1 2 1 2 1 2 1 2f y ,y x 4x y y exp x y 1 y ; y , y 0= − + > (3.4)

Now,  using  (3.2)  and  (3.4)  in  (1.3), the
bivariate distribution of two concomitants of order
statistics is:

[ ] ( ) ( ) ( ) ( ) ( ) ( ){ }
r 12 h 5 2 2 21 2

1 2 1 2r:n 0h 0

r 18n y yf y , y 1 x exp x n r h 1 y 1 y dx
hr 1 ! n r !

− ∞

=

− θ  = − − θ − + + + +    − −  ∑ ∫

Now making the transformation 

( ) ( ){ }2 2 2
1 2w x n r h 1 y 1 y= θ − + + + +
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and solving, the bivariate distribution of two concomitants is:

[ ]( ) ( ) ( ) ( )
( ) ( )

r 1 2
h 1 2

1 2r:n 32 2h 0 1 2

r 18 n! y y
f y , y 1

hr 1 ! n r !
n r h 1 y 1 y

−

=

− θ
= −  − −    θ − + + + +  

∑ (3.5)

The joint moments of (3.5) are obtained as:

( ) [ ] ( )p pp
1 2 1 21 2 r:n0 0

E y y f y , y dydy
∞ ∞

= ∫ ∫y

where y = [y1, y2]/. Using (3.5) in above equation, we have:

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

r 1 2hp pp 1 2
1 21 2 30 0 2 2h 0 1 2

r 1 p 2 p 1
h 1 2

1 230 0 2 2h 0 1 2

r 18 n! y yE y y 1 dydy
hr 1 ! n r !

n r h 1 y 1 y

r 1 y y8 n! 1 dydy
hr 1 ! n r !

n r h 1 y 1 y

−∞ ∞

=

− + +∞ ∞

=

− θ= −  − −    θ − + + + +  

− θ= −  − −    θ − + + + +  

∑∫ ∫

∑ ∫ ∫

y

Solving the double integral by using Gradshteyn and Ryzhik [6], the joint moments are:

( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )

r 1
h p 1 2p

h 0

n! p 2 p 3 2 r 1
E 1 n r h 1

hr 1 ! n r !

−
− +

=

πΓ Γ − − 
= − − + + − −  ∑y (3.6)

The  marginal  moments  can  be  easily  obtained 
from (3.6).
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