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Abstract: In this paper, we use the homotopy perturbation method (HPM) in order to find the analytic solutions
of Clanmish random walkers equation, three-dimensional nonlinear parabolic partial differential equation,

molecular recombination problem and a inhomogeneous coupled Burger’s equation. The method does not

need linearization or weak nonlmearity assumptions. In this scheme, solution 1s calculated m the form of a

convergent power series with easily computable components.
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INTRODUCTION

The purpose of the present letter 1s to find the
analytic solution of some partial differential equations by
using HPM [1-3] presented by Dr. He m 1998. In this
paper, it is considered homogeneous and inhomogeneous
various multidimensional linear and nonlinear parabolic
partial differential equations. The method is handled more
easily, quickly and elegantly without linearizing the
problem by implementing the homotopy perturbation
method [2, 4, 5] rather than the traditional methods for
finding the analytic solutions. In this study, we will not
use any transformation to reduce the multidimensional
nonlinear problem to a system of simpler partial
differential equations or any linearization. The original
nonlinear equation is directly solvable preserving the
actual physics and involving much less calculation
This scheme will be illustrated by studying various
multidimensional linear and nonlinear equations to
compute approximate solution. Furthermore, we will also
illustrate self-cancelling phenomena for inhomogeneous
coupled Burger’s equation usmg the homotopy
perturbation method. The method is useful for obtaining
both approximate and numerical approximations of linear
or nonlinear differential equations. In the literature, this
method has been used to obtain approximate solutions of
a large class of linear or nonlinear differential equations

[6-8]. Some scientists have studied on analytical solution

of linear or nonlinear differential equations with different
methods [9-11].

An Analysis of the Method and its Applications: In this
section, homotopy perturbation method is considered.
In stead of other perturbation methods, this method
doesn’t need a small parameter in an equation. According
to this method, a homotopy with an imbedding parameter
p€e[0.1] 18 constructed and the munbedding parameter is
considered as a “small parameter”. Thus, this method is
called homotopy perturbation method. To illustrate this
method, we consider the following nonlinear differential

equation,
Aw)—f(H=0,rel), 2.
With boundary condition
B{u,a—uJ—O, rel, (2.2)
on
Where A(u) 1s written as follows:
A(u) = L(a) + NMu). (2.3)

A 15 a general differential operator, B 1s a boundary
operator, flr) 15 a known analytic function, I' is the
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boundary of the domain . The operator 4 can be
generally divided into two parts L and &, where L linear
operator is and N is nonlinear operator. Thus, Eq. (2.1) can
be rewritten as follows:
L) + N(uw) - fry=0. 2.4
By the homotopy techmique, it is constructed a
homotopy v(r,p): £ x [0,1]~0 which satisfies

H(% p)=(1- )| L(v)~L{uo) [+ pLA(v) - (7} | = 0.p[0.1], reQ2
(2.5)

Where p € [0.1] is an embedding parameter, i, is an
mitial approximation of Eq. (2.1), which satisfies the
boundary conditions. Clearly, from Eq. (2.5) we have

H(v,0) = L(v) — L(u;) = 0, (2.6)

Hv,1)=A(v)—fr) =0, (2.7)
the changing process of p from zero to unity is just that
of w(r,p) from u,(#) to u(#). In topology, this is called
deformation and L(v) — L(u), A(v) — fr) are called
homotopic.

We consider v as following:

V=vg+ PV P+ povg = > o', (2.8)
n=0

According to homotopy perturbation method, the
best approximation solution of Eq. (2.4) can be explain as
a series of the power of p,

o0

w=lmv=1vy+1y +v, + 1y +...:ZVH
p—1

(2.9)

n=0

Convergence of the series (2.8) is given in [1, 2].
Some results have been discussed in [12-15].

Example 1: We consider a clannish random walkers
equation [16] m order to ilustrate the method for
nonlinear problem. The problem is given by

ut—um—(x(uz)x+auxzo (2.10)

Where we with
conditionu(x,o)zl . For (2.10) equation we can construct
X

choose o« = 1 irutial

s

a homotopy as following:

(2.11)

(1- p){l} 1;0} p{f’f(ﬂ)ﬁyl -0

Where ;_90Y ,'_87 Y"zaiY and p e [0,1].
2

s -

&
With initial approximation y, -, - 1. suppose the
X
solution of Eq. (2.11) has the form:

Y =Fy+ phy+ pTy+ pFy+ .. (212)

Then, substituting Eq. (2.12) mnto Eq. (2.11) and
equating the terms with same powers of p,

0P G (2.13)
a o
2
1%7621’078(1/0) A _, (2.14)
P e et e ax
2
20 oh oh) an (2.15)
& et &

2
3.%_621’2_28(1’01’2)_6(1’1L%,O (2.16)
P T ax & e
With solving Egs. (2.13)- (2.16)

1 t 2 7
h=—nh=—.b=—5.K=—.. (2.17)
X X X X

Thus, as considering Eq. (2.12) with (2.17) and
suppose p = 1, we obtain analytic solution of Eq. (2.10) as
following:

(2.18)

Example 2: For comparison purposes, we consider
three-dimensional linear parabolic equation [16] with imitial
condition

Uy — Uy + i

Ly +u:(1+1)sinh(x+y), u(x,y,O):Smh(x+y).

(2.19)

In order to solve this equation by using the
homotopy perturbation methed, we can construct a
homotopy as following:
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oy ety or

(- P)|:Y “O}rp[&@chr@JrY (1+#)sinh(x+ y) |=

(2.20)

With imitial approximation ¥; = #, = sinh (x + y),
suppose the solution of Eq. (2.20) has the form:

Y=Y+ ph+ p'F+ p'Fy+ (2.21)

Then, substituting Eq. (2.21) inte Eg. (2.20) and
equating the terms with same powers of p,

PO:%_%:Q
ot ot

2 2
1.%+%,6Y0+6Y0

(2.22)

2 1+#)Sinh(x+ y)=0,
ot ot axz 6y ( ) ( ) (2 23)
2
pz:%ﬁl’l 81’1“,1 0, (2.24)
ar axt
2 2
pS:%_%ﬁYz “F, =0, (2.25)
ot a2
With solving Eqgs. (2.22)- (2.25)
IZ
¥y =sinh(x+ y), [ = —sinh{x+ y),
2! (2.26)

£ *
¥y = 7§Sinh(x+ ) = Isinh(er ¥

Thus, as considering Eq. (2.21) with (2.26) and
suppose p = 1, we obtain analytic solution of Eq. (2.19) as
following:

u(x,p.t)= (e_t + I)Sinh(x+ »). 2.27)
Example 3: Tn the case of nonlinear equation, we first
consider a molecular recombination problem [16] in
order to illustrate the method for multidimensional
nonlmear equation. The equation 1s given with the imtial
condition by

(2.28)

2
Uy~ Ty, tut =0, u(x,y,O):

-y
Taking the equation (2.19), we can construct a
homotopy as following:

ar v o'r
(1- p){l’ “0}“{@; §+a—z”’] 0 (229

With initial approximation y =, =

solution of Eq. (2.29) has the form Eq. (2.21) and as same
Example 1, substituting Eq. (2.21) mto Eq. (2.29) and
equating the terms with same powers of p,

o0 % O (2.30)

ot ot
2

pl:%ffﬁ’l’oﬁl’o LEE =0 (2.31)
ot @t

2 81’1+81’1+2Y0Y1 0 (2.32)
a & o

With solving Egs. (2.30)- (2.32)

1 t i

Yy = L h=— L= = (2.33)

-y (=) (=)

Thus, as considering Eq. (2.21) with (2.33) and
suppose p = 1, we obtain analytic solution of Eq. (2.28) as
following:

(2.34)

u(x, y,z) =

Example 4: As an example of the application of the

X*erl.

self-canceling phenomena, we seek the analytic solution
of the inhomogeneous coupled Burger’s equation [16].

uy — i, + U, + (uv)x =xt -2+ 257 4,

vy — v v+ (uv) =-S5 - —gt! (2.35)
XX x
Subject to the mutial conditions
wx,0)=0, vix,0)=0 (2.36)

For the solution of these equations, we simply
construct a homotopy as following:
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(1- p)[if—u'o} p[i/—r" +FF + (1) — 5?4 21— 241 —zZJ

L LR c1 2 2,
(1-p)|V—vy |+ p| V-V +VTV +(YV)7;+—3+—373

(2.37)

X X

Where ;_8Y 1 0¥ .r_ a*r o8 O :& and p € [0,1] suppose the solution of Egs. (2.37) have the form:
o

& T e e T

F =Y+ ph+p'Ty+ p’l+..= 3 T (1)

= (2.38)
V=Vy+ pli+pWy+ ply+..= > V,(x1)

n=0

substituting Eqgs. (2.38) inte Eq. (2.37) and equating the
terms with same powers of p,

P’ hy- =0,
P+ ug—Fy + Bl +(Fy) - + 21— 23 —12 = 0,
P h-K  RE R+ (1) (i) =0, Y

PP BT+ Tby + BE + oy + (Ko + (i) +(FF) =0,

and

P03V.0*V.0:03

1 ) " ' 1 2 1‘2 2

PV eVl +(Fy) - —+ g1 =0,
X x X

PP VT SV A Ve (T + (B =0, (240
PPV Vs Vs vV 4Vl (Tl ) + (RR) + (o) =0

With solving Eqgs. (2.39)- (2.40)

3,3 3
2x7t t
= -1 +—.
3
Fy =12 —xtt, (2.41)
£ ot 288 A

2 3 3
T R S

V=—-—5-—"351t
X X 3x 3

_— e A T

|
FERRNC R (2.42)
£ o4 A A 3 88

t t
bt ———
3 % 3 2t st 15

It 15 obvious that the self-canceling “noise™ terms
[17] appear between various components, looking mto
the second, third and fourth terms of ¥, and V| (2.41),
(2.42). Keeping the remaining non-canceled terms and
using (2.38) leads immediately to the solutions of (2.35)
with mmitial conditions (2.36) given by

u(x,t): xz_z, v(x’_t): i (2.43)

CONCLUSION

Nonlinear phenomena play a crucial role in applied
mathematics and physics. Furthermore, when an original
nonlinear equation 1s directly calculated, the solution wall
preserve the actual physical characters of solutions.
Therefore the explicit solutions of the nonlinear equations
have a fundamental importance. Various effective
methods have been developed to understand the
mechanisms of physical models, to help physicist and
engineers and to ensure knowledge for physical problems
and 1ts applications.

And the other the that the

approximation of the series methodologies can display a

advantage is

fast convergence of the solutions. The illustrations show
the dependence of the rapid convergence depends on the
character and behavior of the solutions just as in a closed
form solutions. We point out that, for given equations
with 1mtial values u(x,0), the comresponding analytical
and numerical solutions are obtained according to the
recurrence relations using Mathematica package version
of Mathematica 4 in PC computer.
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