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Timelike Involute Curve of Spacelike Biharmonic General Helices with
Timelike Normal in the Lorentzian Group of Rigid Motions E(1,1)
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Abstract: In this paper, we study spacelile biharmonic general helices in the Lorentzian group of rigid

motions E(1,1). We characterize the timelike mvolute of spacelike biharmomc general helices in terms of their
curvature and torsion in the Lorentzian group of rigid motions E (1,1).
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INTRODUCTION

Firstly, Harmonic Maps Are Given as Follows: Let (M™.g)

and (N.A) be two Riemammian manifolds, the energy
functional of a map ¢ € C' (M*N") is defined by
_1 2 (1.1)
E(¢) 2IM\d¢| dv, .

Where |d¢b| is the Hilbert--Schmidt norm of the
differential d¢p and dv, 1s the volume element on M. A map
¢ € CF (M N™) is called harmonic if it is a critical point of
the energy functional, that 1s, if it 15 a solution of the
Euler--Lagrange equationassociated to (1.1)

W) =Tr,Vdp=0, (1.2)
() is called the tension field of ¢ Harmonic maps are
solutions of a second order nonlinear elliptic system
and they play a very important réle in many branches of
mathematics and physics where they may serve as a
model for liquid crystal. We can refer to [1-3] for
background on harmonic maps.

Secondly, Biharmonic Maps Are Given as Follows: A
natural generalization of harmonic maps is given by
integrating the square of the norm of the tension field.
More precisely, the bi-energy functional of a map ¢ eC’
(A" N7 is defined by

E2(0)=5 [ [e(o)’ b, (13)

amap ¢ €C* (A" N*) is called biharmonic if it is a critical
point of the bi-energy functional, that is, if it is a solution
of the Euler--Lagrange equation associated to (1.3).

7,(¢)=Tr, (V‘ﬁ)zf(d))f Tr, R (1(6),de)dg = 0, wn

Where
% Zm bbb (1.5)
T, |V = VEVY -V -
1rg( ) “ %5 Vi
I= i

for an orthonormal frame {e,.e,,...e,} 1s the Laplacian on
sections of the pull-back bundle ¢~ and RY is the
curvature operator on N.

There are a few results on biharmonic curves in
arbitrary Riemannian manifolds. The biharmonic curves
in the Heisenberg group Heis® are investigated in [4, 3]
by Karpinar et al. and [6-10] Turhan at al.

In this paper, we study spacelike biharmonic general
helices 1n the Lorentzian group of rigid motions E(1,1).
We characterize the timelike involute of spacelike
biharmomnic general helices in terms of their curvature and
torsion in the Lorentzian group of rigid motions E(1,1).

Preliminaries: Let E(1,1) be the group of rigid motions of
Euclidean 2-space. This consists of all matrices of the

form
coshx sinhx y
sinhx coshx z |
0 0 1
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Topologically, E(1,1) is diffeomorphic to R’ under the map

coshx sinhx
E(l,l)%Rs: sinhx coshx =z %(x,y,z),
0 0 1

It's Lie algebra has a basis consisting of

X = E,X2 = OOthiJr sinhxg,X3 = sinhxi + ooshxg,
ax Oy & Oy Foxs

for which

(X1, X, ] = X5, [X0, X5 = 0.[X, X5 = X,

Put
1 2_1 3 1
=xx"=—(y+z)x =—(y-z)
X =xx 2(y z)x 2(y z)
Then, we get
1 1
x o @ g, M A2 o
1 2 Foe e
1 1
=it 2t )
2 dx x (2.1
The bracket relations are
[X1,X, ] = X5.[X0, X5] = 0.[X0, X5 ] = X, (2.2)

We consider left-invariant Lorentzian metrics which
has a pseudo-orthonormal basis {X,X;,X;} We consider
left-mvariant Lorentzian metric, given by

W (e s s s
gi—(dx)-&-e dx“te dd | +le " dx"—e dx |,
(2.3)

Where

g(XpX))= Lg(XyX,y) = g(X5X5)=1. (24

Let coframe of our frame be defined by

1 1 1 1
gt e Tt v dd P e Tt et A

Proposition 2.1.: For the covariant derivatives of the
Levi-Civita connection of the left-invariant metric g,
defined above the following is true:

o 0 0
v-l-X, o -X,|.
X, -X, 0 (2.5)

Where the (ij)-element in the table above equals
V. X, for our basis

X k=1,23} = {X1, X, X5}

We adopt the
convention for Riemanman curvature operator:

following notation and sign

RX.F)Z=NyNyZ -VyVyZ -V 2.
The Riemanman curvature tensor 1s given by

RAY.ZW) = g RXLYHW.Z).
Moreover we put
lek' = R(Xl ’Xj)Xk’Rijkf = R(Xi,XJ ’Xk"Xf)’
Where the mdices 7,7,k and [ take the values 1,2 and 3.

Ry =X Rup= X R =%
and

Ry =-1 Ryzs=-1, Ry = -1 (2.6)
Spacelike Biharmonic General Helices with Timelike
Normal in the Lorentzian Group of Rigid Motions
E(1,1): Let y I~ E(1,1) be a non geodesics spacelike curve
with timelike normal in the group of rigid motions E(1,1)
parametrized by arc length. Let {T,N,B} be the Frenet
frame fields on the group of rigid motions E(1,1). along y
defined as follows:

T is the unit vector field ¥ tangent to y, N is the unit
vector field in the direction of VT (normal to ) and B is
chosen so that {T N B}
orthonormal basis. Then, we have the following Frenet
formulas:

15 a positively oriented

Vg T(s) = K(s)N(s),
Vg N(s) = K(s)T(s) + Ws)B(s), (3.1
Vg Bls) = Ts)N(s),

Where x(5) = | y) |5V T(s)| is the curvature of y, 1(s) is
its torsion and

(T(s).T(s)) =1.g(N(s).N(s)) = ~1.g (B(s).B(s)) = 1,

(3.2)

With respect to the orthonormal basis {X, X, X,} we
can write
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T(s)=1,(s)X + T ()X, + T5(5) X3, (3.3)
N{s)= Ny (5)Xq + Ny ()X, + N3()X;3,
B{s)=T(s)xN(s)=B(s)X; + B, {s)X; + B3(5)X;.

Theorem 3.1.: [11] - 7-E(1,1) 1s a non geodesic spacelike biharmonic curve with timelike normal in the Lorentzian group
of rigid motions E(1,1) if and only if

& ()= constant = 0,

K (s)+73(s) =1+ 2B (s), (3.4)

1]

T (S) =-2N (S)Bl (S)

Theorem 3.2.: [11] Let - 7-E(1,1) 13 a non geodesic spacelike biharmonic general helix with timelike normal in the
Lorentzian group of rigid motions E(1,1) Then, the parametric equations of y are

x1(9)=sinhgo Ks+ay, (3.5)

. inh
(g s

2(A% + sinn%0 |

[(sinh o+ A)jcos[Axs + Y]+ (sinh o+ A)sin[ Axs + Y] |+ az,

ginh g2 Kstay

_ Jl—sinh’ge
o (9)— T
2(/\ + sinh SO)

[(sinhg — Ajcos[Axs+ Y]+ (A~ sinh g)sin[Axs+ Y]]+ a3,

Where a,, a,, a, are constants of integration.
Timelike Involute Curve of Spacelike Biharmonic General Helices with Timelike Normal in the Lorentzian E(1,1)
Definition 4.1.: Let unit speed spacelike curve v I -~ E(1,1) and the curve 5 7 - E(1,1) be given. For ¥, € I, then the curve

B is called the timelike involute of the curve ¥, if the tangent at the point (s} to the curve ¥ passes through the tangent
at the point 5(s) to the curve S and

g(T'(5).T(s) = 0. (4.1)
Let the Frenet-Serret frames of the curves y and fbe {T.N,B} and {T".N".B'}, respectively.

Theorem 4.2.: Let y: - E(1,1) be a umt speed spacelike biharmonic general helix with timelike normal and 5 its timelike
involute curve on E(1,1). Then, the parametric equations of 3 are

xl(s) =(xs+0—s)sinhgp+ a),

2 sinthKeral
xt(s) - VI sinhge [(sinh o+ A)oos[ Ases + Y]+ (sinh o+ A ysin [A s+ Y]]

2(A2 + sinh’%0)
%\/1 — sinh % (6— )™ U gos[Axes + Y]+ sin[A s + Y]+ az, (4.2)
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— 2 si:lhg:lirs+al
8 (5) - ML_sinh ©¢ [(sinh go— A )cos[As + Y] + (A —sinh g)sin[ Akcs + Y] |
2(A% +sinh%0 |

%\/1 —sinh20(6 — s)e "X (cos [ Axcs + Y| - sin[Axs + Y]+ as,

Where w,, &, &;, O are constants of integration.

Proof: Using Theorem 3.2, imply
T =sinhge, + 41— sinh’p» cos[Axs + T]e, + 41— sinh@sin[Axs+ Y]e;. (4.3)
Substituting (2.1) in (4.3), we obtain

T = sinh g, %\/17 sinh e (os[ Axcs + Y]+ sin[Axs + Y]y

%,/1 ~sinh e " (cos| Ases + Y] sin[Axs + Y], (4.4)

Where ¢, is constant of integration.
On the other hand, the curve f(s) may be given as
B(s) = y(s) + u(sHT(s). (4.5)

If we take the derivative (4.5), then we have

B'(s)=(1+1/(5)|T (s) + ulse(s)N(s).

Since the curve f is involute of the curve ¥, g(T'(s),T {s)) = 0. Then, we get
1+u (5)=Ooru(s) =63, (4.6)

Where & is constant of integration.

Substituting (4.6) into (4.5), we get

Bis)=v(s)+(6-5)T(s). 4.7)

If we substitute (3.5) and (4.4) to (4.7), we have (4.2). Thus, the proof 1s completed.
We can use Mathematica for spacelike biharmonic general helix with timelike normal, yields
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Fig. 1:

Similarly, we can use Mathematica for timelike involute curve, yields.

Fig. 2:

If we use Mathematica both spacelike biharmonic general helix with timelike normal and its timelike involute curve, we
have.

Fig. 3:
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Lemma4.3.: Let y: 7 - E(1,1) is a non geodesic spacelike biharmonic general helix with timelike normal in the Lorentzian
group of ngid motions E(1,1) Then,

K(s) = 1+ 2B7 (s) cos I, (4.8

T(s) = 1+ 2B (s)sinZ,
Where X is arbitrary angle.

Proof: Using second equation of (3.4) we get (4.8).

Theorem 4.4.: Let y: [ - E(1,1) be a unit speed spacelike biharmonic general helix with timelike normal and f8 its tumelike
involute curve on E(1,1). Then, the parametric equations of 3 are

o(s)= (,f1+ 2B} (s)oosTs +6 - s)sinhgo+ a.

'( .2 ginh gJ.‘}HZBIZ (s)cos Lstay
x? (s)= 1= sinh e ((sinh g+ A )cos [A,/l +2R] (s)cosLs+ Y}

2(/\2 +sin_h250)
+(sinh g+ A)sin[/\,/l + 2B} (s)cosTs + Y})
inh o1+ 282
% h_ sinh (6 S)QSI“W 1+2B7"(s) cos sty (cos {A,/H 2Bf(s)00523+ Y}
+SiH[A1’1+ QBIZ(S)COSZS+Y})+{JZ, (4.9)

. 2
ginh gJJIJrZB s)eosLis+a
y1-sinh%pe i !

2(A2 +sinh’)

% (s)= ((sinhgof/\)cos[/\,h+ 2B} (s)cosEHT}

+(A —sinh go)sin[[\,/l +2B] (s)cosTs + T})

; 2
% "17 Sinth(é B S)e—smhsfd1}1+231 (S)cosZS*al (COS|:A th 2812(3)005 Tot Y}
—sin{[\\/l +2B] () cos s + Y}) + ay,

Where ¢, o, ¢t;, O are constants of integration and X is arbitrary angle.
Proof: Substituting (4.8) into (4.2), we get (4.9). This completes the proof.
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